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I. INTRODUCTION AND PRELIMINARIES 
For the last three decades, the numerous articles are being published regarding Fixed point theory by the great impact on the most 
powerful theorem “Banach Contraction Mapping Principle". In 1969, S.B. Nadler [1] introduced the notion of Libschitz inequality 
for multivalued mappings and generalized the classical Banach contraction theorem. Recently, Azam et al. [2] established a 
remarkable result on generalizing the Banach Contraction Mapping Principle. They defined a metric space, called complex valued 
metric space where the set of complex numbers is used instead of the set of real numbers. They also obtained some generalizations 
of Banach's result in the newly generalized space. Furthermore they overcome the rational expressions in cone metric spaces with 
the complex valued metric spaces. The Fixed point theory in complex valued metric spaces is very useful not only in Mathematical 
Analysis but also in Physics, Chemistry, Engineering, etc,. Many generalizations of Theorem 4 of [2] were established in directions 
including replacing the constants with functions or generalizing the contractive condition, etc,. See [3] - [10]. 
Ahmed et al. [11] introduced the notion of multivalued mapping in complex valued metric space and established some 
common fixed point theorems for multivalued mappings under new contractive condition which is in form 'element-set 
relation'. In the sequel, research articles have been published on generalizing the results of [11]. See [12] - [13].In this paper, 
we introduce some new notions on complex valued metric spaces. Also, we generalize the results of Azam et al. [2] and obtain 
some new fixed point theorems in complex valued metric spaces. An example is given to illustrate our result. 
The following are the prerequisite for the sake of understanding. 
Let ℂ be the set of complex numbers and ݖଵ, ଶݖ  ∈  ℂ. Define a partial order  ≾ on  ℂ as follows: 

ଵݖ ≾ ଶݖ   if and only if ܴ݁(ݖଵ) ≤ (ଵݖ)݉ܫ and (ଶݖ)ܴ݁ ≤  .(ଶݖ)݉ܫ

It follows that ݖଵ ≾  :ଶ if one of the following condition is satisfiedݖ
(ଵݖ)݁ = (ଵݖ)݉ܫ   ,(ଶݖ)ܴ݁ <  ,(ଶݖ)݉ܫ

( ) < (ଵݖ)݉ܫ   ,(ଶݖ)ܴ݁  =  ,(ଶݖ)݉ܫ

(ଵݖ)݁ < (ଵݖ)݉ܫ   ,(ଶݖ)ܴ݁  <  ,(ଶݖ)݉ܫ

(ଵݖ) = (ଵݖ)݉ܫ   ,(ଶݖ)ܴ݁  =  ,(ଶݖ)݉ܫ

In particular, we will write ݖଵ ≾ ଵݖ ଶ ifݖ  ≠ ଵݖ ଶ and one of (i), (ii) and (iii) is satisfied and we will writeݖ ≺  ଶ  if only (iii) isݖ
satisfied. Note that 

0 ≾ ଵݖ ⋨ ଶݖ ⟹ |ଵݖ| <  ,|ଶݖ|

ଵݖ ≾ ,ଶݖ ଶݖ ≺ ଷݖ  ⟹ ଵݖ ≺  . ଷݖ
A. Definition 
Let ܺ be a nonempty set. Then (ܺ, ݀) is called a complex valued metric space with metric ݀ if the mapping ݀:ܺ × ܺ →  ℂ, satisfies 
the following conditions: 
1) 0 ≾ ,ݔ)݀ ,ݔ for all ,(ݕ ∋ ݕ ܺ and ݀(ݔ, (ݕ = 0 if and only if  ݔ =  .ݕ
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,ݔ)݀ (2 (ݕ = ,ݕ)݀ ∋ ݕ,ݔ for all ,(ݔ ܺ. 
,ݔ)݀ (3 (ݕ ≾ ,ݔ)݀ (ݖ + ,ݔ for all ,(ݕ,ݖ)݀ ,ݕ ∋ ݖ ܺ. 

 
B. Definition 
Let (ܺ, ݀) be a complex valued metric space. Then  
a  sequence (ݔ) in ܺ is a Cauchy sequence if for every 0 ≺ ܿ ∈ ℂ, there   exists an integer ܰ such that ݀(ݔ (ݔ, ≺ ܿ for all 
݊,݉ ≥ ܰ.a sequence (ݔ) in ܺ converges to an element ݔ ∈ ܺ if for every 0 ≺ ܿ ∈ ℂ,                    
there exists an interger ܰ such that ݀(ݔ (ݔ, ≺ ܿ for all ݊ ≥ ܰ. 
1) Lemma 1.1:  Let (ܺ, ݀) be a complex valued metric space and let (ݔ) be a sequence in ܺ. Then (ݔ) converges to ݔ if and only 

if |݀(ݔ |(ݔ, → 0 as  ݊ → ∞. 
2) Lemma 1.2: :  Let (ܺ, ݀) complex valued metric space and let (ݔ) be a sequence in ܺ. Then (ݔ) is a Cauchy sequence  if and 

only if |݀(ݔ |(ݔ, → 0 as  ݉ ≥ ݊ → ∞. Let (ܺ,݀) be a complex valued metric space. Denote the family of nonempty, closed 
and bounded subsets of complex valued metric space (ܺ,݀) by ܤܥ(ܺ). 

3) Definition 1.3: [11]  Let (ܺ, ݀) be a complex valued metric space. Let ܶ:ܺ → ݔ be a multivalued map. For (ܺ)ܤܥ ∈ ܺ and 
∋ ܣ  define ,(ܺ)ܤܥ

௫ܹ(ܣ) = ,ݔ)݀} ܽ):ܽ ∈  .{ܣ
Thus, for ݕ,ݔ ∈ ܺ, ݕܶ ∈  (ܺ)ܤܥ

௫ܹ(ܶݕ) = ,ݔ)݀} ∋ ݑ:(ݑ  .Here we give the corrected version of Definition 5 of [11].{ݕܶ
4) Definition 1.4: [11] Let (ܺ,݀) be a complex valued metric space. A subset ܣ of ܺ is called bounded from below if there exists 

some ݖ ∈  ℂ such that ݖ ≾ ݀(ܽ,ܾ) for all ܽ,ܾ ∈  .ܣ
 

5) Definition 1.5: [11] Let (ܺ,݀) be a complex valued metric space. A multivalued map ܨ:ܺ →  2ℂ is called bounded from below 
if for each ݔ ∈ ܺ, there exists ݖ௫ ∈  ℂ such that ݖ௫  ≾ ∋ ݑ for all ݑ  .ݔܨ

6) Definition 1.6: [11] Let (ܺ,݀) be a complex valued metric space. A multivalued map ܶ:ܺ →  is said to have the lower (ܺ)ܤܥ
bound property (l.b property) on ܺ, if for any ݔ ∈ ܺ, the multivalued map ܨ:ܺ →  2ℂ defined by  

ݔܨ = ௫ܹ(ܶݕ) 

is bounded from below. That is, for ݔ, ∋ ݕ ܺ, there exists an element ܫ௫(ܶݕ) ∈ ℂ such that ܫ௫(ܶݕ) ≾ ∋ ݑ for all ,ݑ ௫ܹ(ܶݕ), where 
 .(ݕ,ݔ) is called a lower bound of ܶ associated with (ݕܶ)௫ܫ

7) Definition 1.7: [11] Let (ܺ,݀) be a complex valued metric space. A multivalued valued map ܶ:ܺ →  is said to have the (ܺ)ܤܥ
greatest lower bound property (g.l.b property) on ܺ, if a greatest lower bound of ௫ܹ(ܶݕ) exists in ℂ for all ݕ,ݔ ∈ ܺ. Denote 
 ,That is .(ݕܶ)by the g.l.b of ௫ܹ (ݕܶ,ݔ)݀

(ݕܶ,ݔ)݀ = inf {݀(ݑ,ݔ):ݑ ∈  .{ݕܶ

Now let us introduce some notions on the set of complex numbers as follows. Denote 
(ݖ)ݑ                         = ∋ ݖ}  ℂ: ݖ ≾   and   {ݖ

(ܤ,ܽ)ݑ       =  ⋂ ,ܽ)൫݀ݑ ܾ)൯ =∈ ⋂ ∋ ݖ) ℂ: 0 ≾ ݀(ܽ, ܾ) ≾ ∈(ݖ   
(ܤ,ܣ)ݑ  = (⋃ ∈(ܤ,ܽ)ݑ )⋂(⋃ ∈(ܣ,ܾ)ݑ ) ∋ ܤ,ܣ,   .(ܺ)ܤܥ

8) Definition 1.8: Let (ܺ,݀) be a complex valued metric space. A nonempty subset ܣ of ܺ is called bounded from above if there 
exists some ݖ∗  ∈ ℂ such that ݀(ܽ, ܾ) ≾ ∋ ܾ,ܽ for all ∗ݖ  .ܣ

9) Definition 1.9:  Let (ܺ, ݀) be a complex valued metric space. A nonempty subset ܣ of ܺ is called bounded if there exist ݖ  and 
ݖ in ℂ  such that  ∗ݖ ≾ ݀(ܽ,ܾ) ≾ ,ܽ for all ∗ݖ ܾ ∈  .ܣ

10) Lemma 1.3:  Let ℂ be the set of complex numbers with the partial order ≾ defined on ℂ. A nonempty subset ܣ in ℂ is bounded 
with an upper bound ݖ∗ = ∗ݔ + ݖ and a lower bound ∗ݕ݅ = ݔ +  can be covered by the rectangle with vertices ܣ iff ݕ݅
,(ݕ,ݔ) ,(ݕ,∗ݔ) ,∗ݔ) and (∗ݕ,ݔ)  .(∗ݕ

11) Definition 1.10:  Let (ܺ, ݀) be a complex valued metric space. A multivalued map ܨ:ܺ → 2ℂ is called bounded from above if 
for each ݔ ∈ ܺ, there exists ݖ௫∗ ∈ ℂ such that ݑ ≾ ݑ ௫∗ for allݖ  ∈  .ݔܨ

12) Definition 1.11: [13] Let (ܺ, ݀) be a complex valued metric space. Let ܵ:ܺ → ܺ:ߙ be a multivalued mapping and (ܺ)ܤܥ →
[0,1) such that (ݑ)ߙ ≤ ∋ ݑ for all (ݔ)ߙ ݔ ∀ and  ݔܵ ∈ ܺ.  

            Let Ω be a family of functions  
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            Ω = ܺ:ߙ :ߙ} → [0,1) such that (ݑ)ߙ ≤ ∋ ݑ for all (ݔ)ߙ ݔ ∀ and  ݔܵ ∈ ܺ}.  
 

II. MAIN RESULTS 
In this section, we establish some fixed point theorems which generalize recent results including Theorem 4 of [2]. 
Let ߰ be a family of non-decreasing functions ߶: ℂ →  ℂ such that ߶(0) = 0 and ߶(ݐ) ≾ ݐ when ݐ ≠ 0. 

A. Theorem 2.1 
Let (ܺ, ݀) be a complete complex valued metric space and let the functions ߚ,ߙ, ,ߜ,ߛ ,ߤ,ߟ ߙ be in Ω  such that  ߦ + ߚ  + ߛ  + ߜ 2 +
ߟ 2 + ߤ  < 1 and   ߶ ∈ ߰. If  ܵ,ܶ:ܺ →   be multivalued mappings with g.l.b property such that (ܺ)ܤܥ

,ݔ)݀(ݔ)ߙ)߶)ݑ   (ݕ + ,ݔ)݀(ݔ)ߚ (ݔܵ + (ݕܶ,ݕ)݀(ݔ)ߛ + (ݔ)ߜ ௗ(௫,ௌ௫)ௗ(௫,்௬)
ଵାௗ(௫,௬)  

(ݔ)ߟ +      ௗ(௬,ௌ௫)ௗ(௬,்௬)
ଵାௗ(௫,௬) + (ݔ)ߤ ௗ(௫,ௌ௫)ௗ(௬,்௬)

ଵାௗ(௫,௬) + (ݔ)ߦ ௗ(௬,ௌ௫)ௗ(௫,்௬)
ଵାௗ(௫,௬) )) 

       ⊆  (1).........................................................................          (ݕܶ,ݔܵ)ݑ
for all ݕ,ݔ ∈ ܺ. Then ܵ and ܶ have a common fixed point.  
 

1) Proof:  Let ݔ be an arbitrary point in ܺ and ݔଵ ∈ ݔ . Forݔܵ = ݕ  andݔ =   ଵ, our hypothesis (1) implies thatݔ

(ଵݔ,ݔ)݀(ݔ)ߙ)߶)ݑ + (ݔܵ,ݔ)݀(ݔ)ߚ + (ଵݔܶ,ଵݔ)݀(ݔ)ߛ + (ݔ)ߜ
(ଵݔܶ,ݔ)݀(ݔܵ,ݔ)݀

1 + (ଵݔ,ݔ)݀  

(ݔ)ߟ +      ௗ(௫భ,ௌ௫బ)ௗ(௫భ,்௫భ)
ଵାௗ(௫బ,௫భ) + (ݔ)ߤ ௗ(௫బ,ௌ௫బ)ௗ(௫భ,்௫భ)

ଵାௗ(௫బ,௫భ) + (ݔ)ߦ ௗ(௫భ ,ௌ௫బ)ௗ(௫బ ,்௫భ)
ଵାௗ(௫బ ,௫భ) )) 

                                 ⊆  (ଵݔܶ,ݔܵ)ݑ
Since ݀(ݔଵ,ܵݔ) = 0, we get  

(ଵݔ,ݔ)݀(ݔ)ߙ)߶ + (ݔܵ,ݔ)݀(ݔ)ߚ + (ଵݔܶ,ଵݔ)݀(ݔ)ߛ + (ݔ)ߜ
(ଵݔܶ,ݔ)݀(ݔܵ,ݔ)݀

1 + (ଵݔ,ݔ)݀  

(ݔ)ߤ+                                  ௗ(௫బ ,ௌ௫బ)ௗ(௫భ ,்௫భ)
ଵାௗ(௫బ ,௫భ) )  ∈  (ଵݔܶ,ݔܵ)ݑ 

Then there exists ݔଶ ∈ ݖ ଵ such thatݔܶ ∈ ݖ implies (ଵݔܶ,ݔܵ)ݑ ∈ ݏ and for all (ݔܵ,ଶݔ)ݑ ∈ ,ݔܵ ݖ ∈ (ݔܵ,ଶݔ)ݑ  ⟹ ݖ ∈
,ଶݔ)൫݀ݑ ଶݔ,൯(ݏ ∈ ݖ ଵ.  Soݔܶ ∈ ݖ implies (ଵݔܶ,ݔܵ)ݑ ∈ ଶݔ some ,((ଵݔ,ଶݔ)݀)ݑ  ∈ ଵݔ ଵ andݔܶ  ∈  . It follows thatݔܵ

(ଵݔ,ݔ)݀(ݔ)ߙ)߶ + (ݔܵ,ݔ)݀(ݔ)ߚ + (ଵݔܶ,ଵݔ)݀(ݔ)ߛ + (ݔ)ߜ
(ଵݔܶ,ݔ)݀(ݔܵ,ݔ)݀

1 + (ଵݔ,ݔ)݀  

(ݔ)ߤ+                                     ௗ(௫బ,ௌ௫బ)ௗ(௫భ,்௫భ)
ଵାௗ(௫బ,௫భ) )  ∈  ((ଵݔ,ଶݔ)݀)ݑ 

By the definition of ݑ, we have that  
(ଵݔ,ଶݔ)݀ ≾ (ଵݔ,ݔ)݀(ݔ)ߙ)߶  + (ݔܵ,ݔ)݀(ݔ)ߚ +  (ଵݔܶ,ଵݔ)݀(ݔ)ߛ

(ݔ)ߜ+                                            ௗ(௫బ,ௌ௫బ)ௗ(௫బ,்௫భ)
ଵାௗ(௫బ,௫భ) (ݔ)ߤ+   ௗ(௫బ,ௌ௫బ)ௗ(௫భ,்௫భ)

ଵାௗ(௫బ,௫భ) ) 

(ଵݔ,ଶݔ)݀        ⟹      ≾ (ଵݔ,ݔ)݀(ݔ)ߙ  + (ݔܵ,ݔ)݀(ݔ)ߚ +  (ଵݔܶ,ଵݔ)݀(ݔ)ߛ
(ݔ)ߜ+                                            ௗ(௫బ,ௌ௫బ)ௗ(௫బ,்௫భ)

ଵାௗ(௫బ,௫భ) (ݔ)ߤ+   ௗ(௫బ,ௌ௫బ)ௗ(௫భ,்௫భ)
ଵାௗ(௫బ,௫భ)  

Since ݀(ݔ,ܵݔଵ) ≾ (ଵݔܶ,ݔ)݀ and (ଵݔ,ݔ)݀  ≾   we have ,(ଶݔ,ݔ)݀
(ଵݔ,ଶݔ)݀ ≾ (ଵݔ,ݔ)݀(ݔ)ߙ  + (ଵݔ,ݔ)݀(ݔ)ߚ +  (ଶݔ,ଵݔ)݀(ݔ)ߛ

(ݔ)ߜ+                                       ௗ(௫బ,௫భ)ௗ(௫బ,௫మ)
ଵାௗ(௫బ,௫భ) (ݔ)ߤ+   ௗ(௫బ,௫భ)ௗ(௫భ,௫మ)

ଵାௗ(௫బ ,௫భ)  

Now, we get that  

|(ଵݔ,ଶݔ)݀|                 ≤ |(ଵݔ,ݔ)݀||(ݔ)ߙ| + |(ଵݔ,ݔ)݀||(ݔ)ߚ| +  |(ଶݔ,ଵݔ)݀||(ݔ)ߛ|

||(ݔ)ߜ|+                                          ௗ(௫బ ,௫భ)ௗ(௫బ,௫మ)
ଵାௗ(௫బ,௫భ) ||(ݔ)ߤ|+ |  ௗ(௫బ,௫భ)ௗ(௫భ ,௫మ)

ଵାௗ(௫బ,௫భ) | 

                       ≤ |(ଵݔ,ݔ)݀||(ݔ)ߙ| + |(ଵݔ,ݔ)݀||(ݔ)ߚ| +  |(ଶݔ,ଵݔ)݀||(ݔ)ߛ|
|(ଶݔ,ݔ)݀||(ݔ)ߜ|+                                           +  |(ଶݔ,ଵݔ)݀||(ݔ)ߤ|
                        = ൫ ߙ(ݔ) + (ݔ)ߚ + |(ଵݔ,ݔ)݀|൯(ݔ)ߜ + (ݔ)ߛ) + (ݔ)ߜ +  ((ݔ)ߤ+
 |(ଶݔ,ଵݔ)݀|                                                                                                                        
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|(ଶݔ,ଵݔ)݀| ⟹ ≤  ఈ(௫బ)ାఉ(௫బ)ାఋ(௫బ)
ଵି(ఊ(௫బ)ାఋ(௫బ)ାାఓ(௫బ))

 ,|(ଵݔ,ݔ)݀|

i.e., |݀(ݔଵ,ݔଶ)| ≤   (2).........................................................           ,|(ଵݔ,ݔ)݀|ଵߣ
                                                    where ߣଵ = ఈ(௫బ)ାఉ(௫బ)ାఋ(௫బ)

ଵି(ఊ(௫బ)ାఋ(௫బ)ାାఓ(௫బ))
 . 

Put ݔ = ݕ ଶ andݔ =   ଵ in (1), we haveݔ
(ଵݔ,ଶݔ)݀(ଶݔ)ߙ)߶)ݑ  + (ଶݔܵ,ଶݔ)݀(ଶݔ)ߚ +  (ଵݔܶ,ଵݔ)݀(ଶݔ)ߛ

(ଶݔ)ߜ+                                                 ௗ(௫మ,ௌ௫మ)ௗ(௫మ,்௫భ)
ଵାௗ(௫మ,௫భ) + (ଶݔ)ߟ  ௗ(௫భ,ௌ௫మ)ௗ(௫భ,்௫భ)

ଵାௗ(௫మ,௫భ)  

(ଶݔ)ߤ+                                                 ௗ(௫మ,ௌ௫మ)ௗ(௫భ,்௫భ)
ଵାௗ(௫మ,௫భ) + (ଶݔ)ߦ ௗ(௫భ,ௌ௫మ)ௗ(௫మ ,்௫భ)

ଵାௗ(௫మ,௫భ) )) 

                                                ⊆  (ଵݔܶ,ଶݔܵ)ݑ

Now ݔଶ  ∈ (ଵݔܶ,ଶݔ)݀ ଵ impliesݔܶ = 0, so  
(ଵݔ,ଶݔ)݀(ଶݔ)ߙ)߶)ݑ           + (ଶݔܵ,ଶݔ)݀(ଶݔ)ߚ +  (ଵݔܶ,ଵݔ)݀(ଶݔ)ߛ
(ଶݔ)ߟ +                                              ௗ(௫భ,ௌ௫మ)ௗ(௫భ,்௫భ)

ଵାௗ(௫మ,௫భ) + (ଶݔ)ߤ ௗ(௫మ ,ௌ௫మ)ௗ(௫భ,்௫భ)
ଵାௗ(௫మ ,௫భ) ) 

                                              ⊆  (ଵݔܶ,ଶݔܵ)ݑ
Since there exists ݔଷ in ܵݔଶ such that ݖ ∈ (ଵݔܶ,ଶݔܵ)ݑ   ⟹ ∋ ݖ ݖ It follows that .(ଶݔܶ,ଷݔ)ݑ ∈ (ଵݔܶ,ଶݔܵ)ݑ ⟹ ݖ ∈
,ଷݔ)݀)ݑ ݐ for all ((ݐ ∈ ݖ ଵ. Thereforeݔܶ ∈ (ଵݔܶ,ଶݔܵ)ݑ ⟹ ݖ ∈   Now we have  .((ଶݔ,ଷݔ)݀)ݑ
(ଵݔ,ଶݔ)݀(ଶݔ)ߙ)߶                    + (ଶݔܵ,ଶݔ)݀(ଶݔ)ߚ +  (ଵݔܶ,ଵݔ)݀(ଶݔ)ߛ
(ଶݔ)ߟ +                                       ௗ(௫భ,ௌ௫మ)ௗ(௫భ,்௫భ)

ଵାௗ(௫మ,௫భ) + (ଶݔ)ߤ ௗ(௫మ,ௌ௫మ)ௗ(௫భ,்௫భ)
ଵାௗ(௫మ,௫భ)  

∈  ((ଶݔ,ଷݔ)݀)ݑ
By the definition of ݑ and g.l.b property, we have 
(ଶݔ,ଷݔ)݀             ≾ (ଵݔ,ଶݔ)݀(ଶݔ)ߙ)߶  + (ଷݔ,ଶݔ)݀(ଶݔ)ߚ +  (ଶݔ,ଵݔ)݀(ଶݔ)ߛ
(ଶݔ)ߟ +                                                ௗ(௫భ,௫య)ௗ(௫భ,௫మ)

ଵାௗ(௫మ,௫భ) + (ଶݔ)ߤ ௗ(௫మ,௫య)ௗ(௫భ ,௫మ)
ଵାௗ(௫మ,௫భ)  

                          ≾ (ଵݔ,ଶݔ)݀(ଶݔ)ߙ + (ଷݔ,ଶݔ)݀(ଶݔ)ߚ +  (ଶݔ,ଵݔ)݀(ଶݔ)ߛ
(ଶݔ)ߟ +                                                   ௗ(௫భ,௫య)ௗ(௫భ,௫మ)

ଵାௗ(௫మ,௫భ) + (ଶݔ)ߤ ௗ(௫మ,௫య)ௗ(௫భ ,௫మ)
ଵାௗ(௫మ ,௫భ)  

Because ݀(ݔଶ,ݔଵ) ≾ 1 +  we obtain ,(ଵݔ,ଶݔ)݀
 
(ଶݔ,ଷݔ)݀ ≾ (ଵݔ,ଶݔ)݀(ଶݔ)ߙ + (ଷݔ,ଶݔ)݀(ଶݔ)ߚ +  (ଶݔ,ଵݔ)݀(ଶݔ)ߛ
(ଷݔ,ଵݔ)݀(ଶݔ)ߟ +                                                                      +  (ଶݔ,ଷݔ)݀(ଶݔ)ߤ
By the property of functions in Ω,  
(ଶݔ,ଷݔ)݀ ≾ (ଵݔ,ଶݔ)݀(ݔ)ߙ + (ଷݔ,ଶݔ)݀(ݔ)ߚ +  (ଶݔ,ଵݔ)݀(ݔ)ߛ
(ଷݔ,ଵݔ)݀(ݔ)ߟ +                                                                      +  (ଶݔ,ଷݔ)݀(ݔ)ߤ
Now , by taking absolute value of complex numbers, we get 

|(ଶݔ,ଷݔ)݀| ≤ |(ଵݔ,ଶݔ)݀||(ݔ)ߙ| + |(ଷݔ,ଶݔ)݀||(ݔ)ߚ| +  |(ଶݔ,ଵݔ)݀||(ݔ)ߛ|

|(ଷݔ,ଵݔ)݀||(ݔ)ߟ| +                                                                         +  |(ଶݔ,ଷݔ)݀||(ݔ)ߤ|
             ⟹       ≤ ൫ߙ(ݔ) + (ݔ)ߛ +  |(ଵݔ,ଶݔ)݀|൯(ݔ)ߟ

(ݔ)ߚ)+                                       + (ݔ)ߟ +  |(ଶݔ,ଷݔ)݀|((ݔ)ߤ
Therefore 

|(ଶݔ,ଷݔ)݀| ≤
(ݔ)ߙ + (ݔ)ߛ + (ݔ)ߟ

1− (ݔ)ߚ) + (ݔ)ߟ +  |(ଵݔ,ଶݔ)݀| ((ݔ)ߤ

i.e., |݀(ݔଷ,ݔଶ)| ≤   (3).....................................................................        ,|(ଵݔ,ଶݔ)݀| ଶߣ
                                                    where ߣଶ = ఈ(௫బ)ାఊ(௫బ)ାఎ(௫బ)

ଵି(ఉ(௫బ)ାఎ(௫బ)ାఓ(௫బ))
. 

Let ߣ = max {ߣଵ,ߣଶ}. 
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Thus from (2) and (3), there exists a sequence (ݔ) in ܺ such that ݔଶାଵ ∈ ଶାଶݔ ଶ andݔܵ ∈ ݊ ,ଶାଵݔܶ = 0,1,2,3,⋯ 
satisfying the criteria 

|(ݔ,ାଵݔ)݀| ≤  .݊ for all ,|(ݔ,ଵݔ)݀|ߣ
Now for m≥ ݊, we have 

ݔ)݀| |(ݔ, ≤ ݔ)݀| |(ାଵݔ, + |(ାଶݔ,ାଵݔ)݀| +⋯+  |(ݔ,ିଵݔ)݀|
                                  ≤ ߣ)  + ାଵߣ +⋯+  |(ݔ,ଵݔ)݀|(ିଵߣ

                                  ≤ [ ఒ

ଵିఒ
 |(ݔ,ଵݔ)݀|[

As  ݉ ≥ ݊ → ∞   ⟹ ݔ)݀| |(ݔ, → 0. Therefore the sequence (ݔ) is a Cauchy sequence. Since ܺ is a complete complex 
valued metric space, there exists an element  in ܺ such that (ݔ) converges to .  
Now we claim that   ∈ ݔ For that, let .ܶ = ଶݔ , ݕ =  in (1), we have 

ଶݔ)݀(ଶݔ)ߙ)߶)ݑ (, + ଶݔ)݀(ଶݔ)ߚ (ଶݔܵ, +  (ܶ,)݀(ଶݔ)ߛ

(ଶݔ)ߜ+                                                          ௗ(௫మ,ௌ௫మ)ௗ(௫మ,்)
ଵାௗ(௫మ,) + (ଶݔ)ߟ  ௗ(,ௌ௫మ)ௗ(,்)

ଵାௗ(௫మ,)  

(ݔ)ߤ+                                         ௗ(௫మ,ௌ௫మ)ௗ(,்)
ଵାௗ(௫మ,) + (ଶݔ)ߦ ௗ(,ௌ௫మ)ௗ(௫మ,்)

ଵାௗ(௫మ,) )) 

                                                         ⊆   (ܶ,ଶݔܵ)ݑ
Now there exists  ∈ ݖ such that ܶ ∈ ଶݔܵ)ݑ (ܶ,  ⟹ )݀)ݑ  , ݏ for all ,((ݏ ∈ ݖ ଶ. It follows thatݔܵ ∈ ଶݔܵ)ݑ (ܶ,  ⟹
ݖ   ∈ )݀)ݑ ,   ,ଶାଵ)). Thereforeݔ

ଶݔ)݀(ଶݔ)ߙ)߶)ݑ (, + ଶݔ)݀(ଶݔ)ߚ (ଶݔܵ, +  (ܶ,)݀(ଶݔ)ߛ

(ଶݔ)ߜ+                                                                           ௗ(௫మ,ௌ௫మ)ௗ(௫మ,்)
ଵାௗ(௫మ,) + (ଶݔ)ߟ  ௗ(,ௌ௫మ)ௗ(,்)

ଵାௗ(௫మ,)  

(ݔ)ߤ+                                                         ௗ(௫మ,ௌ௫మ)ௗ(,்)
ଵାௗ(௫మ,) + (ଶݔ)ߦ ௗ(,ௌ௫మ)ௗ(௫మ,்)

ଵାௗ(௫మ,) )) 

                                                             ⊆ ,ଶାଵݔ)݀)ݑ   ((
This implies that  
(,ଶାଵݔ)݀ ≾ ଶݔ)݀(ଶݔ)ߙ)߶ (, + ଶݔ)݀(ଶݔ)ߚ (ଶݔܵ, +   (ܶ,)݀(ଶݔ)ߛ

(ଶݔ)ߜ+                               ௗ(௫మ,ௌ௫మ)ௗ(௫మ,்)
ଵାௗ(௫మ,) + (ଶݔ)ߟ  ௗ(,ௌ௫మ)ௗ(,்)

ଵାௗ(௫మ,)  

(ଶݔ)ߤ+                            ௗ(௫మ,ௌ௫మ)ௗ(,்)
ଵାௗ(௫మ,) + (ଶݔ)ߦ ௗ(,ௌ௫మ)ௗ(௫మ,்)

ଵାௗ(௫మ,) )) 

                     ≾ ଶݔ)݀(ଶݔ)ߙ (, + ଶݔ)݀(ଶݔ)ߚ (ଶݔܵ, +   (ܶ,)݀(ଶݔ)ߛ
(ଶݔ)ߜ+                              ௗ(௫మ,ௌ௫మ)ௗ(௫మ,்)

ଵାௗ(௫మ,) + (ଶݔ)ߟ  ௗ(,ௌ௫మ)ௗ(,்)
ଵାௗ(௫మ,)    

(ଶݔ)ߤ+                            ௗ(௫మ,ௌ௫మ)ௗ(,்)
ଵାௗ(௫మ,) + (ଶݔ)ߦ ௗ(,ௌ௫మ)ௗ(௫మ,்)

ଵାௗ(௫మ,) ) 

≾ ଶݔ)݀(ଶݔ)ߙ (, + ଶݔ)݀(ଶݔ)ߚ (ଶାଵݔ, +  (,)݀(ଶݔ)ߛ
(ଶݔ)ߜ+                               ௗ(௫మ,௫మశభ)ௗ(௫మ,)

ଵାௗ(௫మ,) + (ଶݔ)ߟ  ௗ(,௫మశభ)ௗ(,)
ଵାௗ(௫మ,)  

(ଶݔ)ߤ+                             ௗ(௫మ,௫మశభ)ௗ(,)
ଵାௗ(௫మ,) + (ଶݔ)ߦ ௗ(,௫మశభ)ௗ(௫మ,)

ଵାௗ(௫మ,) ) 

Therefore,  
|(,ଶାଵݔ)݀| ≤ ଶݔ)݀||(ଶݔ)ߙ| |(, + ଶݔ)݀||(ଶݔ)ߚ| |(ଶାଵݔ, + ,)݀||(ଶݔ)ߛ|  |(

||(ଶݔ)ߜ|+                                               ௗ(௫మ,௫మశభ)ௗ(௫మ,)
ଵାௗ(௫మ,) | + ||(ଶݔ)ߟ| ௗ(,௫మశభ)ௗ(,)

ଵାௗ(௫మ,) | 

||(ଶݔ)ߤ|+                                            ௗ(௫మ,௫మశభ)ௗ(,)
ଵାௗ(௫మ,) + ||(ଶݔ)ߦ| ௗ(,௫మశభ)ௗ(௫మ,)

ଵାௗ(௫మ,) | 

                            ≤ ଶݔ)݀| (ݔ)ߙ |(, + |(ଶାଵݔ,ଶݔ)݀| (ݔ)ߚ +  |(,)݀| (ݔ)ߛ
(ݔ)ߜ+                                                 ቚௗ(௫మ,௫మశభ)ௗ(௫మ,)

ଵାௗ(௫మ,)
ቚ+ (ݔ)ߟ  ቚௗ(,௫మశభ)ௗ(,)

ଵାௗ(௫మ,)
ቚ 

ቚௗ(௫మ,௫మశభ)ௗ(,) (ݔ)ߤ+                                           
ଵାௗ(௫మ,)

ቚ+ (ݔ)ߦ ቚௗ(,௫మశభ)ௗ(௫మ,)
ଵାௗ(௫మ,)

ቚ 

Since ݀(ݔ (, → 0 as ݊ tends to ∞, we have that lim
→ஶ

|(,)݀|  .|(,)݀|(ݔ)ߛ≥

Because ߛ(ݔ) < 1, we get tht |݀(,)| → 0 as ݊ → ∞. Hence lim
→ஶ

 =   .
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Since  ∈  ,contains all its limit points ܶ for all ݊ and ܶ ∈  .ܶ
Similarly we can prove that  ∈   .ܵ
Thus  is a common fixed point of ܵ and ܶ, i.e.,  ∈ ܵ ∩    .ܶ
 

B. Corollary 2.1 
 Let (ܺ,݀) be a complete complex valued metric space and let ߚ,ߙ, ,ߜ,ߛ ,ߤ,ߟ ߦ ∈ Ω  such that ߙ + ߚ + ߛ + ߜ2 + ߟ2 + ߤ < 1 and 
݇ ∈ [0, 1]. If ܵ,ܶ:ܺ →  be the multivalued mappings with g.l.b property such that (ܺ)ܤܥ

,ݔ)݀(ݔ)ߙ)݇)ݑ    (ݕ + (ݔܵ,ݔ)݀(ݔ)ߚ + (ݕܶ,ݕ)݀(ݔ)ߛ + (ݔ)ߜ ௗ(௫,ௌ௫)ௗ(௫,்௬)
ଵାௗ(௫,௬)  

(ݔ)ߟ +                 ௗ(௬,ௌ௫)ௗ(௬,்௬)
ଵାௗ(௫,௬) + (ݔ)ߤ ௗ(௫,ௌ௫)ௗ(௬,்௬)

ଵାௗ(௫,௬) + (ݔ)ߦ ௗ(௬,ௌ௫)ௗ(௫,்௬)
ଵାௗ(௫,௬) )) 

                 ⊆  (ݕܶ,ݔܵ)ݑ

for all ݕ,ݔ ∈ ܺ. Then there exists a fixed point  of ܵ and ܶ such that  ∈ ܵ ∩  .ܶ
1) Proof: Consider the function ߶(ݖ) = ݇ for ,ݖ݇ ∈ [0, 1]. Now by Theorem 2.1, we can easily be proved.  

 
C. Corollary 2.2 
Let (ܺ, ݀) be a complete complex valued metric space and let ߛ,ߚ,ߙ, ,ߟ,ߜ ,ߤ ߦ ∈ Ω  such that ߙ + ߚ + ߛ + ߜ2 + ߟ2 + ߤ < 1. If a 
multivalued mapping ܶ:ܺ →  with g.l.b property such that (ܺ)ܤܥ

,ݔ)݀(ݔ)ߙ)ݑ     (ݕ + (ݔܶ,ݔ)݀(ݔ)ߚ + (ݕܶ,ݕ)݀(ݔ)ߛ + (ݔ)ߜ ௗ(௫,்௫)ௗ(௫,்௬)
ଵାௗ(௫,௬)  

(ݔ)ߟ +               ௗ(௬,்௫)ௗ(௬,்௬)
ଵାௗ(௫,௬) + (ݔ)ߤ ௗ(௫,்௫)ௗ(௬,்௬)

ଵାௗ(௫,௬) + (ݔ)ߦ ௗ(௬,்௫)ௗ(௫,்௬)
ଵାௗ(௫,௬) ) 

              ⊆  (ݕܶ,ݔܶ)ݑ
for all ݕ,ݔ ∈ ܺ. Then ܶ has a fixed point  in ܺ. 
 

1) Proof: If we take ܵ = ܶ in Theorem 2.1, we can obtain that  ∈ ,ܶ  ∈ ܺ. 
Let (ܺ, ݀) be a complete complex valued metric space and let ߛ,ߚ,ߙ, ,ߟ,ߜ ,ߤ ߦ ∈ Ω  such that ߙ + ߚ + ߛ + ߜ2 + ߟ2 + ߤ < 1. If 
ܵ,ܶ:ܺ →  be the multivalued mappings with g.l.b property such that (ܺ)ܤܥ

(ݕ,ݔ)݀(ݔ)ߙ)݇)ݑ     + ,ݔ)݀(ݔ)ߚ (ݔܵ + (ݕܶ,ݕ)݀(ݔ)ߛ + (ݔ)ߜ ௗ(௫,ௌ௫)ௗ(௫,்௬)
ଵାௗ(௫,௬)  

(ݔ)ߟ +                 ௗ(௬,ௌ௫)ௗ(௬,்௬)
ଵାௗ(௫,௬) + (ݔ)ߤ ௗ(௫,ௌ௫)ௗ(௬,்௬)

ଵାௗ(௫,௬) + (ݔ)ߦ ௗ(௬,ௌ௫)ௗ(௫,்௬)
ଵାௗ(௫,௬) )) 

                ⊆  (ݕܶ,ݔܵ)ݑ
(ݔ) = ߙ such that ߦ + ߚ + ߛ + ߜ2 + ߟ2 + ߤ < 1. Now by the Theorem 2.1, there exists a point  in ܺ such that  ∈ ܵ ∩
 .ܶ
 

D. Corollary 2.4 
 Let (ܺ,݀) be a complete complex valued metric space and let the self-mappings ܵ,ܶ:ܺ →  satisfy (ܺ)ܤܥ

(ݕ,ݔ)݀ߙ)ݑ +  ߤ
,ݔ)݀ (ݕܶ,ݕ)݀(ݔܵ

1 + (ݕ,ݔ)݀ ) ⊆  (ݕܶ,ݔܵ)ݑ

for all ݕ,ݔ ∈ ܺ, where ߙ and ߤ are non-negative real numbers provided ߙ + ߤ < 1. Then ܵ and ܶ have a unique common fixed 
point. 

 
1) Proof: Take ߚ = ߛ = ߜ = ߟ = ߦ = 0 in Corollary 2.3, we obtain a fixed point  of ܵ and ܶ. Let ݍ be an another common fixed 

point of ܵ and ܶ. Now by our hypothesis, we have that 

(ݍ,)݀ߙ)ݑ +  ߤ
(ݍܶ,ݍ)݀(ܵ,)݀

1 + (ݍ,)݀ ) ⊆  (ݍܶ,ܵ)ݑ

                              i.e.,      ݑ൫)݀ߙ, ൯(ݍ ⊆ ,)൫݀ݑ  ൯(ݍ
                                         ⇒ ,)݀      (ݍ ≾  (ݍ,)݀ߙ
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                                             ⇒ (1− ,)݀(ߙ (ݍ ≾ 0 

                                                  ⇒         =  .ݍ

Hence ܵ and ܶ have a unique common fixed point.  

a) Remark 2.1: Let (ܺ, ݀) be a complete metric space and ℂ = ℝ. If ܵ = ܶ is a self-mapping on ܺ to itself, then ݑ൫(ݕ,ݔ)݀ߙ൯ ⊆
 .is a set version of contractive condition ((ݕܶ,ݔܶ)݀)ݑ

b) Example 2.1:  Let ܺ = [−1, 0] be a complete complex valued metric space with the metric defined by ݀(ݕ,ݔ) = ݔ| − ݁ |ݕ
ഏ
ల .  

Define 
ݔܵ = ቂ0, ௫

ସ
ቃ , ݔ ∈ [0, 1]   and ܶݕ = ቂ0, |௬|

ସ
ቃ ݕ   , ∈ [−1, 0] 

     = ݔ         ,0 ∈ [−1, 0]             = ݕ            ,0 ∈ [0, 1] 
Now we have that 

(ݕܶ,ݔܵ)ݑ = ቊݑ ቀ
ଵ
ସ

 หݔ − ห݁|ݕ|
ഏ
లቁ

݁ݏ݅ݓݎℎ݁ݐ      0
ݔ , ∈ [0, 1]     and ݕ ∈ [−1, 0] 

,ݔ)݀ (ݕ = ൝
ݔ| + ݁|ݕ

ഏ
ల ݔ   , ∈ [0,1]

ݔ| − ݁|ݕ
ഏ
ల ݁ݏ݅ݓݎℎ݁ݐ    

  and ݕ ∈ [−1, 0]  

Let ߙ =  ଵ
ଶ
  and ߤ be  positive real numbers with ߙ + ߤ < 1.  

Since ଵ
ସ

ݔ| − ݁||ݕ|
ഏ
ల ≾ ݔ|  + ݁|ݕ

ഏ
ల   and |ݔ + ݁|ݕ

ഏ
ల ≾ ݔ| + ݁|ݕ

ഏ
ల + ߤ ௗ(௫,ௌ௫)ௗ(௬,்௬)

ଵାௗ(௫,௬)
. 

Thus, for ݕ,ݔ ∈ ܺ, ݑ ቀݔ|ߙ + ݁|ݕ
ഏ
ల + ߤ ௗ(௫,ௌ௫)ௗ(௬,்௬)

ଵାௗ(௫,௬)
ቁ  ⊆  is satisfied. Hence by Corollary 2.4, ܵ and ܶ have a (ݕܶ,ݔܵ)ݑ

unique common fixed point, 0 ∈ ܵ0 ∩ ܶ0. 
 

E. Corollary 2.5 
Let (ܺ, ݀) be a complete complex valued metric space and let the mappings ܵ,ܶ:ܺ → ܺ satisfy 

(ݕܶ,ݔܵ)݀                                ≾ (ݕ,ݔ)݀ߙ + ௗ(௫,ௌ௫)ௗ(௬,்௬) ߤ
ଵାௗ(௫ ,௬)                        

for all ݕ,ݔ ∈ ܺ, where ߙ and ߤ are non-negative real numbers provided ߙ + ߤ < 1. Then ܵ and ܶ have a unique common fixed 
point. 
1) Proof:  For any two complex numbers ݖଵ  and ݖଵ such that ݖଵ ≾ (ଶݖ)ݑ ଶ impliesݖ ⊆ ,ݔ Since for .(ଵݖ)ݑ ∋ ݕ ܺ, the hypothesis 

() is satisfied,  
(ݕ,ݔ)݀ߙ)ݑ           + ߤ ௗ(௫,ௌ௫)ௗ(௬,்௬)

ଵାௗ(௫,௬) ) ⊆  .holds (ݕܶ,ݔܵ)ݑ

Now by Corollary 2.4, we can obtain a unique common fixed point.  
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