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L. INTRODUCTION
A graph considered here are finite, undirected and simple. The vertex set and edge set of a graph are denoted by V(G) and E(G)
respectively. A path of length n is denoted by P, . For standerd terminology and notations we follow Harrary[1]. S Somasundaram
& S.S Sandhya introduced the concept of Harmonic Mean Labeling of Graphs in [2] .We will provide a brief summary of other
information’s which are necessary for our present investigation.

A. Definition 1.1

A graph G=(V,E) with P vertices and q edges is called Lehmer -3 mean graph. If it is possible to label vertices x €V with distinct
f(u)3+f(V)3] (or) lf(u)3+f(v)3
fW)?+f)? fW)2+f(©)?

labels f(x) from 1,2,3,............. g+1 in such a way that when each edge e=uv is labeled with f(e=uv)=[

, then the edge labels are distinct. In this case “f ” is called Lehmer -3 mean labeling of G.

B. Definition 1.2

Let G be a graph and f:V(G)—{1,2,....n} be a function such that the label of the edge f (e=uv) is Labeled with [f(u) ) ] (or)

f@)?+£(v)?

3
%J where {(f(e);e€E(G)}<={1,2,.....n}. If n is the smallest positive integer satisfying this condition together with the

condition that there is no edges in common. Then n is called the Lehmer-3 mean number of a graph G and is denoted as Lzm (G).

1. MAIN RESULTS
A. Theorem:2.1
Lam (Pn) =N.
1) Proof : Let uy,us,...us be the vertices of the path P,. Define a function f:V(Pn)—{1,2,....n} by f(u)=1, f(u)=i+1;2<i<n.
Then the edge labels are f( u; Ui+1) =i ; 1 <i<n-1, f(Un-1 Un) = N. Thus Lam (Pn) = n.

B. Example 2.2
Lehmer-3 mean number of P;is
Lsm (Pn) =n=7is given below.

2 3 4 5 6 7
- - - - - ] .
1 3 4 5 6 7 8
Figure-1

C. Theorem :2.3

Lam (Cn) =n +1

1) Proof : Let C, be a cycle of n vertices us, Uy, ...Us, Ui. We define a function f:V(Cy)—{1,2,....n} by flur)=1, f(u)=i+1;,2<i<
n. Then the distinct edge labels are f( uj Ui+1) = i+1;1<i<n-1, f(us uz) = n+1. Thus Lz (Cn) = n+1.

D. Example2.4
Lam (Cg) = n+1 = 8+1 = 9 is displayed below.
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E. Theorem:2.5

Lam (Pn OKy) = 2n.

1) Proof: Let Gbea P, OKy graph and its vertices us, Uz, ...Un, V1, V2, ...Vy. respectively. Let us define a function
V(G)—{1,2,....n} by fluy=1, f(ui)= 2i; 2<i<n, f(vi)= 2i+1 ; 1 <i <n. and the obtained distinct edge labels are f(u;,
Ui+1)=2i+1; 1 <i<n-1, f(u vi)= 2i ; 1 <i<n-1, f(usvn)=2n

Hence Lam (Pn OK1) = 2n

F. Example 2.6
Lam (Ps OKy1) = 2n = 2x6 = 12 is given below

1 3 4 G 6 7 8 9 10 11 12
L [ ] W L ] L [
) 4 ] 8 10 12
| . | [
3 5 7 9 11 13
Figure-3
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G. Theorem :2.7

Lam (Pn OKl) OKl) =3n.

1) Proof : Let Gbe a graph of n vertices ui, Uy, ...Un, V1, V2, ...Va, W1, Wo, ...W, respectively. Define a function f:V(G)—{1,2,....n}
by f(ui)=1, f(ui)=3i-1; 2 <i<n, f(vi)= 3i; L <i<n, fiwi)= 3i +1; 1<i<n. then the distinct edge labels are f(u; Ui+1)=3i+1 ; 1
<ign-1, f(uivi)=3i-1; 1 <i<n, f(viwi)=3i;1<i<n-1and f(vown)= 3n. Therefore Lan ((Pn OK1) OK1) = 3n

H. Example 2.8
Lehmer-3 mean number of graph with n=5 is given as
Lam (G) =3n=3x5=15

1 4 5 7 8 10 11 13 14
8
2 5 1 14
3" 6 o8 178 15
3 6 9 12 15
L
a :_," . 3 .
10 13 16
Figure-4

I.  Theorem:2.9

Lam (Pn OKlvz) =3n.

1) Proof : Let P, be a path of n vertices us, Uy, ...U,, and the vertices of K, is denoted as vi, Vo, ...Va, Wi, Wo, ...W, . Define a
function f:V(G)—{1,2,....n} by f(uy=1, f(u))=3i-1; 2<i<n, f(vi)= 2, f(vi)=3i;2<i<n, f{w1)=3; f(w)=3i+1;2<i<n.
The distinct edge labels are f(u;, ui+1)=3i+1 ; 1 <i<n-1, f(uvi)= 1, f(uivi)= 3i-1; 2 <i <n, fluwi)= 2, fluiwi)= 3i, 2 <i<n-1,
f(Uan)= 3n Thus Lam (Pn OK1,2) =3n

J.  Example 2.10
Lehmer-3 mean number of (Ps OKy2) is
Lsm (Ps OK12) =3n=3x5=15

1 2 5 7 8 10 11 13 14
1 2 5 6 L] 9 11 12 14 15
15 16
3 o S o 10 12 13
Figure-5
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K. Theorem :2.11

Lam (Pn OK1,3) =4n.

1) Proof : Let P, be a path of n vertices us, Uy, ...Us, Let Ky 3 be a complete graph with vertices vi, wi, Xi, such that 1 <i<n
attached to the vertices of the path respectively. Define a function f:V(G)—{1,2,....n} by f(uy=1, f(uj)=4i-2 ; 2 <i <n, f(v1)=
2, f(vi)=4i-1;2<i<n, f(w)=4n; 1<i<n, f(xi)=4i+1;1<i<n, Then we obtain distinct edge labels as f(u; Uj+1)=4i+1; 1<
i <n-1, f(ugve)= 1, f(uivi)= 4i-2 ; 2 <i <n, fluw)= 4i-1; 1 <i<n, f(uixi)= 4i, 1 <i<n-1and f(unXn)=4n Thus Lam (Pn OKy3) =
4n

L. Example 2.12
Lsm (Ps OK13) = 4n = 4x6 = 24 is given below

5 6 9 10 13 14 17 18 7n 2
6 s 10 12 14 16 18 20 2 24
7 1 15 19 23
5 15 1 20 21 23 .
1 12 13 19 24
2 a 5 7 8 9 2
Figure-6

M. Theorem:2.13

Lam (Pn OK3) = 4n.

1) Proof : Let P, be a path of n vertices and Let Ky 3 be a complete graph of n vertices attached to each vertices of the path. We
define a function f:V(G)—{1,2,....n} by fluy=1, f(ui)= 4i-2; 2 <i<n, f(v1)= 2, f(vi)= 4i-1; 2 <i<n, f(wi)= 4i; 1 <i<n. Then
the edge labels as f(u;, ui+1)=4i+1; 1 <i<n-1, f(uvi)= 1, f(uivi)= 4i-2 ; 2 <i<n, f{iviw1)= 3; f(viwi)=4i—-1;2<i<nand
f(uwi)=4i; 1 < i<n-1and f(u,wn)= 4n Hence Lam (Pn OK3) = 4n.

N. Example 2.14
Lehmer-3 mean number of (Ps OK3) is given below
Lam (Ps OK3) =4n =4x5=20

! 5 6 9 10 13 14 17 18
1 a
6 8 10 12 14 16 18 20
2 3 4 7 7 8 11 1 12 15 15 16 19 19 20
Figure-7

O. Theorem:2.15

Lam (Pn OKl) OKlvz) =4n

1) Proof : Let (P, OK1) OKy12) be a graph with vertices uj vi, Wi, X, ; 1 <i<n, where P, OKy be a comb graph in which Ky is
attached to each vertex of the comb. A function defined on G by f:V(G)—{1,2,....n} by f(uy=1, f(u)=4i-2 ; 2<i<n, f(vi)=2;
f(vi)=4i -1; 2 <i <n, flwy=4i, 1 <i<n, f(xi) = 4i+1; 1 <i<n then the distinct edge labels are f(u; Ui+1)=4i+1 ; 1 <i<n-1, f(u:
vi)=1; f(uivi)= 4i-2; 2 <i<n, f(viwg)= 4i-1; 1 <i<n, f(viXj)= 4i ; 1 <i<n-, f(vaXn)= 4n. Thus the Lehmer -3 mean number of
(Pn OKy) OKy2) is 4n

P. Example 2.16
Lam (Ps OK1) OK12) = 4n = 4x5 = 20 is given below
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13 14 17 18

14 18

< 15 10

12 15, 16 19 20

gl‘

Figure-8

Q. Theorem:2.17

Lsm (Ch OKy) = 2n+1

1) Proof : Let Cybe a cycle with vertices ui, Uy, ...Un, Let K be a graph attached to each vertex of the cycle. Such that its vertices
be vi, va,... vy, Define a function f:V(G)—{1,2,....n} by fluy=1, f(ui)= 2i ; 2 <i<n, f(vi)= 2i+1, 1 <i<n. The edge labels as
f(u;, Ui+1)=2i+1; 1 <i <n-1, f(usus)= 2n, f(uivi)= 2i ; 1 <i<n-1, f(UnVvn)= 2n+1. Thus Lz (Cnh OKy) = 2n+1

R. Example 2.18
Lehmer -3 mean number of Cs OK; = 2n+1 = 2x6+1 = 13 is given below

11

Figure-9
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S. Theorem:2.19

Lam (Cn OKI,Z) =3n+1

1) Proof : Let C, OKy2be a graph of n vertices us, Uy, ...Un, V1, V2,...Va, W1, Wa,.. W, respectively. A function defined on (C, OK3>)
as f:V(Cn OKy2)—{1,2,....n} by f(uy=1, f(u)= 3i-1; 2 <i <n, f(vi)= 3i, 1 <i<n, f(wi)= 3i+1; 1 <i<n. The edge labels as f(u;
Ui+1)=3i+1 ; 1 <i<n-1, f(unur)= 3n-1, f(uivi)= 3i-1; 1 <i<n-1, f(uavn)= 3n, f(uiwi)= 3i; 1 <i<n-1 and f(uswy)= 3n+1n
Therefore Lam (Cnh OK12) = 3n+1 Hence the proof

T. Example 2.20
Lam (Cs OKy2) = 3n+1 = 3x5+1 = 16 is shown below

Figure-10

U. Theorem :2.21

Lsm (Cn OK3) OKy) = 3n+1

1) Proof : Let G be a (Cy OK1) OKy) graph the vertices be denoted u;, vi, wi, where 1 <i <n respectively, w; be the vertices
attached t each pendant vertices of the crown. Define a function f:V(G)—{1,2,....n} by f(uy=1, f(u))= 3i-1; 2 <i<n, f(vi)= 3i;
i=1,2...n, f(w;)=3i+1;1<i<n, The edge labels are f(u; uj+1)=3i+1; 1 <i<n-1, f(upus)= 3n-1; f(uivi)=3i-1;2<i<n-1,
f(uavn)= 3n, f(viw;)= 3i ; 1 <i<n-1, f(vaWn)= 3n+1. Thus Lsm(G) = 3n+1 hence the proof

V. Example 2.22
Lam (Cs OK31) OKy) = 3n+1 = 3x5+1 = 16 diagram pattern is given below
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W. Theorem :2.23

Lam (Cnh OK31) OK312) = 4n+1

1) Proof : Let G be a graph of vertices Ui, Uy, ...Un, V1, V2, ...Vn W1, Wo, ...Wn X1, X2, ...Xn respectively. This is a crown attached with
K12 at each pendant vertex of a crown. Define a function f:V(G)—{1,2,3....n} by f(uy=1, f(u))=4i-2;2<i<n, f(vi)=4i-1;1<
i<n, flwi)=4i;1<i<n,f(x)=4i+1;1<i<n The distinct edge labels are f(u;, Ui+1)=4i+1 ; 1 <i<n-1, f(Unuy)= 4n-2; f(uivi)=
4i-1; 1 <i<n-1, f(uavn)= 4n-1, f(viwi)= 4i-1; 1 <i <n-1, f(vaWn)= 4n, f(vix;))= 4i ; 1 <i<n-1, f(VaXn)= 4n+1 Thus Lan(Cn OKY)
OK1,2) =4n+1

X. Example 2.24
Lehmer -3 mean number of (Cs OK1) OKy2) is 4n+1 = 4x4+1 = 16+1 = 17 is given below

17 4
-
17 3
16 3 5
16 15 4
15 2
14
14 1
13 5
10 6
9
10 6
13 12 1
r 7
8
11
8
12
Figure-12 9
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Y. Theorem :2.25

Lam (Ln) =3n-1

1) Proof : Let L,be a ladder graph of n vertices us, Uy, ...Un, V1, Vo, ... Vs, respectively. Define a function f:V(L,)—{1,2,....n} by
f(uy=3i-2 ; 1 <i<n, f(vi)= 3i-1; 1 <i<n. The edge are labeled as f( uili+1) = 3i; 1 <i<n-1, f(vivis) = 3i+l; 1 <i<n-1,
f(uvi) = 1, f(uivi) = 3i-1; 2 <i<n-1, f(usvn) = 3n-1. Hence Lsm (Ln) = 3n-1. Hence ladder satisfies lehmer -3 mean number

Z. Example 2.26
Lehmer -3 mean number of L7 is given as Lsm (L7) = 3x7-1 = 21-1 = 20.

2 4 5 7 8 10 11 13 14 16 17 19 20
L ] [ ]
1 5 8 11 14 17 20
w
1 3 a ] 7 9 10 12 13 15 16 18 19
Figure-13

AA. Theorem :2.27

Lam (Dn) =n+m

1) Proof : Let D, be a dragon graph where the head of the dragon has n vertices us, Uy, ...un, and the path attached to it be v, vo,
...Vm. Define a function of f:V(Dn)—{1,2,....n} by flus=v1) = 1, f(ui) = i+1; 2<i<n, f(vi) = n+j ; 2 <j <m. The distinct edge
labels are f( uiti+1) = i+1; 1 <i<n, f(vjVjs1) = (N+1)+); 1 <j<m-2, f(VaaVn) =n+ m.

Thus Lsm (Dn) = n+m.

BB. Example 2.28
Lehmer -3 mean number of D, is given below. Lsm(Dy) = m+n
Hence m=5 and n=6; n+m =5+6 = 11 is drawn as

a

11

10 1

10

Figure-15
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CC. Theorem :2.29
Lehmer -3 mean number of caterpillar is 3n
1) Proof : Let Gbe a graph of n vertices where each vertex of path is attached to pendant vertex on its both side. Let the vertices
be denoted as uy, Uy, ...Un, V1, V2, ...Vn, Wi, Wo, ...Wp Let £:V(G)— {1,2,....n} be a function defined by f(u1) = 1, f(u;) = 3i-1; 2
<i<n, f(vi) =3i; 1<i<n, fiwj) = 3i+1l; 1 <i<n and The edges are labeled as f{ witi+1) = 3i+1; 1 <i<n-1, f(uivi) = 3i-1; 1
<i<n, fluw) =3i;1<i<n-1, and f(uswn) = 3n. hence the Lehmer -3 mean number of a caterpillar is 3n

DD. Example 2.30
Lehmer -3 mean number of a caterpillar of 5 vertices is 3n = 3x5 is given below

3 6

9 12
15
2
5 8 n 14
10 13
1 4 7
5 8 11 14
3 6 9 12 15
.
10 132 16
1 7
Figure-16
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