) iJRASET

& International Journal For Research in
Applied Science and Engineering Technology

INTERNATIONAL JOURNAL
FOR RESEARCH

IN APPLIED SCIENCE & ENGINEERING TECHNOLOGQGY

Volume: 5 Issue: X Month of publication: November 2017

DOI:

www.ijraset.com
Call: (£)08813907089 | E-mail ID: ijraset@gmail.com




International Journal for Research in Applied Science & Engineering Technology (IJRASET)
ISSN: 2321-9653; IC Value: 45.98; SJ Impact Factor:6.887
Volume 5 Issue X1 November 2017- Available at www.ijraset.com

Free Vibration Behavior of FG-CNT Reinforced
Composite Plates Using Higher Order Shear
Deformation Theory

Lakshmi Chaitanya Kolli*, J. Suresh Kumar*
'Department of Mechanical Engineering, INTUH College of Engineering, J.N.T.University, Hyderabad

Abstract: This research aims at studying the free vibration analysis of CNT reinforced functionally graded composite
rectangular plate using higher order shear deformation theory. The equations of motion of the structural system are derived
using the Hamilton’s principle. The vibration characteristics of the model in the closed form are obtained by using Navier’s
method under simply supported boundary conditions. The fundamental frequency of FG-CNT reinforced composite rectangular
plate under the given boundary conditions is presented for different aspect ratios. The present results are compared with the
solutions of the other HSDTs available in the literature. It can be concluded that the proposed theory is accurate and efficient in
predicting the vibration behaviour of FG-CNT plates.
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L. INTRODUCTION

Functionally graded materials (FGMs) are multifunctional composites involving spatially varying volume fraction of constituent
materials, thus providing a graded microstructure and macro-properties. CNT is an effective reinforcement material in the case of
composite material developments, owing to its good physical and chemical properties. Guided by the concept of functionally graded
(FG) materials, a class of new emerging composite materials, the FG-CNT reinforced composite, has been proposed making use of
CNTs as the reinforcements in a functionally graded pattern. Using a powder metallurgy fabrication process, carbon-nanotube-
reinforced composites (CNTRCs) may be achieved with a non-uniform distribution of CNTs through the media. This type of
reinforced composite media is known as functionally graded carbon-nanotube-reinforced composite (FG-CNTRC). This new type of
FG-CNT reinforced composite will need further research so as to find out its mechanical properties.

The advantages of FG-CNT include multi-functionality, ability to withstand at high pressures and in harsh environments, resistant to
wear and tear and ability to remove stress concentrations. Using FG-CNT, intricate shapes can be easily produced and it has Cost-
effective manufacturing processes. FG-CNTs have wide applications in aerospace structures to withstand aero-thermal loads [4].
They are used as a reactor shield in nuclear reactors to reduce chemical corrosion and thermal stress and also as TBCs in
combustion chambers. It is used in manufacturing the components of propulsion system, submarines, and for cutting tools.

1. LITERATURE REVIEW

The buckling, vibration, linear and nonlinear bending behaviours of FG-CNT reinforced composite structures have attracted much
attention from researchers [7]. Using HSDT theory, L.W. Zhang et al.[3] studied the vibration analysis of FG-CNT reinforced
composite plates subjected to in-plane loads based on State-space Levy method. Mohammad Rahim Nami et al.[7] investigated the
free vibration of thick functionally graded carbon nanotube-reinforced rectangular composite plates based on three dimensional
elasticity theory via differential quadrature method.Based on the first-order shear deformation plate theory, Zhu et al.[8] carried out
bending and free vibration analyses of thin-to-moderately thick FG composite plates reinforced by single-walled carbon
nanotubes.Results revealed the influences of the volume fractions of CNT and the edge -to- thickness ratios on the bending
responses, natural frequencies and mode shapes of FG-CNTRC plates. A first known free vibration characteristics of functionally
graded nano-composite triangular plates reinforced by single-walled carbon nanotubes (SWCNTS) is presented by L.W. Zhang et
al.[9]. They studied the free vibration analysis of functionally graded carbon nanotube reinforced composite triangular plates using
the FSDT and element-free IMLS-Ritz method.

Liao-Liang Ke et al.[10] investigated the Nonlinear free vibration of functionally graded carbon nanotube-reinforced composite
beams. Based on Timoshenko beam theory and von Kéarman geometric nonlinearity, the nonlinear free vibration of functionally
graded nanocomposite beams reinforced by single-walled carbon nanotubes (SWCNTSs) were studied. They also investigate the
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effects of nanotube volume fraction, vibration amplitude, slenderness ratio, end supports and CNT distribution on the nonlinear free
vibration characteristics of FGCNTRC beams. Yas et al. [11] investigated the three-dimensional vibration properties of FG-CNT
reinforced composite cylindrical panels reinforced with single-walled carbon nanotubes. The results showed that the distribution and
volume fractions of CNTs have a significant effect on normalized natural frequency. Heshmati et al. [12] studied the effects of
carbon nanotube length, waviness, agglomeration and distribution on the vibration behaviour of functionally graded nano composite
beams reinforced by carbon nanotubes. T. Kant and K. Swaminathan [13] presented the analytical formulations and solutions to the
natural frequency analysis of simply supported composite and sandwich plates using higher order shear deformation theory. The
equations are formulated using Hamilton’s principle and are solved by the Taylor’s series of Navier’s solution.

The present paper deals with the analytical formulations and solutions for the vibration analysis of FG-CNT reinforced composite
plate using higher order shear deformation theory (HSDT) without enforcing zero transverse shear stress on the top and bottom
surfaces of the plate. The theoretical model presented herein incorporates the transverse extensibility which accounts for the
transverse effects. Thus a shear correction factor is not required. The plate material is graded through the thickness direction. The
plate’s governing equations and its boundary conditions are derived by employing the principle of virtual work. Solutions are
obtained for FG-CNT reinforced composite plate in closed-form using Navier’s technique and solving the Eigen value equation. The
present results are compared with the solutions of the other HSDTs available in the literature to verify the accuracy of the proposed
theory in predicting the natural frequencies of FG-CNT reinforced composite plate. The effects of side-to-thickness ratios and
volume fraction exponent on the natural frequencies are studied after establishing the accuracy of the present results for FG-CNT
reinforced composite plate.

1. FORMULATION OF THE EQUATIONS OF MOTION
The FG-CNT reinforced composite plate shown in Fig.2 is studied in this investigation. The plate is subjected to simply supported
boundary conditions. The length, width and thickness of the FG-CNT reinforced composite plate are a, band h respectively. Two
types of distributions for the CNTs in the FG-CNT reinforced composite plates are studied, and these CNT configurations are
displayed in Fig.1, where the uniform distribution and the other CNT distribution are denoted by UD and FGX respectively. In
FGX, both the top and bottom surfaces of the plate are CNT-rich.
The volume fractions of the three distribution types are expressed as follows:

Venr(2) = Venr » (UD)
Venr(2) = 2Vgr (FGX)

MCNT

* —
whereVeyr = ment+(pCENT/p™)~(pENT/ p™ymenT

in which m_y is the fraction of mass of the CNTs, and p™ and pNT are densities of the matrix and CNTs.
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Fig.1 Schematic diagram of the two distributions of CNT.

The effective Young's moduli and Poisson's ratio are calculated by
Eyy = niVenr(2)ERYT + V(2 )E™
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where ESNT | ESNT and GENT are the elastic and shear moduli of the CNT. E™andG™ are the corresponding properties of the
isotropic matrix. Since the load transfer between the CNT and matrix is less than perfect, the CNT efficiency parameters
11,7, and n5 are introduced to account for load transfer between the CNT and polymeric phases. V.yr and V,,are the volume
fractions of the CNT and matrix, and their sum must be equal to 1, that is Vo + V,, = 1.

A.Displacement model
In formulating the higher-order shear deformation theory, a plate of 0<x<a;0<y<b and —gg z sg is considered as shown in
the Fig.2.

L.

A
I

g ————— ]

Fig.2Functionally graded plate with coordinates.

In order to approximate 3D-elasticity plate problem to a 2D one, the displacement components u (X, Y, ), v (X, Y, z) and w (X, V, z)
at any point in the plate are expanded in terms of the thickness coordinate. The elasticity solution indicates that the transverse shear
stress varies parabolically through the plate thickness. This requires the use of a displacement field, in which the in-plane
displacements are expanded as cubic functions of the thickness coordinate. The displacement field which assumes w (X, vy, z)
constant through the plate thickness thus setting €, = O is expressed as:

U(X, Y, 2)= Uy (X, Y} 26, (%, y)+ 2°U (%, ¥) +2°6, (X, )

V(X,Y,2) =V, (X, Y 260, (X, Y+ 22V, (X, Y) +2°6, (X, Y)

W(X, Y, 2)= W, (X, )

where, the parameters u,, vy, w, denote the displacements of a point (X, y) on the mid-plane. The functions 6,.,6,, are rotations of

the normal to the mid-plane about y and x axes, respectively. The parameters ug, v, 0y, 6yare the corresponding higher-order

deformation terms.

In present work, analytical formulation and solution were obtained without enforcing zero transverse shear stress conditions on the
top and bottom surfaces of the plate. In formulating the theory, the following assumptions are considered:

1) The layers are perfectly bonded together.

2) The material of each layer is linearly elastic and Orthotropic.

3) Each layer is of uniform thickness.
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4) The strains and displacements are small.

B. Strain- displacement Relations
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The higher-order theories introduce additional unknowns that are often difficult to interpret in physical terms. The third order theory
with transverse inextensibility based on the displacement field is shown in Eq.(3).
By substitution of the displacement relations in Eq.(3) in to strain displacement equations of the classical theory of elasticity the

following relations are obtained:
2.* 3, *
EX =EX0 +ZkX +Z EX0 +Z kX
2 * 3, *
Ey :Eyo +Zky +2Z Eyo +Z ky
€, =0
2 * 3, *
7xy :Exyo +kay +Z Exyo +Z kxy
2 *
Yyz =y +2eyz0 + 270y
*
Yxz =9x + ZExz0 + 229

ov

ouo ovo ouo

0
Ex0 = €Yo = Exy0 = ot
where, X0 OX yo oy Xyo oy OX
00 00
kx— aax, y = J,kxy: %4_7)’
OX oy oy OX
* * * *
k* 3 80)( * 3 89y k* a@x 89y
XTox YT ey YT 8y+8x
* * * *
* :6u0 g* _6V0 g* :5U0 +8V0
X0 =75 7 Eyo 76y 1€Xy0 Ty “ox
ow ow
Py =ty ayo » Px =GX+TX01

* * * * * *
Syzo =2V0,8XZO =2U0, ¢y =3ey, ¢X 236)(

C. Constitutive Relations

ceeennn(3.9)

Since ¢, = 0, the transverse normal stress a,, although not zero identically, does not appear in the virtual work statement and hence
in the equations of motion. Consequently, it amounts to neglecting the transverse normal stress. Thus we have, in theory, a case of
plane stress. For an FG-CNT reinforced composite plate, the plane stress reduced elastic constants and the transformed plane stress
reduced elastic constants will be same i.e., C;; = @Q;;. The linear constitutive relations for the coordinates (x-y-z) are:

o\ (@11 Q12 O

Oy = |Q1z Uz 0 €
Txy L0 0 Qs
{Tyz}L _[Qua O L{Vyz}L
Txz | O Qss Vxz

Oy Ty s T

wherea, | vz s

Xy !

L &
Vxy

L

Ty, are the stresses and &, , &, ¥xy 1 ¥yz 1 Vi, are the linear strains with respect to the local reference axes.

Q;;are the transformed plane stress reduced elastic constants in the plate axes of the composite plate.

Qy, = Eqq Qyy = Ez2
1 (1-v12051) 22 (1-v12v21)
Q33 = G132 ,Q44 = Gy3,055 = Gy3

U21E11

Q12 =

(1-v12v21)
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where,

E;; =Young’s modulus of elasticity in the i direction.

v;; = Poisson’s ratios that give strain in the j direction due to stress in the i direction.
G;j = shear moduli.

D. Equations of motion

The work done by actual forces in moving through virtual displacements, that are consistent with the geometric constraints of a
body is set to zero to obtain the equations of motion and this is known as energy principle. It is useful in deriving governing
equations, boundary conditions and obtaining approximate solutions by virtual methods.

Governing equations of higher-order theory for Eq.(3) will be derived using the dynamic version of the principle of virtual
displacements, i.e.

T

j GU+eV-8K)dt=0 ... 3.0)

0

where,

dU = Virtual strain energy

8V = Virtual work done by applied forces

SK = Virtual kinetic energy

dU+dV=total potential energy

The virtual strain energy, work done and kinetic energy are given by

h/2
e J‘ { [ 0,56, +0,88, +7,,57, + 7.7, +‘[y15)/yz]dz}dx dy
A

-h/2

8V = —Jqgsw0dxdy (3.d)

h/2
K=[{ | pollu, +26, +270, +2°6, ) ou, + 260, + 2% &0, +2° 58, )+
A -h/2
v +26, +229, +2°6," (o0, + 268, +2°6v, +2°56,") +
W,di, | dz }dx dy
where,
q = distributed load over the surface of the plate.
po = Density of plate material

Ug=0uo/ &t, V= 0V / ot etc. indicates the time derivatives

On substituting for 58U, 8V and K from Eg. (3.d) in to the virtual work statement in Eg. (3.c) and integrating through the thickness
of the plate and rewriting in a matrix form which defines the stress/strain relations of the plate are given by:

N &
N" £,
M| AT B T 0 3.e)
M* = Btl Dbl 0 K*
0] 0| D,
Q ¢
Q 0"
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Transverse force resultants and the inertias are given by:

Al S Q - ) h/2 S ae
d -
{le S| Qy} Lzlh:[{ }‘lIZIZ] 2l3,12,13,14,15,16,17 = _H[/pzo(lzz ,2°,2%,2°,2°)dz

Also, €g = [8XO ayo axyO]t ;88 = [8:(0 8;0 8*)k(yO]t
k =[k, k, kyI'; k" =[K; k; k]
¢ :[¢x ¢y]t 7 ¢* :[gxzo gyzO ¢: ¢;]t

Integrating the above equation by parts and collecting coefficients of each of virtual displacements duodvo, dWo, 56y, 56y, dug, Vo,
30, 89y* together and virtual displacements are zero, the following equations of motion are obtained as:

N,
M B 1@+ 1,0
x
N, N . e
&y i —2L+—2L =1y, + 1,(0,)+ 1V, +1,0,
oy X
o0
on, :GQ Q, Vi,
ox oy
6MX 6MX . . o -
o0, :E*’Wy Q=L +150,) +1Lu, +1,0, e S
M . o
59), . Y 4+ axxy —Qy= |2V0+|3(0y) +|4\70 +|50y
LN N . o e
A, X +7y_23x =13l +1,(0,) +15t, +1506,
2
LN ON. " o s
&y —L+ 8>X(y =28, =10, +1,(0,) +1:V, +1,06,
59;:6'2: * : _3Qx*:|4uo+|5(éx) +|euo*+|7éx*
LM M \ " e
50, : AR =3Q, =1, +15(0,) +1s%, +1,6,
oy oX

V. ANALYTICAL SOLUTIONS
Composite rectangular plates are generally classified by referring to the type of support used. The analytical solutions of the Eq. (7)

(12) for simply supported FG-CNT plates are dealt here. Assuming that the plate is simply supported in such a manner that normal
displacement is admissible, but the tangential displacement is not, solution functions that completely satisfy the boundary conditions
in the equations below are assumed as follows:
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Uy (X,Y) =i i U,,,cosex singy

m=l n=l

v, (X, ) =i i V_, Sinax cosfy

m=l n=l

W, (X, Y) =i i W, sinax sinfy

m=l n=l

0, (x, y):i i X, COSOX SiN

m=l n=l

6, (xy) =) i Y sinexcosfy e (4

o0
m=l n=l

Uy (%) =i i U, cosax sinfy

m=l n=l

v, (%Y) = i i V. sinox cosfy

m=l n=l

6, (x,y) =i i X" cosox sinfy

m=1 n=l
0, (%y)=Y_ > Y. sinaxcospy
m=l n=l
for0<x<a;0<y<b

The mechanical load is expanded in double Fourier sine series as:

axy) =y, > Q,sinexsingy ... (5)
m=l n=1
Where,
o= mz and 8 = % andm and n are modes numbers, and o is the natural frequency of the system.
a

We may obtain the natural frequencies and vibration modes for the plate by solving the Eigen value problem ([S] — »’[M]) X= 0,
where X are the modes of vibration associated with the natural frequencies defined as w.

V. RESULTS AND DISCUSSIONS
A. Comparative Study
In this section, in order to validate the accuracy of the present higher-order shear deformation theory in predicting the frequencies of
a simply supported functionally graded CNT reinforced composite plates, examples are presented and discussed.
Poly{(m-phenylenevinylene)-co-[(2,5-dioctoxy-p-phenylene) vinylene]} referred as PmPV is selected as the matrix. The material
properties of which are as follows:

E™=21GPa,p™ = 115-2 9™ = 0.34
cm

SWCNT (single-walled carbon nanotubes) are taken as the reinforcements and its properties are:
EENT = 5.6466 TPa, ESYT = 7.0800T Pa,

GENT = 1.9445 TPa, vE]'T = 0.175

andpNT = 1400 kg/m?3 [15].
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The CNT efficiency parameters for different volume fractions are presented in TABLE I. It is assumed that the effective shear
moduli G,3 = G,3 = G, and ;3 = 1,.

TABLE |
EFFICIENCY PARAMETERS OF SWCNTS [17]
V*enr M N2 N3
0.11 0.149 0.934 0.934
0.14 0.150 0.941 0.941
0.17 0.149 1.381 1.381

Presently computed results for different values of volume fraction and side-to-thickness ratios (a/h) are compared with those of
L.W.Zhang et al.[3] (here considered to be the exact solution) and presented in Table 1.

For convenience, natural frequency ® has been non-dimensional zed asw = wh / Pm / E
m
From Table Il, it can be observed that the values are in agreement with L.W.Zhang et al.[3] in which the Reddy’s third order theory
was used for the analysis purpose.
TABLE_II
COMPARISON OF NON-DIMENSIONAL NATURAL FREQUENCY (w = wh Pm/E ) SUBJECTED TO SINUSOIDAL
m

LOADING
ah=5 a’h =10
Volume Fraction =0.11 L.W.Zhang et L.W.Zhang et
Present Present
al.[3] al.[3]
ubD 0.886 0.890 1.372 1.373
FG-X 0.906 0.923 1.487 1.489

B. Parametric Study
The variation of Fundamental frequency with the change in side-to-thickness ratio and for different CNT distributions at various
volume fractions are presented in TABLE I11. These results are plotted and compared with the standard values.

0.5 0.5
ubD FG-X
oy 0.4
§ 0.4 —=@=—\/*CNT =0.11 ) ] ——V*CNT=0.11
g ' —8-V*CNT=0.14 || 8 03 —8-V*CNT=0.14
5 0.3 V*CNT 20.17 E V*CNT=0.17
2 s 0.2
e g )
S 02 2
.5 ‘ E 0.1
2 S h!
£ 01 \ 2 g | sy "y
S . £
5 3 50 100 150
CHEP e = £ -01 ¥
0 Side-tg-(t)hickness rati]d00 150 Side-to-thickness ratio

Fig.3 Effect of aspect ratios on the non-dimensional natural frequency (w = wh p"‘/E ) of a FG-CNT plate at different volume
m

fractions

Fig.3 shows the variation of the non-dimensional natural frequency with respect to side-to-thickness ratios (a/h) for various
distributions of CNT, according to present higher-order shear deformation theory. From this, it is clear that the effect of decreasing

1415
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frequencies is felt with the increase in a/h ratio for simply supported boundary conditions. The effect of shear deformation decreases
with the increasing values of a/h and decreasing values of volume fractions.

TABLE Il
NON-DIMENSIONAL NATURAL FREQUENCY (w = wh /p"‘/E ) OF FG-CNT COMPOSITE PLATE FOR VARIOUS
m
DISTRIBUTIONS AT DIFFERENT ASPECT RATIOS SUBJECTED TO SINUSOIDAL LOADING

S'de't?:t?('fk”ess Type of Distribution V=011 V=014 V=017
- uD 0.349878 0.361866 0.436903
FG-X 0.361422 0.372078 0.449779
0 uD 0.135422 0.143636 0.168278
FG-X 0.146744 0.153848 0.181821
2 uD 0.043290 0.047286 0.053502
FG-X 0.049728 0.053946 0.061495
o uD 0.007548 0.008436 0.009324
FG-X 0.009341 0.001021 0.011100
100 uD 0.001998 0.002220 0.002442
FG-X 0.002442 0.002664 0.002886
0.4
Vienr=0.11 0.4 V' or =0.14
© ©
203 ——up |15 o3 —e—UD
s —W=FG-X |2 —B—FG-X
g 2 g D.2
gH2 S 3
2.7 5 5.1
EL e
o o
2 2
. - 01 ¢ 50 100 150
0 S%g-to-thickness 9%98 150 Side-to-thickness ratio

Fig.4Comparison of non-dimensional natural frequency (w = wh p"‘/E ) of FG-CNT plate for different distributions at Vg, =
m

0.11 and Vi, = 0.14

0.5 K
_ Venr =0.17
S 04 ——UD
z_ ~B—FG-X
T 20.3
S5
0w o
g 0.2
2
5 0.1
=z
0 i
0 20 éige-to-thlftszgness ra%(()J 100 120

Fig.5Comparison of non-dimensional natural frequency (o = wh fp"‘/E ) of FG-CNT plate for different distributions atVyy, =
m
0.17
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Fig.4 and Fig.5 shows the comparison of wof FG-CNT plate for different distributions at various volume fractions. It is clear from
these plots that X-distribution is more effective than the uniform distribution of CNT as the variation of @ is consistent for FG-X.

0.5 —e—a/h =5 uD
> 0.45 —#-a/h =10
= a/h =20
= v —<a/h =50
L 035 —¥—a/h =100
s
5 03
<
Z 025
=
S 02
<
s 0.15 .____._/.
E
2 01
c
o
Z 0.05
0 Yo
0 002 004 006, 008 . 0% -012 014 016 018

Fig.6Effect of volume fractions on the non-dimensional natural frequency (0 = wh Pm/E ) of a uniformly distributed FG-CNT
m

plate for different values of aspect ratios

In Fig.6 and Fig.7, it is observed that with the increase in a/h ratio, the value of fundamental frequency decreases and for a particular
a/h value, with the increase in volume fraction of CNT, the value of fundamental frequency increases.

05 —e—a/h=5 FG-X
_0.45 —m—-a/h=10
£ o4 a/h=20
2 —>=a/h=50
£0.35 —#—a/h =100
I
5 03
8
Z0.25
E
S 02
8 J
[«5)
£015
e
s 01
o
<0.05
0 Y— R
0 0.02 004  0.06,,, Af8ctioddront®12 014 016 018

Fig.7 Effect of volume fractions on the non-dimensional natural frequency (w = wh Pm/E ) of a FG-X CNT reinforced
m

composite plate for different values of aspect ratios

It is also clear from the graph that the effect of side-to-thickness ratio increases the change in fundamental frequency. That is, the
rate of change in fundamental frequency increases when we go to the higher values of a/h values.
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VI. CONCLUSIONS

Formulations and solutions for free vibration behaviour of FG-CNT reinforced composite plate is developed using the higher-order
shear deformation theory considering the which account for transverse extensibility and without enforcing zero shear on the top and
bottom of the FG-CNT plates. Hamilton’s principle is used in deriving the equations of motion. Closed form solutions are obtained
for simply supported boundary conditions using Naviers method and solving the eigen value problem. The accuracy and efficiency
of the present theory have been demonstrated in the results and discussions of the FG-CNT plates. The results are compared with the
other higher order shear deformation theory and are in good agreement with those L.W. Zhang et al.[3] which are validated and
confirmed to be accurate. Hence, the present results which are obtained using this theory can be used as reference for further studies.
From the above, it can be concluded that the proposed theory is simple and accurate in analyzing the free vibration behavior of FG-
CNT composite plates.
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