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Abstract: The binary quadratic Diophantine equation represented by the positive pellian ࢟ = ࢞ +  is analyzed for its non-
zero distinct solutions. A few interesting relations among the solutions are given. Further, employing the solutions of the above 
hyperbola, we have obtained solutions of other choices of hyperbolas, parabolas and Pythagorean triangle. 
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I. INTRODUCTION 

 The binary quadratic  equations of the form 122  Dxy   where D is non-square positive integer has been selected by various 
mathematicians for its non-trivial integer solutions when D takes different integral values[1-4].For an extensive review of various 

problems, one may refer[5-10]. In this communication, yet another interesting equation given by 1323 22  xy  is considered 
and infinitely many integer solutions are obtained. A few interesting properties among the solutions are presented. 
   

II. METHOD OF ANALYSIS 
The positive Pell equation representing hyperbola under consideration is,  

                           1323 22  xy                                        (1) 
The smallest positive integer solutions of (1) are,     

                                         10 x , 60 y   23D  
 The pellian equation is  

                                         123 22  xy                                                                                               (2) 
The initial solution of pellian equation is 

                          5~
0 x , 24~

0 y , 

The general solution  nn yx ,  of (2) is given by,      

                                       
nn gx

232
1~  , nn fy

2
1~ 

 
 

Where,  

                                      
11 )23524()23524(   nn

nf  

                                             
11 )23524()23524(   nn

ng  

Applying Brahmagupta lemma between  00 , yx  and  nn yx ~,~  the other integer  solution of (1) are given by, 

                                        
nnn gfx

232
6

2
1

1 

  

         
nnn gfy

232
23

2
6

1   

The recurrence relation satisfied by the solution ݔ and ݕ  are given by, 

                          048 123   nnn xxx   
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                           048 123   nnn yyy         n=0,1,2,3….. 

Some numerical examples of ݔ and ݕ satisfying (1) are given in the Table 1 below, 

Table 1: Examples 
    n 

     nx      ny  

    0      1     6 
    1      54     259 
    2     2591     12426 
    3     124314     596189 
    4    5964481     28604646 

From the above table, we observe some interesting relations among the solutions which are presented below. 

A. ݔ   values are odd and even alternatively. 
B. ݕ values are even and odd alternatively. 
C. Each of the following expression is a nasty number: 

1)  2222 461226
13
6

  nn xy  

2)  2232 51812130
65
6

  nn xx  

3)  2242 1242663120
1560

6
  nn xx  

4)  2232 248412624
312

6
  nn xy  

5)  2242 1191861229926
14963

6
  nn xy  

6)  3222 46518624
312

6
  nn xy  

7)  4222 462485229926
14963

6
  nn xy  

8)  3222 4624842990
1495

6
  nn yy  

9)  4222 46119186143520
71760

6
  nn yy  

10)  3232 248451826
13
6

  nn xy  

11)  3242 24852518130
65
6

  nn xx  

12)  3242 119186518624
312

6
  nn xy  

13)  4232 124212426312
156

6
  nn xy  
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14)  4242 1191862485226
13
6

  nn xy  

15)  4232 24841191862990
1495

6
  nn yy  

 
D. Each Of The Following Expressions Is A Cubical Integer 

1)  113333 138364612
13
1

  nnnn xyxy  

2)  123343 15543651812
65
1

  nnnn xxxx  

3)  133353 3727818124266
1560

1
  nnnn xxxx  

4)  123343 745236248412
132

1
  nnnn xyxy  

5)  133353 3575583611918612
14963

1
  nnnn xyxy  

6)  214333 138155446518
312

1
  nnnn xyxy  

7)  315333 1381491124624852
14963

1
  nnnn xyxy  

8)  214333 1387452462484
1495

1
  nnnn yyyy  

9)  315333 13835755846119186
71760

1
  nnnn yyyy  

10)  234353 74556155424852518
65
1

  nnnn xxxx  

11)  224343 745215542484518
13
1

  nnnn xyxy  

12)  234353 3575581554119186518
312

1
  nnnn xyxy  

13)  3253\43 372637278124212426
156

1
  nnnn xyxy  

14)  3353\53 3575587455611918624852
13
1

  nnnn xyxy  

15)  3253\43 74523575582484119186
1495

1
  nnnn yyyy  

 
E. Each Of The Following Expressions Is A Biquadratic Integer 

1)  78184484612
13
1

22224444   nnnn xyxy  



International Journal for Research in Applied Science & Engineering Technology (IJRASET) 
                                                                                           ISSN: 2321-9653; IC Value: 45.98; SJ Impact Factor: 6.887 

                                                                                                                Volume 7 Issue III, Mar 2019- Available at www.ijraset.com 
     

 
1350 ©IJRASET: All Rights are Reserved 

2)  39020724851812
65
1

22324454   nnnn xxxx  

3)  93604970424124266
1560

1
22424464   nnnn xxxx  

4)  1872993648248412
1312

1
22324454   nnnn xyxy  

5)  897784767444811918612
14963

1
22424464   nnnn xyxy  

6)  1872184270846518
312

1
32225444   nnnn xyxy  

7)  89778184994084624852
14963

1
42226444   nnnn xyxy  

8)  89701849936462484
1495

1
32225444   nnnn yyyy  

9)  430560184476644611986
71760

1
42226444   nnnn yyyy  

10)  39099408207224852518
65
1

32425464   nnnn xxxx  

11)  78983620722484518
13
1

32325454   nnnn xyxy  

12)  18724767442072119186518
312

1
32425464   nnnn xyxy  

13)  936496849704124212426
156

1
42326454   nnnn xyxy  

14)  784767449940811918624852
13
1

42426464   nnnn xyxy  

15)  897099364767442484119186
1495

1
42326454   nnnn yyyy  

 
F. Each Of The Following Expression Is A Quintic Integer 

1) 
 1133335555 46012023060 4612

13
1

  nnnnnn xyxyxy
 

2)  1233435565 103612025906051812
65
1

  nnnnnn xxxxxx  

3)  1333535575 124260606213030124266
1560

1
  nnnnnn xxxxxx  

4)  1233435565 248401201242060248412
312

1
  nnnnnn xyxyxy  

5)  1333535575 11918601205959306011918612
14963

1
  nnnnnn xyxyxy  
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6)  2143336555 4605180230259046518
312

1
  nnnnnn xyxyxy  

7)  3153337555 4602485202301242604624852
14963

1
  nnnnnn xyxyxy  

8)  2153337555 4602484023012420462484
1495

1
  nnnnnn yyyyyy  

9)  3153337555 460119186023059593046119186
71760

1
  nnnnnn yyyyyy  

10)  2343536575 2485205180124260259024852518
65
1

  nnnnnn xxxxxx  

11)  2243436565 2484051801242025902484518
13
1

  nnnnnn xyxyxy  

12)  
2

119186051805959302990119186518
312

1
343536575 
  n

xyxyxy nnnnn  

13)  3253437565 12420124260621062130124212426
156

1
  nnnnnn xyxyxy  

14)  3353537575 119186024852059593012426011918624852
13
1

  nnnnnn xyxyxy  

15) 
 3253437565 248401191860124205959302484119186

1495
1

  nnnnnn yyyyyy
 

 
G. Relations Among The Solutions Are Given Below 
1) 112 245   nnn xyx  

2) 113 1151240   nnn xyx  

3) 112 11524   nnn xyy  

4) 113 55201151   nnn xyy  

5) 123 48   nnn xxx  

6) 122 245   nnn xxy  

7) 123 2411515   nnn xxy  

8) 13210   nnn xxy  

9) 133 1151240   nnn xxy  

10) 123 115115124   nnn xyy  

11) 213 1151524   nnn xyx  

12) 212 11524   nnn xyy  

13) 213 55202424   nnn xyy  

14) 312 115241151   nnn xyy  

15) 313 55201151   nnn xyy  



International Journal for Research in Applied Science & Engineering Technology (IJRASET) 
                                                                                           ISSN: 2321-9653; IC Value: 45.98; SJ Impact Factor: 6.887 

                                                                                                                Volume 7 Issue III, Mar 2019- Available at www.ijraset.com 
     

 
1352 ©IJRASET: All Rights are Reserved 

16) 123 1155520115   nnn yyy  

17) 232 245   nnn xxy  

18) 233 245   nnn xxy  

19) 223 11524   nnn xyy  

20) 323 11524   nnn xyy  

III. REMARKABLE OBSERVATION 
A. Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of hyperbolas 

which are presented in table 2 below 

Table 2: Hyperbola 
S.NO Hyperbola                              (X,Y) 

1 67623 22  XY   1111 4612,212   nnnn xyyx  

2 16900023 22  XY   1221 51812,2108   nnnn xxxx  

3 973440023 22  XY   1331 124266,2591   nnnn xxxx  

4 389637623 22  XY   1221 248412,2518   nnnn xyyx  

5 89556547623 22  XY   1331 11918612,224852   nnnn xyyx  

6 38937623 22  XY   2112 46518,10812   nnnn xyyx  

7 89556547623 22  XY   3113 4624852,518212   nnnn xyyx  

8 894010023 22  XY   2112 462484,51812   nnnn yyyy  

9 514949760023 22  XY   3113 2359593,124266   nnnn yyyy  

10 1690023 22  XY   2332 24852518,248525182   nnnn xxxx  

11 67623 22  XY   2222 2484518,108518   nnnn xyyx  

12 38937623 22  XY   2332 119186518,10824852   nnnn xyyx  

13 9734423 22  XY   3223 124212426,2591259   nnnn xyyx  

14 67623 22  XY   3333 11918624852,518224852   nnnn xyyx  

15 894010023 22  XY   3223 2484119186,24852518   nnnn yyyy  
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B. Employing linear combination among the solutions of (1), one may generate integer solutions for other choices of parabolas 
which are presented in table 3 below 

Table 3: Parabola 
S.NO  Parabola                (X,Y)          

1 6762313 2  XY   264612,212 222211   nnnn xyyx  

2 169002365 2  XY   13051812,2108 223221   nnnn xxxx  

3 9734400231560 2  XY   3120124266,2591 224231   nnnn xxxx  

4 38937623312 2  XY   624248412,2518 223221   nnnn xyyx  

5 8955654762314963 2  XY   2992611918612,224852 224231   nnnn xyyx  

6 38937623312 2  XY   62446518,10812 322212   nnnn xyyx  

7 8955654762314963 2  XY   299264624852,518212 422213   nnnn xyyx  

8 8940100231495 2  XY   2990462484,51812 322212   nnnn yyyy  

9 51494976002335880 2  XY   717602359593,124266 422213   nnnn yyyy  

10 169002365 2  XY   13024852518,1085182 324232   nnnn xxxx  

11 6762313 2  XY   262484518,108518 323222   nnnn xyyx  

12 38937623312 2  XY   624119186518,10824852 324232   nnnn xyyx  

13 9734423156 2  XY   312124212426,2591259 423223   nnnn xyyx  

14 6762313 2  XY   2611918624852,518224852 424233   nnnn xyyx  

15 8940100231495 2  XY   29902484119186,24852518 423223   nnnn yyyy  

 

C. Some Special Cases Among The Solutions Are Given Below 

1)        21,3
2

,3
2

,3
62

1,3
10 13207   xyyxxy tttPtP  

2)        21,3
2

,3
2

1,3
102

,3
6 13239   yxyxxy tttPtP  

3)          222,3
2

,3
2

,3
24

1
2

22,3
10 13623   xyyxxy tttPtP  

4)        222,3
2

,3
2

22,3
102

,3
8

1 132336   yxyxxy tttPtP  

5)         21,3
2

22,3
2

1,3
8

1
2

22,3
6 1336239   yxyxxy tttPtP  

6)            222,3
2

1,3
2

22,3
232

1,3
24

1 133236   yxyxxy tttPtP  

IV. CONCLUSION 
In this paper, we have presented infinitely many integer solutions for the  positive Pell Equations 1323 22  xy  As the binary 
quadratic Diophantine equations  are rich in variety, one may search for the other choices of  Pell Equations and determine their 
integer solutions along with suitable properties 
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