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Abstract--Let G(V,E) be a graph. A dominating set is a subset S of V such that every vertex not in S is adjacent to at least one
vertex in S. The cardinality of a minimum dominating set is called the domination number, ©{G). A dominating set with y vertices
is called a y-set. Let i denote the number of ysets in G. For a graph G, the splitting graph S(G), is obtained by adding a new
vertex v’ corresponding to each vertex v of G and joining v’to all vertices which are adjacent to v in G. Here we introduce a new
type of graphs called minimum domination splitting graphs or simply y-splitting graphs. Let G be a graph and let S, Ss,...,S,, be
the y-sets in G. The y-splitting graph, S(G), of a graph G is the graph obtained from G by adding new vertices wy,W,,...,w, and
joining w; to each vertex in S; where 1 <i <n. In this paper, we establish some results on y-splitting graphs.
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. INTRODUCTION
Throughout this paper, we consider only finite, simple, undirected graphs. For notations and terminology we follow [3]. Let G(V,E)
be a graph of order n. We denote the cycle on n vertices by C,, the path of n vertices by P,, and the complete graph on n vertices by
K,. The complete bipartite graph is denoted by K, .. In a graph G, degree of a vertex v is denoted by d(v). If S is a subset of V, then
<S> denotes the vertex induced subgraph of G induced by S. For any vertex veV(G), the open neighbourhood N(v) of V(G) is the
set of all vertices adjacent to v, that is, N(v) ={ueV(G) / uveE(G)}, and the closed neighbourhood of v is defined by N[v] = N(v)
U {v}. N°(v) = V- N(v) is called the neighbourhood complement. For any set S, N(S) = U N (V).
ves

A full vertex of G is a vertex in G which is adjacent to all other vertices of G. A graph G is said to be r-regular if every vertex in G
is of degree r. For any two integers k and d, k = d, a (k,d)- biregular graph is a graph in which every vertex is of degree either
k or d. For any three integers x, a, and b, x # a # b, a (x,a,b)- triregular graph is a graph in which every vertex is of degree either x
or a or b. For example, a (2,3)-biregular and a (1,2,6)- triregular graphs are shown in Figure 1.

(2,3)-biregular (1,2,6)- triregular

Figure 1

The distance d(u,v) in G between two vertices u and v is the length of a shortest u-v path in G. The eccentricity e(u), of a vertex u is
the distance of a farthest vertex from u, and radius rad(G) of G is the minimum eccentricity. The maximum distance between any

two vertices in G is the diameter of G, denoted by diam(G), that is, diam(G) = ma(>é) {d(u,v)}. A vertex u with e(u) =rad(G) is
u,veV

called a central vertex. A graph G for which rad(G) = diam(G) is called a self-centered graph of radius rad(G). Or equivalently, a
graph is self-centered if all of its vertices are central vertices. For further basic definitions on distance in graphs one can refer [4].

Let H,, denote the graph with vertex set {vy,Vs,...,Vq ; U1, Uy,...,Un} and edge set {viu; / 1<i<n,n-i+1< j<n}. The graph By,
is the bistar obtained from the stars K, , and Ky , by joining their central vertices by means of an edge. For example, the graph Hy 4
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and the bistar B, 5 are shown in Figure 2.

NN

H4-14- B415

Figure 2

The join G v H of the graph G and H is the graph obtained from G U H by joining every vertex of G to each vertex of H by means
of an edge. The graph W, = C,; v K is called the wheel graph on n vertices. The corona Go H of two graphs G and H is obtained

by taking one copy of G and [\/ (G)| copies of H, and by joining each vertex in the i" copy of H to the i" vertex of G, where 1 < i <

[\/ (G)| . The corona graph Cs o K; is depicted in Figure 3, for reference,

Figure 3

In a graph G, the process of deleting an edge uv and introducing a new vertex w and the edges uw and vw is called the subdivision
of the edge uv. A spider is a tree on 2n + 1 vertices obtained by subdividing each edge of a star K. In other words, spider is
nothing but Ky ,° K;. A wounded spider is a graph obtained from subdividing at most n — 1 edges of a star K ,. The wounded spider
includes Kj, the star Ky ... For example, a wounded spider G the graph shown in Figure 4. The cartesian product of two graphs G,
and G, is denoted by G; x G,. The graph Ky, x P,is called the m-book graph and it is denoted by By, For example, the book
graph By is shown in Figure 5.

Figure 4 Figure 5

A dominating set is a subset S of the vertex set V such that every vertex is either in S or adjacent to a vertex in S, that is, such that
every vertex in V-S is adjacent to at least one vertex in S. The domination number is the number of vertices in a smallest dominating
set of G, it is denoted by y(G). A dominating set with y elements is called a y-set. For example, S; = {b,d} and S, = {a,c} are the
minimum dominating sets of the graph G can be verified in Figure 6. For further results on domination in graphs, one can refer [5].
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Figure 6

Note that S; = {a,b,c,d,e,f,g,h} and S,= {a,b,c,d}, etc., are also dominating sets in G. The concept of splitting graph was introduced
by Sampath Kumar and Walikar [6]. The splitting graph S(G), is the graph obtained from G, by adding a new vertex w for every
vertex Vv e V(G), and joining w to all vertices of G adjacent to v. For example, a graph G and its splitting graph S(G) are shown in

Figure 7.

V4 V3

G S(G)

Figure 7

The concept of cosplitting graphs has been recently introduced by Selvam Avadayappan and M. Bhuvaneshwari [1]. Let G be a
graph with vertex set {v; V,,...,v,}. The cosplitting graph CS(G) is the graph obtained from G, by adding a new vertex w; for each
vertex v; and joining w; to all vertices which are not adjacent to v; in G. As an illustration, a graph G and its cosplitting graph CS(G)

are shown in Figure 8.

——eo—o
Vi V, V3 Vi \'2) V3
G CS(G

Figure 8
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The concept of B-splitting graph has been introduced by Selvam Avadayappan, M. Bhuvaneshwari and B. Vijaya Lakshmi

[2]. Let S,S,,...,S, be the maximum independent sets of G. The B-splitting graph Sg(G) of a graph G is a graph obtained from G by
adding new vertices wi,W;,...,W, such that each w; is adjacent to each vertex in S;, for 1 <i < p. For example, a graph G and its p-
splitting graph Sg(G) are shown in Figure 9.

\" '3
[ I I L
Vi V> V3 Vg

G _ S,(G)
Figure 9 P

In this paper, we introduce a new type of splitting graphs called y- splitting graphs. Let G be a graph and let n be the number of y-
sets in G. Let Sy, S5,...,S,, be the minimum dominating sets in G. The y-splitting graph, S,(G), of a graph G is the graph obtained
from G by adding new vertices wi,w;,...,w, and joining w; to each vertex in S; where 1 < i <m. For example, the  y- splitting
graph of P, is shown in Figure 10.

Wi

Vi ’ \'Z

W3 Wy
S,(Pa)
Figure 10

Clearly, Sy = {v1,va}, Sy = {Vo,va}, S3 = {V1,Va}, Sa = {V2,V4} are the y-sets in Py, also wy,w,,ws,w;, are newly added vertices in S,(Ps).
Here, we discuss a few results on y-splitting graphs. In this paper, we independently characterise graphs for which S,(G) is a regular,
biregular, tree, unicyclic graph. We attain bounds for the maximum and minimum degree of a vertex in S,(G). Finally we study the
distance properties of y-splitting graphs.

1. CHARACTERISATION OF y-SPLITTING GRAPHS
The following facts can be easily verified for y-splitting graphs. For a vertex v in S,(G), let d"(v) denote the degree of v in S,(G).
Fact 2.1 The newly added vertices {wi,w;,...,w,} are independent in S,(G), that is, d(w;,w;) = 2, foranyi, j, 1<i,j<n.
Fact 2.2 d"(w;) = y(G), fori, 1< i <n.
Fact 2.3 For any vertex v e V(G), d(v) < d"(v).
Fact 2.4 Every graph G is an induced subgraph of S,(G). Even more G is a proper subgraph of S,(G), since every graph contains at
least one y-set.
Fact 2.5 The graph having only one full vertex, bistar graph, the graph H,,, the path P, k > 1 and the book graph By, are some
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graphs whose y-splitting graphs contain exactly one newly added vertex.

Fact 2.6 S,(K,) = Ko K, forany n > 1.
Fact 2.7 S,(Kyn) = Kypyg foranyn>2.
Fact 2.8 S,(Ky") = Ky, foranyn > 1.

The following theorems establish some properties of y-splitting graphs.

ifm=1,n>2
ifm=n=1
ifm=n=2
ifm=2n>2
ifm>3,n>3.

1
2
Proposition 2.9 Foranym >1andn> 1, n(Kp,) = 16
mn+1

mn

Proof Let V = {u,Uy,...,Un; Vi,Va,...,V, } be the vertex set of Kp, .

Case (i) Suppose m = n =1, then clearly {u,} and {v;} are only the y-sets and hence n(Ky) = 2.

Case (ii) If m = n= 2, then clearly {u,vi},{ux, Vo },{us, Vo }.{uz,vi }.{us,u }and {vy,v,} are the only y-sets in K, , and hence n(Knn)
= 6.

Case (iii) If m=1and n > 2, then G = Ky, and therefore {u,} is the only y-set. That is, n(G) = 1.

Case (iv) Suppose m = 2 and n > 2. Then {u;,u2} and {u,w} 1 < j<2, 1 <k <n are the y-sets of G. Thus n(Kp,n) = mn+1.

Case (V) If m>3andn > 3, then clearly {ui,vi} 1 <i<m,1<k<n. Thusn(Kpp,)=mn. =

Theorem 2.10 For any n > 1, there exists a graph G of order n, such that S,(G) is n-regular.

Proof When n = 1,G = Ky, for which S,(G) = K; is the required graph. Therefore assume that  n > 2, consider the graph G = K, U
Kﬁfl with vertex set {Vi,Va,.....,Va; Ug,Up,...,Ur.1} With edge set {viv;/ 1 <1i, j<n}. For any i, 1 <i<n, clearly {vi, u,us,....... , Un1}

is a y-set of G, that is, y(G) = n. Hence there are n such y-sets in G. Let wy,w,,...,w, be the newly added vertices in S,(G). Now for
any i, j, 1< i< n, 1<j<n-1 Thus d'(v;) = d"(w;) = d"(u)) = n. Hence S/(G) is n-regular. Thus G is the required graph.
For example, the graph K; U K, and S,(Ks U Ky%) which is a 3-regular graph are shown in Figure 11.

W1 W W3

V1 \"
A () o Uz Uz
V3 V2 U1 u2 V3 V2
K3UK2 Sy( K3UK2)
Figure

Now, consider the star graph Kin4, n > 3, which is biregular. In addition S,(Ky.1) is also biregular. This shows that there are
biregular graphs G whose S,(G) are also biregular. Some examples are listed below:
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Graph G Degree set of G S,(G) Degree set of S,(G)
Ky, N 23 {1, n-2} Kin {1, A (G)+1}
Ps {12} Sy(Ps) {2, A (G)+2}
Bnm {2, m+1} Sy(Bm) {2, A (G)+1}

Theorem 2.11 The graph S,( Ki,n) is biregular if m =n and S,( Kn,) is triregular if m = n for m> 2.

Proof Let V = {vy,Vy,...,Vm; Ug,U,...,U } be the vertex set of Ky, .

Case (i) Suppose m = n, and m > 3. The graph S,(Kym), then d"(w;) = 2. Also, by Proposition 1, = m2 Each u; or v; belongs to
exactly m y-sets. Hence d"(u;) = d"(v;) = 2m. Then S,(Kmm) is @ (2m, 2)-biregular graph when m =n.

Case (ii) Let m = n. The graph S,(Kny), then d"(w;) = 2, and m = mn. Each u; belongs to n y- sets and each v;belongs to m y-sets.
Then d"(u) = 2n and d"(vj) = 2m. Hence S,( Kmn ) is @ ( 2m, 2n, 2)-triregular graph when m = n. Hence the proof.
For example, the graph K, and S,(K; ) are shown in Figure 12.

Uz U

Figure 12

k
Theorem 2.12 The graph S,(G) is a tree if and only if G is one among the following graphs K., P,, (U Kl,ni J U Kb k=1, n;
i=1

k
>2,mz>1,or UKMi k=1, n>2

i=1
Proof Consider a graph G for which S,(G) is a tree. Since G is an induced subgraph of S,(G), G is acyclic. If G contains only two
vertices, then obviously G = K; or K;° for which S,(G) = P, or P; respectively. So we assume that G contains at least three vertices.
Case (i) Suppose G is a tree. Then G contains at most one full vertex. If G contains only one full vertex, then G = K, for which
S,(G) = Ky nsa. If G contains no full vertex, then y(G) > 1 and thus G contains at least two vertices u and v in any y-set S of G. Let w
be the newly added vertex in S,(G), corresponding to S. Now the u-v path together with the edges uw and wv forms a cycle in S,(G),
which is a contradiction to our assumption that S,(G) is a tree. Therefore, this case does not arise.
Case (ii) Let G be a forest. If a y-set contains at least two vertices in the same component, then S,(G) contains a cycle, which is a
contradiction. Therefore every component must contain exactly one vertex of each y-set of G, which is possible when each
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k

component is a star or a trivial graph and hence G = U Kl,ni J UK, k>1,n>2and m>1lor Gz U Kl,ni k=21, nj>2.
i i=1

And the converse is obvious. [ ]

3 2
For example, the graph S{U Klsj and Sy[ U Klﬁj U K J are shown in Figure 13.
' i-1

i=1

Vi Vg Vg V10
V7

Figure 13

Let P,(m,n), where k > 2 and m,n > 1, be the graph obtained by identifying the centre vertices of the stars K; ,, and Ky , at the ends
of Py respectively. The graph Cs(my,m,,m3), where m; > 0, is obtained from the cycle C; = vyv,v3vy by identifying the centre of the
star Kym, , atv; of Cs, for 1 <i < 3. For example, the graph Ps( 3, 4 ) and Cs( 3, 0, 0) are shown in Figure 14.

3L X

Ps(3,4) Cs3(3,0,0)
Figuer 14

Theorem 2.13 The graph S,(G) is unicyclic if and only if G is isomorphic to any one of the following graphs: (i) P, U Ky, (i) K,
(iii)y Bnp, m>1,n>1, (ivV)P(mn), k=3, 4andmn>1, (V)Bn, U KEm>1,n>1t>1  (vi) P(mn) U K, k=3, 4and

r S

m,n>1,t>1,  (vii) C3(my,0,0) U pK, , U gK; where m; > 1.

p=0 q=0

Proof Consider the graph G for which S,(G) is unicyclic. Then there arise two cases.
Case (i) Suppose G is acyclic. Then clearly the cycle contains a newly added vertex w in S,(G). Therefore, y(G) = 1. Let G be a
connected graph. Then n = 1, that is, G contains exactly one y-set, since every newly added vertex forms a new cycle. In
particular, y(G) = 2 with the y-set {u,v}. Let w be the newly added vertex in S,(G). Then the (u,v)-path in G together with the newly
added edges wu and vw forms the unique cycle in S,(G) , this is possible only when G=Bnn,m>1,n>1 P(mn), k=34
and m,n>1.

Let G be disconnected. If G has more than one component, with at least one edge, then S,(G) has more cycles, which is a
contradiction to our assumption that S,(G) is unicyclic. Hence only one component G; of G can contain edges and the others are
isolated vertices. If G; contains only one edge, then G must be P, U Ky If G; contains more than one edge, then G, is isomorphic to
Bmn m>1,n>1 P(m,n), k=3,4and mn>1andhence G =By, UK&Em>1,n>1,t>1, Px(m,n) U K& k=3 4andm,n>1,
t>1
Case (ii) Suppose G is unicyclic. Let G be a connected graph. Then newly added edges cannot be in a cycle. This is possible only
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when y(G) = 1. This forces that G = Kzor C3(my,0,0) where  m;> 1.
Let G be disconnected graph. Then o(G) > 2. Clearly, one of the component of G is unicyclic and the remaining are trees. Since
every component is connected, by the above argument exactly one vertex of each component belongs to y-set of G. Also, the y-set

r S
must be unique to avoid cycles formed by newly added vertices. Such a graph is isomorphic to C3(m;,0,0) U pKlvn Uquf

p=0 q=0
where m; > 1. And the converse is obvious. ]
For example, the graphs S,(B,5U Ks%) and S,(Cs(3, 0, 0) U Ky4U Ks°) are shown in Figure 15.
\"
Vip 13
Vi3
Vs W V12
Vg Ve
V11
\%1
Ve Vio
Vv V V
Ve V1o 2 V3 7 Vg 9
Vi1
S,(Bss UK3) S(Cs(3,0,0) UKy,4UK3)
Figure

Theorem 2.14 Let G be a graph. Then S,(G) has a full vertex if and only if G = K" or H Vv K; where H is a graph without a full
vertex.

Proof Let w; be the newly added vertices in S,(G) for 1 <i <m. Let v be a full vertex in S,(G).

Case (i) Suppose v is a newly added vertex. Since w;’s are all independent in S,(G), v is the only newly added vertex. And hence
V(G) is the only dominating set of G. This is possible only when G=K\

Case (ii) Letv e V(G). Then v is a full vertex of G. If G has a full vertex u other then v, then there are w; and w;, corresponding to
the y-sets {u} and {v}. But w; and w; are not adjacent. In addition uw, and vw; are not the edges in S,(G). Thus S,(G) contains no
full vertices, a contradiction. Therefore, G has exactly one full vertex. In other words, G= H v K; where H has no full vertex.
Conversely, assume that G = H v K, The graph S,(G) is nothing but a graph obtained from H v K; by adding a new vertex and
join it to the vertex of K;. Also S,( K" ) = Ky . In both the cases, S,(G) has a full vertex. Hence the proof.

Proposition 2.15 For any connected graph G, A (G) < A (S,(G)) < max{A (G) + n, v}

Proof Let v be a vertex of maximum degree in S,(G). If v is a newly added vertex, then A (S,(G)) = y. Otherwise, if v e

V(G), then there arise two cases. When v ¢ U S;,1<i<n, then A(S,(G))= A(G). Whenv e ﬂ S, 1<i<n, AS(G)=A

(G) + m. Hence the maximum degree of the graph S,(G) varies as, A (G) < A (S,(G)) < max{A (G) + n, v}. Hence the proof.m

For any n > 6, there exists a graph of order n with A (S,(G)) = v(G), Pak, k=2 is one such a graph. Also the spider graph proves the
existence of graphs with A (S,(G)) = A (G). The wounded spider graph stands as an example of graphs with A (S,(G)) = A (G) +n.
For example the graphs G;,G,,Gswith A (S,(G1)) =A (G1), A (S/(G2)) =A (Gz) + n and A (S,(Gs)) = y(G) respectively are shown

in Figure 16. Here G; is the spider graph on 9 vertices, G, is the wounded spider graph on 5 vertices and Gg is the path graph on 12
vertices.
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W3
\W

0
5,(Ga).

Figure 16

1. DISTANCE PROPERTIES OF y-SPLITTING GRAPHS
Here we are interested in studying about the distance properties in S,-graphs. Also normally we expect diam(S,(G)) < diam(G). But
there are graphs with diam(S,(G)) > diam(G). This behaviour gives rise to following three definitions S,*-graphs, S,-graphs, and
S, -graphs as given below:
A graph G is called a S,"-graph if diam(G) < diam(S,(G)).
Itis called a S, -graph if diam(G) > diam(S,(G)).
Finally, it is said to be a Sy*-graph if diam(G) = diam(S,(G)). For example, S,*, S, and Sy*-graphs are shown in Figure 17.

® ® ® °

+ T S*- raph

S, -graph 5, y7Jrap
Figure 17

Some standard graphs with their diameters and corresponding families are listed below:
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Graph G diam(G) diam(S,(G)) Type
K, 1 3 S,"-graph
Kmn 2 3 S,"-graph
W3 1 2 S,"-graph
Graph with exactly one 2 2 S,"-graph
full vertex
y 5 5 S, -graph
5 , , S, -graph
B 3 3 S, -graph
Spider 4 4 S, -graph

Theorem 3.1 For any graph G, the distance between newly added vertices in S,(G) is 2 or 3.

Proof Let G be any graph of order n, and w; and w; be any two newly added vertices in S,(G).  We know that d"(w) = y(G), 1 <i
<mnand d(wy,w,) > 2 (Fact 2.1).

Case (i) Suppose N(w1) () N(w,) # ¢. Let x € N(wy) M N(Ws). Then x is the common neighbour of w; and ws, and so d(w:,w,) =
2.

Case (ii) Suppose N(wy) [ N(W,) = ¢. Then let x € N(w;). Since N(wy) is a y-set, every vertex in N°(w,) is adjacent to at least one
vertex in N(wy). But N(w,) < N°(w,). Therefore, there exists a vertex y € N(w,) such that y is adjacent to a vertex x in N(w;).
Then d(wq,w,) = 3. ]

Theorem 3.2 For any graph G, diam(S,(G)) < 4.

Proof Let G be any graph and S,(G) be its corresponding y-splitting graph. Let u and v be any two vertices in S,(G). We claim that
d(u,v) <4 for every u,v € V(G).

Case (i) If uand v are newly added vertices in S(G). By Theorem 3.1, d(u,v) < 3.

Case (ii) If uis a newly added vertex and v € V(G). Then N(u) is a dominating set, and therefore veN(u) or v is adjacent to a
vertex in N(u) in S,(G). This forces that d(u,v) < 2.

Case (iii) Suppose u, v € V(G). Then there arise two subcases.

Subcase (i) Let u belong to a y-set S. Then there is a newly added vertex w corresponding to S. If v € S, then uwv is a u-v path of
length 2 in S,(G). Therefore d(u,v) <2. If v ¢ S, then there is a vertex vy in S, adjacent to v. Therefore uwv,v is a u-v path of length
3, and so d(u,v) < 3. If v belongs to any other y-set, then in a similar way we can show that d(u,v) < 3.

Subcase (ii) Neither u nor v belongs to any y-set. Fix a newly added vertex w. Clearly, N(w) is a y-set. So V(G) < N(N(w)) in
S,(G). Therefore, d(u,v) < 4. Hence diam(S,(G)) < 4. ]

The inequality stated above is strict. For example, diam(S,(Pax)) = 4, for any k > 2. For example, diam(S,(Ps)) = 4 can be verified in
Figure 18.
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Figure 18

The following corollary gives a characterisation of S, -graphs.

Corollary 3.3 Any connected graph G with diam(G) > 4, is a S,-graph.
Proof Suppose G is a connected graph and diam(G) > 4. Let S,(G) be its corresponding y-splitting graph. By Theorem 3.2,
diam(S,(G)) < 4 and the result follows. ]

1 ifn=3kk>1

. k*+5k +2
It has been prove in [7], that n(P,) = _2iTn_23k+1, k>0 and
Kit = 3k+2, k>0
3 ifn=3k, k>1
Bk+)(k+2)
n(Cn) = S ifn=3k+l, k>1
3k +2 ifn=3k+2, k>1

Proposition 3.4 The path graph P, is S,"-graph if n <2, Sy*-graph ifn=3,4,and S,/ -graph if n=>5.
Proposition 3.5 The cycle graph C, is S, -graph if n <5, Sy*-graph ifn=6,7 and S, -graph if n>8.
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