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Abstract: The binary quadratic Diophantine equation represented  by the  positive pellian ࢟૛ = ૡ࢞૛ + ૝ૢ is analyzed for its non-
zero distinct  solutions. A few interesting relations among the solutions  are given. Further, employing the solutions of the above 
hyperbola, we have obtained solutions of other choices of hyperbolas, parabolas and Pythagorean triangle. 
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I. INTRODUCTION 

The binary quadratic  equations of the form 122  Dxy   where D is non-square positive integer has been selected by various 
mathematicians for its non-trivial integer solutions when D takes different integral values[1-4].For an extensive review of various 

problems, one may refer[5-10]. In this communication, yet another interesting equation given by 498 22  xy  is considered and 
infinitely many integer solutions are obtained. A few interesting properties among the solutions are presented. 

II. METHOD OF ANALYSIS 
The positive Pell equation representing hyperbola under consideration is,  

    498 22  xy        (1) 
The smallest positive integer solutions of (1) are,     

                                          20 x , 90 y  8D  
The pellian equation is  

                                         18 22  xy                                                                                                        (2) 
The initial solution of pellian equation is 

                                        1~
0 x , 3~

0 y , 

The general solution  nn yx ~,~  of (2) is given by,      

                                       
nn gx

82
1~  , nn fy

2
1~ 

 
 

Where,  

                                      
11 )83()83(   nn

nf  

                                          
11 )83()83(   nn

ng  

Applying Brahmagupta lemma between  00 , yx  and  nn yx ~,~  the other integer  solution of (1) are given by, 

                                        
nnn gfx

82
9

1 

  

nnn gfy
8

8
2
9

1   

The recurrence relation satisfied by the solution ݔ and ݕ  are given by, 
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                          06 123   nnn xxx   

                          06 123   nnn yyy  

Some numerical examples of ݔ and ݕ satisfying (1) are given in the Table 1 below, 

Table 1: Examples 
    n 

     nx      ny  

    0      2     9 

    1     15     43 

    2     88     249 

    3     513     1451 

    4    2990     8457 

From the above table, we observe some interesting relations among the solutions which are presented below. 
A. Both ݔ௡  .௡ values are odd and evenݕ ݀݊ܽ 
B. Each of the following expression is a nasty number: 

1)  2222 321898
49
6

  nn xy  

2)  2232 861898
49
6

  nn xx  

3)  2242 2499294
147

6
  nn xx  

4)  2232 24018294
147

6
  nn xy  

5)  2242 1408181666
833

6
  nn xy  

6)  3222 3286294
147

6
  nn xy  

7)  4222 324981666
833

6
  nn xy  

8)  3222 32240784
392

6
  nn yy  

9)  4222 3214084704
2352

6
  nn yy  

10)  3232 2408698
49
6

  nn xy  

11)  3242 4988698
49
6

  nn xx  

12)  3242 140886294
147

6
  nn xy  



International Journal for Research in Applied Science & Engineering Technology (IJRASET) 
                                                                                           ISSN: 2321-9653; IC Value: 45.98; SJ Impact Factor: 7.177 

                                                                                                                Volume 7 Issue VII, July 2019- Available at www.ijraset.com 
     

©IJRASET: All Rights are Reserved 650 

13)  4232 240498294
147

6
  nn xy  

14)  4242 140849898
49
6

  nn xy  

15)  4232 2401408784
392

6
  nn yy  

 
C. Each of the following expressions is a cubical integer. 

1)  113333 96543218
49
1

  nnnn xyxy  

2)  123343 258548618
49
1

  nnnn xxxx  

3)  133353 747272499
147

1
  nnnn xxxx  

4)  123343 7205424018
147

1
  nnnn xyxy  

5)  133353 422454140818
833

1
  nnnn xyxy  

6)  214333 962583286
147

1
  nnnn xyxy  

7)  315333 96149432498
833

1
  nnnn xyxy  

8)  214333 9672032240
392

1
  nnnn yyyy  

9)  315333 964224321408
2352

1
  nnnn yyyy  

10)  234353 149425849886
49
1

  nnnn xxxx  

11)  224343 72025824086
49
1

  nnnn xyxy  

12)  234353 4224258140886
147

1
  nnnn xyxy  

13)  3253\43 7201494240498
147

1
  nnnn xyxy  

14)  3353\53 422414941408498
49
1

  nnnn xyxy  

15)  3253\43 72042242401408
392

1
  nnnn yyyy  
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D. Each of the following expressions is a biquadratic integer. 

16)  294128723218
49
1

22224444   nnnn xyxy  

17)  294344728618
49
1

22324454   nnnn xxxx  

18)  882996362499
147

1
22424464   nnnn xxxx  

19)  8829607224018
147

1
22324454   nnnn xyxy  

20)  4998563272140818
833

1
22424464   nnnn xyxy  

21)  8821283443286
147

1
32225444   nnnn xyxy  

22)  4998128199232498
833

1
42226444   nnnn xyxy  

23)  235212896032240
392

1
32225444   nnnn yyyy  

24)  141121285632321408
2352

1
42226444   nnnn yyyy  

25)  294199234449886
49
1

32425464   nnnn xxxx  

26)  29496034424086
49
1

32325454   nnnn xyxy  

27)  8825632344140886
147

1
32425464   nnnn xyxy  

28)  8829601992240498
147

1
42326454   nnnn xyxy  

29)  294563219921408498
49
1

42426464   nnnn xyxy  

30)  235296056322401408
392

1
42326454   nnnn yyyy  

 

E. Each of the following expression is a quintic integer: 

1)  1133335555 32018016090 3218
49
1

  nnnnnn xyxyxy  

2) 
 1233435565 860180430908618

49
1

  nnnnnn xxxxxx
 

3)  1333535575 2490901245452499
147

1
  nnnnnn xxxxxx  
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4)  1233435565 240018012009024018
147

1
  nnnnnn xyxyxy  

5)  333535575 180704090140818
833

1
  nnnnn yxyxy  

6)  2143336555 3208601604303286
147

1
  nnnnnn xyxyxy  

7)  3153337555 3204980160249032498
833

1
  nnnnnn xyxyxy  

8)  2143336555 3202400160120032240
392

1
  nnnnnn yyyyyy  

9)  3153337555 320140801607040321408
2352

1
  nnnnnn yyyyyy  

10)  2343536575 4980860249043049886
49
1

  nnnnnn xxxxxx  

11)  2243436565 2400860120043024086
49
1

  nnnnnn xyxyxy  

12)  
2

140808607040430140886
147

1
343536575 
  n

xyxyxy nnnnn  

13)  3253437565 2400498012002490240498
147

1
  nnnnnn xyxyxy  

14)  3353537575 140804980704024901408498
49
1

  nnnnnn xyxyxy  

15)  3253437565 2484014080120070402401408
392

1
  nnnnnn yyyyyy  

 
F. Relations among the solutions are given below: 
1) 112 3   nnn xyx  

2) 113 176   nnn xyx  

3) 112 83   nnn xyy  

4) 113 4817   nnn xyy  

5) 123 6   nnn xxx  

6) 122 3   nnn xxy  

7) 123 317   nnn xxy  

8) 1322   nnn xxy  

9) 133 176   nnn xxy  

10) 123 8173   nnn xyy  

11) 213 173   nnn xyx  

12) 212 83   nnn xyy  
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13) 213 16   nnn xyy  

14) 312 8317   nnn xyy  

15) 313 4817   nnn xyy  

16) 123 6   nnn yyy  

17) 232 3   nnn xxy  

18) 233 3   nnn xxy  

19) 223 83   nnn xyy  

20) 323 83   nnn xyy  

III. REMARKABLE OBSERVATION 
A. Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of hyperbolas 

which are presented in table 2 below 

Table 2: Hyperbola 
S.NO Hyperbola                              (X,Y) 

1 96048 22  XY   1111 3218,418   nnnn xyyx  

2 96048 22  XY   1221 8618,430   nnnn xxxx  

3 864368 22  XY   1331 2499,288   nnnn xxxx  

4 864368 22  XY   1221 24018,486   nnnn xyyx  

5 27755568 22  XY   1331 140818,4498   nnnn xyyx  

6 864368 22  XY   2112 3286,3018   nnnn xyyx  

7 27755568 22  XY   3113 32498,17618   nnnn xyyx  

8 6146568 22  XY   2112 32240,8618   nnnn yyyy  

9 221276168 22  XY   3113 321408,49818   nnnn yyyy  

10 96048 22  XY   2332 49886,30176   nnnn xxxx  

11 96048 22  XY   2222 24086,3086   nnnn xyyx  

12 864368 22  XY   2332 140886,30498   nnnn xyyx  

13 864368 22  XY   3223 240498,17686   nnnn xyyx  

14 96048 22  XY   3333 1408498,176498   nnnn xyyx  

15 6146568 22  XY   3223 2401408,49886   nnnn yyyy  
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B. Employing linear combination among the solutions of (1), one may generate integer solutions for other choices of parabolas 
which are presented in table 3 below 

Table 3: Parabola 
S.NO  Parabola                (X,Y)          

1 9604849 2  XY   983218,418 222211   nnnn xyyx  

2 9604849 2  XY   988618,430 223221   nnnn xxxx  

3 864368147 2  XY   2942499,288 224231   nnnn xxxx  

4 864368147 2  XY   29424018,486 223221   nnnn xyyx  

5 27755568833 2  XY   1666140818,4498 224231   nnnn xyyx  

6 864368147 2  XY   2943286,3018 322212   nnnn xyyx  

7 27755568833 2  XY   166632498,17618 422213   nnnn xyyx  

8 6146568392 2  XY   78432240,8618 322212   nnnn yyyy  

9 2212761682352 2  XY   4704321408,49818 422213   nnnn yyyy  

10 9604849 2  XY   9849886,30176 324232   nnnn xxxx  

11 9604849 2  XY   9824086,3086 323222   nnnn xyyx  

12 864368147 2  XY   294140886,30498 324232   nnnn xyyx  

13 864368147 2  XY   294240498,17686 423223   nnnn xyyx  

14 9604849 2  XY   981408498,176498 424233   nnnn xyyx  

15 6146568392 2  XY   7842401408,49886 423223   nnnn yyyy  

 

1) Special Cases 

a)        21,3
2

,3
2

,3
62

1,3
10 8153   xyyxxy tttPtP  

b)        21,3
2

,3
2

1,3
102

,3
6 8179   yxyxxy tttPtP  

c)          222,3
2

,3
2

,3
24

1
2

22,3
10 8617   xyyxxy tttPtP  

d)        222,3
2

,3
2

22,3
102

,3
8

1 81736   yxyxxy tttPtP  

e)         21,3
2

22,3
2

1,3
8

1
2

22,3
6 836179   yxyxxy tttPtP  

f)            222,3
2

1,3
2

22,3
232

1,3
24

1 83176   yxyxxy tttPtP  
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IV. CONCLUSION 
In this paper, we have presented infinitely many integer solutions for the  positive Pell Equations 498 22  xy  As the binary 
quadratic Diophantine equations  are rich in variety, one may search for the other choices of  Pell Equations and determine their 
integer solutions along with suitable properties 
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