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. INTRODUCTION

Abstract neutral differential equations arise in many
areas of applied mathematics. As such, they have been
largely studied during the last few decades. The literature
related to ordinary neutral differential equations is very
extensive. The work in partial neutral functional differential
equations with infinite delay was initiated by Hernandez
and Henriquez. First-order -~ partial neutral functional
differential equations have been studied by different
authors. The reader can consult Adimy [1], Hae [13, 14]
and Wu [25] for systems with finite delay and Hernandez
Henriquez [17, 18] and Hernandez [16] for the unbounded
delay case. Hernandez [15] established the existence results
for partial neutral functional differential equations with
nonlocal conditions modeled as

= (w(®) + F(tu) = Au(t) + G(tuy),
0<t<T

Uy =@+ q(Ue,  Up, Uy u,) €Q
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Bahuguna and Agarwa [2] studied the approximation of
solution to a partial neutral functional differential equation
with nonlocal history condition

d
27 @® + gt ut — ) + Au(®) = f(t,u(®), ult — 7)),
t>0,
h(uw) = @,on [—1,0]

in a separable Hilbert space, where 7 = max{ 7;-t 2}, 71,
7,>0. An extensive theory for ordinary neutral functional
differential equations which includes qualitative behavior of
classes of such equations and applications to biological and
engineering processes. Several authors have studied the
existence of solutions of neutra functiona differentia
equations in Banach space [2, 3, 4, 6, 11, 12, 13, 15, 17, 18,
23]. The nonlocal Cauchy problem for semi linear evolution
equations in Banach space was studied first by Byszekswi [7,
8, 9] where he established the existence and uniqueness of
mild and classical solutions. The nonloca conditions were
motivated by physical problems and their importance is
discussed in [?, ?, 7]. Baachandran et a [2, 4, 5, 21] studied
the nonlocal Cauchy problem for various type of nonlinear
integrodifferntial equations. In addition, our result can also be
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regarded as an extension of the corresponding results on
classical problemin[10, 21].

In this paper, we study the following neutral functional
integrodifferential equation with nonlocal condition

d
77 (x@ + F(£,x(0, (51 (), .. x(ba(2)))) + ADx(2)

=6 (t,2(0), (@ (), ..., x(am(®)))
+K(t, x(t), fot k(t, s, x(s))ds , fOT h(t,s, x(s))ds) ,
te[0,T]

x(0) + g(x) = xo 11

Il. PRELIMINARIES

Let -A be the infinitessimal generator of a compact analytic
semi group of uniformly bounded linear operators U(t, )
defined in the Banach space X. Let
0 € p(A), then define the fractional power A%, for 0 < a < 1,
as a closed linear operator on its domain D(A%(t)) which is
densein X. Further D(A(t)) is a Banach space under the norm

llxlle = lA%x]|,x € DA% (1))

which we denote by X,,. Thenforeach0 <a <1, X, - X;
for 0 < B < a <1 and the imbedding is compact whenever
the resolvent operator of A is compact. We assume that

(a) thereisaM>1 such that ||U(t,s)|| < M, forall 0 <t <
a.
(b) for any a > 0, there exists a positive constant €, such that

Ca
1A, UL, )| < T 0<t<T.

Now we represent the basic assumptions on equation (1.1).

(Hy) F : [0, T]xX™Y= X is a continuous function, F(0, T]x
X™D < D(A(t)) with n a positive integer, and there exists
constants L, L; > 0 such that the function A(t)F satisfies the
Lipschitz condition:

NA@)F (51, X0, X1y ey X0) — A@@)F (S0, Xg, X1, - X)

max

< L(ls; =52+, llx =71 (22)
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for every 0 < 5 S<T; % x;€X,i =0, 1,... n, and the
inequality

IAF (8, x0, X1, . X))l < La(max(llx;|l : i =

0,1,...,n) +1) (2.3)

holds for any (t, Xo, Xa,....%,) € [0, T] x X",

(Hy) Thefunction G : [0, T] x X™!— X satisfies the following
condition:

(i) for each t € [0, T], the function G(t, .) : X™* - Xis
continuous, and for each (Xo, X, %n) € X™ the function G(.,
Xo, X1 %n) : [0; T] € X isstrongly measurable.

(i) for each positive constant k € N, thereis apositive
function g, € L’([0, T]) such that

sup (llxcgll, coe vee e MDD S KNG, X0y X1y eor wee vee s XD

< gk (t)
and
1 T
l}(rillngL g (S)ds =y <o
(H3) Thefunction K : [0, T] x X x X x X - X satisfiesthe
following condition:
(i) For eacht € [0, TI, thefunction K(.,.,.,.) : XX Xx X = X
and for each x, y € X, K(.,., X, y) : [0, T] = Xisstrongly

measurable.

(i) For each positive number r € N, thereis a positive
function u, € L'([0, T]) such that

sup
llxllsr

K(s,x(s), jsk(s, T,x(r))dr, fsh(s, T,x(T))dr
0 0
< pr(s)

and
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1 T
limin fr_,m;f Uy (s)ds =y, < ©
[

(Hy) ai, aj € C([0, T]; [0, T]),i=21,2,...,mj=12...,n,g€
C(H;X) is completely continuous, where H = C([0, T];X), and
there exists a constant L, > 0 such that ||g(x)|| < L,||x]| for
each x € H.

Theorem 2.1 (Sadovskii’s fixed point theorem, [24]).

Let P be a condensing operator on a Banach space X, i,e.,
P is continuous and takes bounded sets into bounded sets, and
a(P(B)) < a (B) for every bounded set B of x with a(B) > 0.
If P(H) c H for convex, closed and bounded set H of X, then P
has a bounded point in H (where «a() denotes the
Kuratowski's measures of hon-compactness).

I1. EXISTENCE OF MILD SOLUTIONS

Definition 3.1: A continuous function x(.) : [0, T] - Xissaid
to be a mild solution of the nonlocal Cauchy problem(1.1), is
the function

U(t,s)F (s,x(bl(s)), ...,x(bn(s))), s € (0,t)

in integrable on [0, t) and the following integral equation is
verified:

x(t) = U(t, 0) [0 + F (0,2(0), x(55(0)), ..., x(b(0)))
- g(x)]
—F (6, 2(by (), v v, x(5(8) )
+ f U(t, $)A(S)F(5,%(5), x(b1(S)), o v vev v, X (b (5)) Vs
0

+ ftU(t, s)G(s,x(s),x(al(s)), e e, X (@ (5)) )ds
0

+ f U(t,s)[K(s,x(s),

t 0 t
f k(s,r,x(r))dr,f h(s,r,x(r))d‘r]ds
0 0
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Theorem 3.1: If the assumption (H;) — (H,) are satisfied and
Xo € X, then the nonlocal Cauchy problem (1.1) hasamild
solution provided that

LO: L[(M + )Mo MT] < 1
and MoLy + (Lo +y +y1 +Moly + LiITIM < 1,

where M is from property (f), My =sup [JA~1(t)]].

Proof: For the sake of brevity, we rewrite (t, Xx(t),

X(0s(1)),....x(0n(1))) = (&, (1)) and (t, x(t), x(&u(t)),..., X(am(t)))
= (t, u(t)). Define the operator P on C([0, T];X) by the formula

(Px)(t) = U(t,0) [x0t+ F(0,v(0) — g(x)] — F(t,v(®))
+J- U(t,s)A(s)F(s,v(s))ds
0

+ftU(t, $)G(s,u(s))ds + ftU(t, S)K(s,x(s),
o .o
j k(s, T,x(r))dr,_[ h(s, T,x(r))d'[)ds,
0 0

0<t<T.

for each positive number k, let B, = {x € C([0, T];X) : llx(D||
<k 0<t<T}, then for each k, By is clearly a nonempty
bounded closed convex set in X([0, T];X), since the following
relation holds

WU, AGF (s, vDI < U@ )INAGF (s, v
<ML (k+1)

then from Bouchenr's theorem [20] it follows that U(t, s)
A(9F(s, v(9) is integrable on [0, t] since it is obvioudy
strongly measurable, so P iswell defined on B,. We claim that
there exists a positive number k such kthat P(B,) < By. It is not
true, then for each positive number k, there is a function x(.)
€ By, but Px, € By, that is

IPxi (Ol > k

For somet(k) € [0, T]. However, on the other hand, we have

k <||Px(®OIl = ||Ut 0)[xo + F(0,v(0)) — g(x;)] —
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F(t, vk(t)) + J-tU(t, s)A(s)F(s, vk(s))dsll + ftU(t, s)
0 0
G(s,u(s))ds + fot U(t, s)K(s, x(s), fos k(s, T x,(7))dr,
fTh (s, T, xk(r))drllds
0

< |[U(&,0) [xo — g(xi) + F(0, v (ON]II
+HIAD AT OF (L, v ()]

+f WU (& ) IACSIF (s, vie(s)) Il ds
0

f U, )G (s, we(s))l
0

3
f h(s, T, xk(r))dr)ll ds
0

+ ML, (k + DT

U, s)ll ||K(s, x,(s), f k(s, T, xt(r))dr,
0

T T
+M f gr(s)ds + M f U (s)ds.
0 0

Dividing on both sides by k and taking the lower limit
k— +o, we get

MoLy + (Lo + Mol + LiT+y +y )M > 1.
Thisis contradicts (7). Hence some positive k, P(By) < B..

We will show that the operator P-has a fixed point on By,
which implies that equation (1.1) has a mild solution. To this
end, we decompose P into P = P; + P,, where the operator P4,
P, are dfined on B respectively by

(Px)(t) = U(t, 0)F(0,v(0)) — F(t,v(®))
+f U(t,s)A(s)F(s,v(s))ds
0

and

t
P,2)@) = U(t, 0)[xo — g(0)] + f Uts)
0

G(s,u(s))ds + fot U(e, s)K[(s,x(s),fosk(s, 7, x(7))dr,

fOT h (s, 7, x,(7))dr ]ds

0<t<T, andwill verify that P; is contraction which P, is
compact operator.
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To prove P, is a contraction, we take xq, X, € B, then for
eacht € [0, T] and by condition (H,) and (6), we have

I(Pyx) () (Px) (Ol < [[UC, O[F(0,v1(0)) —
F(0, v, ()]l + IF(t,v,(8)) = F(t, v ()l

+ J U (t, s)A(s)[F(s, vl(s)) — F(s, vz(s))]dsll
0

< (M + DM, L sup 1. (5) =5, )|
0<t<T

= Lo sup [lx; (s) — x5 (s)
0<t<T

I(Pux)(®) = (Pax) O < Lollxy () — x5 (),

which shows that P; is contraction.

To prove that P, is compact, firstly we prove that P, is
continuous on By, Let {x,} € B, with x, = X is By, then by (H,),
we have

G(s,un(s)) = G(s,u(s)),n - o
t T
K(t,xn(t),f k(t, S, xn(s))ds,fh(t, S, Xp (s))ds)
0 0

- K<t,x(t),f k(t, s,x(s))ds,f h(t, s,x(s))ds)
0

0
asn - «.Since

16 (s,un(s)) = G(s,u(®))|| < 2gx(s),

t T
K(t,xn(t),f k(t, s,xn(s))ds,f h(t, S, Xp, (s))ds)
0

0

t T
- K<t,x(t),]k(t, s,x(s))ds,f h(t, s,x(s))ds)
0 0

< 2p,(5),

then by nominated convergence theorem we have,

1P, xn — P x| = OSIipTIIU(t, 0)[x, (0) — x(0)]

+] Ut s)| G(s, un(s)) - G(s,u(s))]dsll

0
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+ sup ||f0t UGt ) [K (s,xn(s), fosk(s, I, xn(r)) dr, Operator topology uniformly for s. Hence P, maps By into a
0st<T family of equicontinuous functions.
J h(s,7,2,(0))d7)ds —
T It remains to prove that V (t) = {(P2X)(t) : X € By is
K (S‘.x(s)j fo h (s’ T’X(T))dr) ds] ” —0,a8n= . relatively compact in X, V (0) isrelatively compact in X. Let O
That is P, is continuous. <t < Tbefixed, 0< € <t, for x € B, we define
We prove that the family {P,x : x € By is family of t-€
equicontinuous functions. To do this, let 0 <t; <t2<T; 0 (P,, €)(t) = U(t, 0)x(0) + f U(t, s)G (s, u(s)) ds
< € < ty, then 2' ’ J ’ /
ti-e
[I(P2x) (t2) — (Pax) ()l f
U(t,s)K(s, ,
< U (t2,0) = Ut Ol x(O)] t ) UERK(sils)
- 0
S T
+ f 1U(t5,5) = Uty NG (s, uls))llds f k(s 7 x(0))d, f h(s, 7, x(x))de )ds
0 0
t1 0
+ [0 - v 66 uE)lds Z U 0x)
f1-e 0 +U(t,t—e)f U(t—€,t)G(s,u(s)) ds
+ [V 966, uE)ds e
fe t1 +U(t—¢€,s) f U(t—€,s) K(s,x(s),
0

+ U tz, -U tlﬂ g
f 10Ctz ) =0, )l f k(s,7,x(1))dz, frh(s'f'x(f))df)ds
0 0

0
N T
HK(S’X(S)'f k(s, T,x(‘r))d‘r, f h(s, T,x(r))df ds ‘I;}hen from the compactness of U(t, s) (t — s>0), we obtain
0 0 that
t Ve® = {(P€M)(®): x € By}
! is relatively compact in X for every, O<e< t. Mortover,
+ fU(t215)|| x € B,, wehave
t1-e
N T t
Hk(s,x(s>, | Ksmx@)dr, | hlsrx@)dl|ds IR0 - P €O < | VGG ulds
0 0 t—€

ty

A fU(tz,S)H +£_E||U(t,s)|| ‘K(s,x(s),J; k(s,r,x(‘r))dr,
T
s f T f h(s, T, x(t)dT||
HK(s,x(s),f k(s,‘r,x(‘r))d‘r, f h(s,‘[,x(‘r))d‘r ds 0 .
0 0 <M f gi(s)ds +
e
Noting that ||G(s,u(s))|| < gx(s) and gl(s) € L’, we see M j pr(s)ds
t—€

that || (P2X)(t)—(P2X)(ty)]| tends to zero independently of x €
B¢ ast, — t; —» 0 since the compactness of {U(t, s), t > s}
implies the continuity of {U(t, s), t > s} in t in the uniform
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Therefore, there are relatively compact sets arbitrarily close
totheset V (t). Hence the set V (t) is also relatively compact in

X

Thus by Arzela-Ascoli theorem P, is compact operator.
These arguments above enable us to conclude that P = P, + P,
is condense mapping on By, and by Theorem 2.1 there exists a
fixed point z(.) for P on By, therefore the nonlocal Cauchy
problem (1.1) has mild solution. Then the proof is completed.
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