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L. INTRODUCTION
In 1963, S.Gahler [5] was initiated by 2-normed space & 2-Banach space. In 1975, K.Iseki was discussed the concept of the
fundamental results on fixed point theorems of 2—metric space. Next Albert White and Y.J.Cho [1] investigate the important
properties of linear mappings on linear 2-normed space in the year of 1984. Here after, many authors establish the fixed point
theorem in 2-normed spaces and 2—Banach spaces, See [4,6,16-20]. Recently, generalise the concept of 2-normed space as well as
2—-Banach space into 2—cone Banach space [3,12,22].
We now state some definitions before presenting our main results.

1. PRELIMINARIES
1) Definition 1. [4] Let X be a real linear space with dimension of X is greater than 1 and || .,. ||: X x X — [0,0) be a

function. Then
(i) || X, ¥||=0 ifand only if X and y are linearly dependent,

@) Il y =y, x I

(i) [lex, y [I= e [11x, y I,

(i) [| x+Vy,z|I<| x, z||+]|| y, z||, where forall X,y,ze€ X and & €R.

If || .,. || is called a 2-norm and the pair (X ,|| .,. ||) is called a linear 2-normed space. So a 2-norm || X, Yy || always satisfies [24]
|| X,y +ax||=| x,y|[forall X,y e X andall scalarsc .

2) Definition 2. [4] A sequence {X, }in X is convergent to an element X € X, if for each a € X, rllian || x, —x,a|l=0.If

{ X, } converges to X we write X, — Xas N — o .

3) Definition 3. [4] A sequence {X,}in X is said to be a Cauchy sequence if for each ae X, lim || x, — X, ,a||=0 as
n,m — oo.

4) Definition 4. [4] A complete 2-normed space is one in which every Cauchy sequence in X converges to an element of X. A
complete 2—normed space X is called 2—Banach space.

5) Definition 5. [16] Let (X ,]| .,. ||) be a linear 2-normed space. Then the mapping T : X — X is said to be a contraction if

there exists k € [0,1) such that ITx =Ty, zlIskl[x =y, 2l gy X, ¥:2€ X

6) Definition 6. [11] A function y :[0,00) — [0, ) is called an altering distance function if the following properties are

satisfied:
a) W isnon-decreasing and continuous,

b) w(t)=0ifandonlyift=20.
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7) Definition 7. [14] An ultra-altering distance function is a continuous, non-decreasing mapping @ :[0,0) — [0, o) such that
@ (t)>0,te[0,0)and (0)>0.
We denote this set with @, .

Delbosco [2] and Skof [23] have proved a fixed point theorem for self-maps of complete normed spaces by introducing a class @ of
functions¢ : [0, ) — [0, o0) satisfying the following conditions:

a) ¢ :[0,00) > [0, ) iscontinuous in R * and strictly increasing in R™.
b) ¢(t)=0ifandonlyift=0.
c) ¢(t) > Mt” foreveryt > 0, u > O are constants.

1. MAIN RESULT
1) Theorem 1. Let T be a self-map of a complete 2-normed space ( X , || .,. ||) and ¢ satisfying (i) and (ii).

Furthermore, let f, g, h be three decreasing functions from R into [0,1) such that f (t) + 2g(t) + h(t) <1 for every

t > 0. Suppose T satisfies the following condition
pUTx =Ty, ul)< F(x=y,ulell x - youl)+ gl x-yul)g (1 x=T,,ul)+o(ly-T,.ul)]
0= you Dmin g (1 x =T, ulh gy ~T,.u )}

where X, Y,U € X , each two of X,y and U are distinct. Then T has an unique fixed point.

@

Proof. Let us take X, be arbitrary point in X.

define X,,, =TX,;n=012,.. andex, = X, — X
Then we have

B :¢(an+1)
= ¢ (I Xpur = Xpp0 U 11)
= (I T%, = Tx, . ul)
< F (%0 = Xoug U DA Xy = X U 1D+ G X0 = Xoog U DL (%0 =T 0 1)+ @1 Xy = TX g u )]
+ (I %, = X u Dmin {@ (1 %, = Tx U D)@ (1 Xy = X, u 1)}
= £ (1 %y = Xog U DA Xy = X U 1D+ G X0 = Xy 4 DA (X0 = Xz U 1)+ @1 Xy = XU )]
+ (I X,y = X U IDMIN LA (X, = Xpup U DB Xy = XU 11}
= f(a,)¢(a,) +9(a,)[p(e,)+d(e,..)] )
@)+ g(e,) 5
1-g(a,) "

Since f(t)+2g(t)+h(t) <1, f(a,)+29(e,) <1whichimplies

n+l?

ulfforn=012,..;and g, = ¢(an).

implies B,,; <

fa)+ (@) _,
1- g(an)

then from (2) we get .., < rf3 where r <1.

f(a,)+9(a,)
1- g(an)
So B, <r"pB,, suchthat S, — Oasn — oo.

Ifweset I =

Since B, < B,_,and ¢ isstrictly increasing, o, < a,_;, N=12,...
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Thus ¢, = o . Then B, = ¢(an)—> ¢(a), since ¢ is continuous. So ¢(a)= 0 and hence by (ii), & = 0 implies
a, > 0.
Now show that { X } is a Cauchy sequence.

We prove it by contradiction. Then for every positive integer & and for every positive integer K there exist two positive integers
m(k) and n(k) such that

k <n(k) <m(k)and]| X,y =X 4y, Ull> ¢ 3)
For each integer K let m(Kk) be the least integer for which m (k) > n(k) > k ,
I Xay = Xmgey-as U 1< € and]] X0y = Xy, U | > €

Then we have

& <[l Xny = Xmey Ul
S" Xn(k) - Xm(k)’ Xm(k)—l " + " Xn(k) - Xm(k)—l’u " + " Xm(k)—l - Xm(k)’u " (4)
Now by (1), we have
¢(" Xn(k) - Xm(k)’ Xm(k)—l "): ¢(" TXn(k)—l _TXm(k)—l’ Xm(k)—l ")
< f (” Xak)-1 = Xmk)-1 Xm(k)-1 ||)¢(|| Xak)-1 = Xmk)-17 Xm(k)-1 ”)
+9 G' Xnk)=1 ~ Xm(k)-11 Xm(k)-1 ”Xﬁ’)(” Xnky-1 — TXngky-1 X (k)1 ”)+ ¢G| Xmk)1 = k)1 Xm(k)-1 ”)]
100 X2 = X1 X IDMIN 4801 Xa4y2 = T2 Xt 101 Xy = T2 X 1)}
= f (” Xa)-1 = Xmk)-10 Xm(k)-1 ||)¢(|| Xa)-1 = Xmk)-10 Xm(k)-1 ”)
+ g(” Xnty-1 ~ Xmk)-10 Xmk)-1 ||)[¢Q| Xnky-1 — PXneky-1r Xmky-1 ”)+ ¢(” Xmk)-1 — Xmeky-1 Xm (k)1 ”)]
+ 10 X2 = X1 X DM 0 Xa 2 = X1 Ximgy s I8 (1 g2 = Ty X o 1))
= 0
which implies by (i) | X, (0, = X )+ Xmeeys 1= 0 - (5)
So by (4) and () we get, & <|| X,y = Xy, U €0+ & + e, - Since {& , } converges to 0,
I Xo) ~ Xmao U > cask > .
Again
I Xocyer = X U I Xa g1 = Xy X 1T 1 Xager = Xagoy U T+ 1T Xy = Xing Ul
S Uhyt | Xnk) = Xm(ky U Il
since, || X, ()41 = Xmk)» Xngiy || can be made 0 as we have done in equation (5).
SO || Xogyer = Xmeoy U IS @y + I X = Xy U | g as k — o0
In the similar way,
I Xacrsz = Xmay U TS Xace2 = Xa s Xagoea T+ 1T Xawgrz = Xogoeas U+ 1 Xowyan = Xa Ul
S 0ot | Xny+1 ~ Xmeeyr U Il
since || X, ()2 = Xmky» Xn(ky+1 | can be made 0 as we have done in equation (5).
SO | Xpaoez = Xmay U IS @ pynt | Xoya = Xny U > € as K — oo and in similar fashion we can show
I Xakysz = Xmqeyon U 1> € as k— .
Using (1), we deduce that
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¢(" Xn(k)+2 - Xm(k)+1’ u "): ¢(" TXn(k)+1 _TXm(k)’u ")

< f (” Xnky+1 ~ Xmyr U ”)¢(” Xoy+1r ~ Xmexy U ”)

+ g(” Xny+1 ~ Xmoyr U ”Xﬁ’)(” Xn(kys1 — 1 Xnkys1r U ”)+ ¢(” Xmk) = Xy U ”)]

+ h(” Xnk)+1 ~ Xmy» U ”)min {¢(” Xnekys1 — Xy, U ||),¢(|| Xmk) — T Xn(kys1r U ”)}

< f Gl Xnk)+1 ~ Xmyr U II)MI Xnky+1 ~ Xmy U ”)

+ 0 (1% = X 0D 01 %0701 = Xz 0 I+ 91 Xy = Xt 1)

+ hQI Xnky+1 ~ Xmoy U ”)min {¢(” Xn)+1 ~ Xmy+1r U II)J/)QI Xnk) = Xn(ky+2+U ”)}
Letting k — o0 ,we getd () < a(e)p(e) + c(e)p(e) = {a(e) +c(e) Jp(e) < p(e)

which is a contradiction. So {Xn} is a Cauchy sequence. Since X is complete2-normed space, lim x, =z € X .

n—ow

Claim: Showthat Tz = z .
Again using (1) we have,

¢(" Xn(k)+1_TZ’u ") (" TXn(k) Tz,u ")
< fG| Xniy = Z,U ||)¢G Xny = Z,U ||)
+ 91 %y = 20 D 01 %00 = X0 1)+ 91 2 = T2 u )
+ hG| Xny — Z,U ||)m { G| Xny — 12, U ||),¢G| Z—TX ), U ||)}
implies
A1 X0 = T20 1)< 1 %000 = 20 1B X900 = 2,0 11)
+ gm Xoy — Z,U ”)[¢G| Xy — Xny+o U ”)"' ¢(” z—Tz,u ”)]
11 o = 200 IDmin 4601 %6 = T2, 0 161 2 = X000 1)}
passing limit as N — oo on both sides of the inequality we get,¢(|| z-Tz,u ||): 0 which gives by (ii), || z = Tz,u ||=0

ie, Tz =1z.
Next let W be another fixed point of T. Then

ol z—w,ul)=¢(I Tz =Tw,u )

<fllz-wulsllz=wul)+g(lz—wulg(l z-Tz,u )+l w-Tw,u )]
+h(lz—w,ul)min (I z=Tw,u ). (I w-Tz,u)}

=[fllz-wul) +h(l z-=w,ul) Jp(l z-w,ul)

<d(lz-w,ul),since f(t)+h(t) <1

which is a contradiction leads to the fact that Z = W and thus completes the proof.

Next we verify the Theorem (1) by a proper example.

a) Example 1. Let X = R™ x R" and d be a 2-normed which expresses || X — Y, U || as the area of the Euclidean triangle
with vertices X = (X, X,), ¥ = (¥;, Y,)and u=(u,u,). Then (X || .,.]|) is a complete 2-normed space[1].

Now take X = (1,0), y = (2,0) and u=(L1)alsolet T : X — X be a mapping such that

Tx =(2,0) where x=(1,0) € X and

Ty =(3,0) where y =(2,0) € X

Now setting T (t) = é,g(t) - é,h(t) - %and S(t)=t?te R
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We observe that all the conditions of Theorem (1) satisfied except the condition (1). Also it is very clear that T has no fixed point in
Xin this case.
Next we establish a common fixed point theorem in this line.

2) Theorem 2. Let S and T be self-mappings of a complete 2-normed space (X ,||.,.|]) and ¢ satisfying (i) and (ii).

Furthermore, let f, g, h be three decreasing functions from R" into [0,1) such that f (t) + 2g(t) + h(t) <1 for every
t > 0. Suppose S and T satisfies the following condition

$(ISx=Ty,ul)< (I x—y,ulg(lx—y,ull) .
+ g x=y,u gl x—Sx,ul)+g(l y=Ty.u )] ©)
+h([x—y,u[)min {g(l x=Ty,ul).¢(l y - Sx,ul)}

where X, y,U € X , each two of X,y and U are distinct. Then S and T have a unique common fixed point in X.
Proof. Let X, € X be arbitrary.

define X,, = SX,,, and X,,,, =TX,, ; n=012,., also let a, =|| X, — X, Ul for n=01,2,...; and

n+l?

B, = é(c, ) Wealso assume that o, > O for every N . Now for an even integer N , we have
Br=9(a,)
= ¢(1% = x,.0,ull)
= ¢(15%,0 = Tx, ull)
< (1 = X U DR Xy = X5, U ]])
+ 90 %o = X U D[R Xy = SX o u 1)+ @l X, =T u )]
(X =g u min 1%, =T, u )01 %, = S%,,u )]
= (1 X0y = %o u IRl X = X, 0 ]1)
+ 90 X = X0 U D[R 0 X0 = Xy 0 1D+ 6 (1 Xy = %o u )]
+ 0%,y = % u )min g x,y = X0, u D@l %, =%, u )}
= flag)o(e,) + 9, (e, )+ (o, )]
fla,,)+9(a,4)
1-9(a,.4)

Since f(t)+2g(t)+h(t) <1, f(a,,)+29(a, ;) <1whichimplies

implies B, <

B ()

(@, )+ 0(ay,) _,
1- g (an—l)

flan,)+9(e,.)
1- g(an—l)
then from (7) we get B, < rf,  where r <1.

Ifweset I =

So B, <r"B,, suchthat f, — Oasn — 0.

Since B, < B,_,and ¢ isstrictly increasing,a, < ot, ;, nN=12,...

Thus ¢, = o . Then B, = ¢(an)—> ¢(a), since ¢ is continuous. So ¢(a)= 0 and hence by (ii), & = 0 implies
a, > 0.

Now show that { X } is a Cauchy sequence.

©IJRASET: All Rights are Reserved
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We prove it by contradiction. Then for every positive integer & and for every positive integer K there exist two positive integers
2p(k) and 2q(k) such that

k <2q(k) <2p(k)and]| X,,) = Xoq00, U 1> € (8)

For each integer K let 2 p(Kk) be the least integer for which 2 p(k) > 2q(k) > k,

I Xaq0) = X2 pay-2s U 1S € and|l Xpq ) = Xpp0), U 1> €

Then we have

e <| Xoqk) ~ X2pk) U <l Xoq0) ~ X2pk)r X2 p(k)-2 |+ Xoq) ~ X2p(k)-2:U I+ 1 x, p()-2 ~ X2pk) U |
Since we can easily show that || X,; 1) = X5y Xapoy—2 I= 0@s we have shown in (5) of Theorem (2).

& <l Xaq0) = X250y U IS Xag0) = Xapyas U T+ 1 Xap 92 = Xapiy Ul

I Xaq00 = X2 peg-20 U T+ 1 Xap0-2 = %o piyr X2p0-2 | 11 Xapao-2 = Xapgo-20 U+ 11 Xopy 2 = Xa gy Ul
again we can show like (5) of Theorem (1),

" X, p(k)-2 — X, p(k)? X, p(k)-1 " =0.
Thus
e <| Xaq00) — X2pk)r Y [<e+0+ Aypiy2 T Aapya- 9)

Since {c , } converges to 0, || X,y = X550 U | € -

NOW |l X,qy = X2 peiysrs U TSI Xoqy = Xapqienr Xapaoy 14+ 11 Xaq) = Xapgy s U T+ 1 Xo 51y = X2 pigen Ul
< Xaq00 = Xapa U+ @

since we can show that || X,y = X, p(ky.1+ Xap(ky | = O @s we have done in (5) of Theorem (2).

So, || x
Again

2q) ~ X2p)enr U > cask > . (10)

| Xoqky ~ X2p(k)+21 U <l Xoqk) ~ X2p(k)+2r X2 p(k)+1 [+ Xoqk) ~ X2p(k)+10 U I+ 1 x, p()+1 ~ X2p(ky+20 U |
<|| Xoq) ~ X2pky+10 U [+ Xopy+1 ~ X2py+20 U I
(since || X,q) = X2 p(k)s 2+ Xap(ioy+a 1= O for similar reason as of (5) of Theorem (1).)
SN Xaqky = X2pyer X2 o) 1 1 Xagey = X2 py U T+ 1T X000 = Xapyias Ul
+ ” X, p(k)+1 — X, p(k)+21u ”
<0+ Xoqk) ~ X2pky U [+ Aoy T Xopk)+1
which gives|| X, = X5 2 U [ —> e as k — oo (11) Similarly,
I X2q000s1 = X2 pyezr U= € as k — oo (12)

Now from (6) we have
¢(" XZp(k)+2 - XZq(k)+1’u "): ¢(|| SXZp(k)+1 _TXZq(k)’u ")
< 1 (1 Xapgora = Xaago U B (1 Xepgs = Xaagor U 1)
+ gm Xopky+1 ~ Xaq(k) U II)[MI X p(kys1 — X2 p(kysnr U ”)+ ¢(” Xaqek) — TX2q(k)» U ”)]
01 X ey = a8 DM 601 Xz 492 = X a0 0 1D @1 Ko = SXzpereas U 1))
passing limit ask — oo we get by (10), (11) and (12),

() < f(e)g(e) +h(e)p(e) = {f (e)+h(e)Jp(e) < g(e)
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which is a contradiction. So {Xn} is a Cauchy sequence. Since X is complete 2-normed space, lim x, =z € X .
n

Again using (6) we have
Dl Xzpg002 =Tz, u )= 6 (1 X250, = T2, u )

<f GlXZp(khi - Z,U ”)ﬁq|X2p(kH4 -4 ”)
+ gqlxsz)u._ ZJJ”X¢G|X2MKH1_'SXZPW%”’U|D4—¢qlz__TZ’u|D]
+ hql Xapkys1 — 25U ”)min {¢G| Xapaos — 12, U ||)’¢G| Z= XU ”)}

Taking limitas K — oo we get ¢(|| z-Tz,u ||): 0 implies|| Zz—Tz,u ||= 0 by property (ii).
Hence Tz = z .

Similarly it can be shown that Sz = Z . So Sand T have a common fixed point z € X .
We now show that Z is the unique common fixed point of S and T.
If not, then let W be another fixed point of Sand T.

Theng (| z —w,u [|)= (| Sz ~Tw,u |))

< f(lz—wulg(lz—w,ull)
+9(lz-wulip(lz-sz,ull)+¢(lw-Tw,ul)]
+h(l z—w,u)min {p(l z - Tw,u |}, ¢(l w-Sz,u )}
=[flrz-wul)+h(iz-wu )kl z-wul)
< ¢(|| z—-w,u ||), since f(t)+h(t) <1
which is a contradiction. Hence Z = W and thus completes the proof.
Remark 1. In the same way we can verify the Theorem (2) by setting S (1,0) = (2,0) and T (2,0) = (3,0) taking all the

values same on the complete 2-normed space (X ,|| .,. ||) as described in Example 1.
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