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Abstract: The purpose of this paper is to study the concept of &-Best approximation and &-orthogonality. | discussed their
properties and noted that are similar to the properties of best approximation.
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L. INTRODUCTION

The theory of best approximation is an important topic in functional analysis. It is a very extensive field which has various
applications
What do we mean by “Best approximation” in normed linear spaces?
To explain this, let X be a normed linear space, and let G be a nonempty subset of X. An element go € G is called a best
approximation to x from G if go is closest to x from among all the elements of G.
Thatis, I X-go I <1 x-g | forall g e G.
The set of all such elements go € G are called a best approximation to x € X is denoted by Pg(X).
If Pg(x) contains at least one element, then the subset G is called a proximinal set. If
each element x € X has a unique best approximation in G, then G is called a Chebyshev set of X.
The theory of approximation is mainly concerned with the following fundamental questions.
1) (Existence of best approximation) Which subsets are proximinal?
2) (Uniqueness of best approximation) Which subsets are Chebyshev?
3) (Characterization of best approximation) How to recognize when a given y € G is a best approximation to x or not?
4) (Error of approximation) How to compute the error of approximation

d(x, G)?
5) (Computation of best approximation) How to describe some useful

algorithms for actually computing best approximation?
6) (Continuity of best approximation) How does the set of all best

approximation vary as a function of x or (G)?

A. Definition 1.1]1]
Let G be a nonempty subset of a real normed linear space E and let an element f € E be given. The problem of best approximation
is to determine an element gse G such that

I gr I = Jdif— gl

such an element is called a best approximation to f from G ,and

dif, G)= giE“GfIIf — gllis called the minimal deviation off from G.

The set of all elements go € G that are called best approximation to x € X is
Pe(X) ={goeG:lx-gol<lIx-glforallgeG}

Hence Pg defines a mapping from X into the power set of G is called the metric projection onto G, (other names nearest point
mapping, proximity map)

B. Remark 1.2[1]
The set Pg(x) of all best approximation to x X can be written as

PG(X) = {g0€ G:1 X-Jo I = d(X, G)}
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C. Definition 1.3.[3]
A set S, in a linear space is convex .if s, s, €S implies that

MS1+A2S€S
If Arand ) are non negative and A; + X2 =1
If Sisempty or consists of one point, then it is clearly convex

D. Definition 1.4[1]

If Pg(X) contains at least one element, then the subset G is called a proximinal set.

In other words, if Pg (X) # ¢ then G is called a proximinal set
The term proximinal set (is a combination of proximity and maximal)

E. Definition 1.5[1] (Quasi-Orthogonal Set)
Let X be a normed linear space, and G a nonempty subset of X. Then we say that
15 G for every g € G.

where G = {x e X ;I xI=d(x, G)} = {X e X : x 1g G}.

F. Remark 1.6[1]

In a Hilbert space, any closed subspace is quasi-orthogonal.
Proof:

Let H be a Hilbert space and G a closed subspace of H.
ThenG=Gt={yeH:<x,y>=0, forall xeG}. Then G L G.
Therefore G is quasi-orthogonal subspace of H.

G. Definition 1.7[2]

G is quasi-orthogonal set if G Lg G, that is g

Let X be a normed linear space and G be a subset of X, and € > 0. A point go € G is said to be e-best approximation for x € X if and

only if
IX-gol<Ix—- gl+eforallgeCG

H. Remark 1.8[2]

For x € X, the set of all e-Best approximation of x in G is denoted by
Ps(x, €), in other words,

Po(x,€) ={goeG:Ix-golI<Ix— gl +¢ forall ge G}.

I.  Theorem 1.9[2]

Let G be a subspace of a normed linear space X. Then Pg(x, €) is bounded.
Proof:

Let g1, g2 € Pe(x, €), then I x —g1 I <l x—gl +e for all g € G, and

Ix-gl<Ix-gl+eforallge G
Now, I g1 — g I=l g1 =X+ X=Q2 I ST x=gul+1Xx=02 |
SIx—-gl+etIx—gl+e=21x- gl +2e =Kk,
so we have I g1 — g2 I <k where k = 2d(x, G) + 2¢.

Therefore, Pg(x, €) is bounded.
Hence the proof

©IJRASET (UGC Approved Journal): All Rights are Reserved




Emerging Trends in Pure and Applied Mathematics(ETPAM-2018)- March 2018

J.  Theorem 1.10[2]
Let G be a subspace of normed linear space X, and x € X. Then Pg(x, €) is convex.
Proof:
Let g1, 92 € Po(x, €),and 0 <A <1, then I x— g1 1<l x— gl +e forall ge G, and
Ix-—gl<Ix—-gl+eforallgeG
Now, I x=(Agait (1 -2 @) I=Ix-Agi—got A gl
=l xX—Agi—g2+Ag tAx A x|
=IAMX—g) + (A=) (X-g)l
<lx—gil+(1-2)Ix-ga2l
SMIx-gl+e)+(1-M)(x-gl+g)
=Ix-gl+e.
Thus, Agi+ (1 —2)92 € Po(x,¢).
Hence Pg(x, €) is convex.
Hence the proof

K. Definition 1.11.[2] (¢-orthogonality)

Let X be anormed linear space, € >0, and x, y € X. We call x is &- orthogonal to y and is denoted by x L.y if and only if

Ix+ayl+e>1xIfor all scaler a with |a |<1
For subsets G;, G, of X, G1 L. Gy ifand only if, g1 L. g2 for all g1 € G4, g2 € Go.

L. Theorem: 1.12[2]
Let X be a normed linear space, G be a subspace of X, and € > 0.Then for all x € X,
go € Po(x, €) ifand only if (x — go) L¢ G.
Proof:
(=>) Suppose go € Ps(x, €). Put g1 = go — ag for ge G and | a [<1.
Since go € Ps(x, €) and g1 € G so, then, I x —go | <1 x — g1 | +¢, then
I'x—go !l <l x—(go— o g) I +¢, and this implies that
Ix—Qgol <l (X—Qgo)ta gl +e.
Therefore, (X — go)Le G.
(<=) Let (X —go) L: G, then for all a with |a|<1and g1 € G
we have,
Ix—gol <Ix—gotag:l+e
For any g € G by putting g1 = go — g and o = 1, the last inequality implies,
Ix-gol<Ix—gl+e
Therefore, go € Pg(X, €)
Hence the proof

M. Notation 1.13
Let X be a normed linear space, and G a subspace of X, and for € > 0, let
Pc(0,e)={xeXiIxI<lx—-gl+eforallge G} = {xeX:x L. G}
Then, G, = {x € X: x 1. G}.

N. Lemma 1.14[2]

Let G be a subspace of a normed linear space X. Then for all x e X and all ¢ > 0,
we have, go € Ps(x, &) if and only if (x — go) € G

Proof:

0o € Po(x, €) if and only if by [Theorem1.12], (x — go) L. G. if and only if (x — go) € G..

O. Corollary 1.15

Let G be a subspace of a normed linear space X, and let € > 0, X € X. Then,
Po(x, &) = G N(x - G,)

Proof:
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go € GN(x — G) if and only if go € G, and go € (x — G.) if and only if
goe Gandgo=x—§, where § e G ifand only if go € G, § = (X — go) €G
if and only if go € Pg(x, €) by [ Lemma 1.14].

Therefore, Po(x, ) = G N(x - Gz)

Hence the proof

P. Theorem1.16
Let G be a subspace of a normed linear space X, € >0, and € > a. Then,
G C G, C G, and therefore N, >0G. =G
Proof:
Letx G, then I x I<Ix—gl forall g € G.

Now I x I<Ix-gl<lx—gl+a[a>0],so, we have x € G,

Hence G C G ......... (1)
Let X € Gy, then I x I <l x =gl +a <l x—g | +& [e> o], this implies that
xeG;,andso, G, CG: ........ ()

(1) and (2) together imply that G C G, C G,
Now, we show NG, =G
From above we have G C N.-0G.
conversely, let X € NG,
Then foralle>0,0<IxI<Ix—-gl+eforall geG,then forallneN,
0<IxI<ix-gl+forallgeG:
Asn —oo, I xI<Ix—-glforall geG, then x G,
and so,
Ne=0G: CG
Therefore N, -G =G
Hence the proof.

Q. Lemma 1.17
Let G be a subspace of a normed linear space X. Then.
1) Ife>0,x,geXandXx Lsg,thenx Ls g for all 5 > .
2) Ifx,geXandx lgg,thenx L. g for all ¢ > 0.
3) IfxeX,ande>0,then 0 L. X, X L 0.
4) IfxLl.gand|p|<1,thenPx L:Pg.
Proof:
(a) Lete >0, x, g e X and x L, g, then by [Definition 1.11] we have
IxI<lx+agl+e where|a|<lande>0
Then, IxI<Ix+agl+e<lx+agl+d, [since & >¢]
Therefore, X L5 g
(b) Letx,ge Xand x Lg g, then Ix I <Ix+ a gl for all a eR
Since¢>0,thenIxI<Ix+agl<lx+aglt+eforall o<1
Hence x Lo g foralle>0
(c)LetxeXande>0,then 01 <10+ axl+g andso 0 L X.
We have also I x IS 1 x 1 +¢, then I x I <l x + a0 I +¢,
Hence x L. 0.
(d)Letx Lgg,and |B|<1,thenIxI<Ix+agl+e.
Multiply both sides by | B |,
weget|B|IxISIBx+Pagl+|Ple
<IBx+og I +¢, and so
IBxI<IBx+ogl+e
Therefore, Bx L. g
Hence the proof
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R. Theorem 1.18
Let G be a subspace of a normed linear space X. If xe X, >0
and 6 > ¢, then Pg(x, €) C Pg(x, 6).
Proof:
Let go € Pe(x, €). Then by [Definition 1.7], we have
Ix-—gol<lx—-gl+eforallge Gande>0
Thenlx-golI<Ix-gl+e<lx—-gl+3d
[since & > €], then, go € Po(x, 9).
Therefore Pg(x, €) C Pe(x, 6)
Hence the proof

Il.  CONCLUSION
Here, | conclude my paper as e-Best approximation and ¢- orthogonality has the properties which are similar to the properties of
best approximation.
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