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Abstract: A sequential machine is a dynamic system operating in discrete time that transforms sequence of input states received 
at the input of the system to sequence of output states produced at the output of the system. The produce large sequence of fuzzy 
internal states and output states for any given sequences of fuzzy input states of a fuzzy automation. 
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I. INTRODUCTION 
The sequences may be finite (or) count ably infinite. The transformation is accomplished by the concept of the dynamically 
changing interval state. At the same time, a new internal state is determined, which replaces its predecessor. The new internal state 
is stored in the system to be used subsequently. A finite state machine is called fuzzy automata when its states are characterized by 
fuzzy sets, the production of responses and next states is facilitated by suitable fuzzy relations. 

II. PRELIMINARIES 
A. Definition 3.1 Fuzzy Matrices 
Let F mn denot the set of all ݉ × ݊ matrices over F  .  If ݉ = ݊, we write F  n. Elements of F mn are called as membership value 
matrices binary fuzzy relation matrices (or) Fuzzy Matrices. Boolean matrices over the Boolean algebra {0,1} are special types of 
fuzzy matrices. 

B. Definition 3.2 Multiplication on Fuzzy Matrices 

Let ܣ = ൫ܽ൯ ∈Fmp  and   ܤ = ൫ܾ൯ ∈ Fpn.   
The max - min product  

ܤܣ  = ቀ    
௦௨ ቄ݂݅݊൛ܽ , ܾൟቅቁ ∈ F mn 

The product AB is defined if and only if the number of column of A is the same as the number of rows of B; A and B are said to be 
conformable for Multiplication. 

1) Example 

Let ܣ = 
0.8 0.1

0.2 0.7
൩ ܤ ݀݊ܽ  = 

0.6 0.5

0.4 0.3
൩ 

Find AB. 

2) Solution 

ܤܣ =  ൦
[0.8 0.1] ቂ0.6

0.4ቃ
[0.8 0.1] ቂ0.5

0.3ቃ

[0.2 0.7] ቂ0.6
0.4ቃ [0.2 0.7] ቂ0.5

0.3ቃ
൪ 
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      =
,൛݂݅݊{0.8,0.6}ൟݑܵ ݂݅݊{0.1,0.4} ,൛݂݅݊{0.8,0.5}ൟݑܵ  ݂݅݊{0.1,0.3}

,൛݂݅݊{0.2,0.6}ൟݑܵ ݂݅݊{0.7,0.4} ,൛݂݅݊{0.2,0.5}ൟݑܵ ݂݅݊{0.7,0.3}
 

= 
{0.6,0.1}ݑܵ {0.5,0.1}ݑܵ

{0.2,0.4}ݑܵ {0.2,0.3}ݑܵ
൩ 

ܤܣ = 
0.6 0.5

0.4 0.3
൩ 

C. Definition 3.3Fuzzy Automata 
A finite fuzzy automation A is a fuzzy relational system defined by the quintuple ܣ =< ܺ,ܻ,ܼ,ܴ,ܵ > 
where  
X is a non- empty finite set of input states  
Y is a non- empty finite set of output states 
Z is a non- empty finite set of internal states   
R is a fuzzy relation on ܺ × ܻ 
is a fuzzy relation on ܺ × ܻ × ܼ 

III. DERIVATION 

Let us consider ܺ = ,ଶݔ,ଵݔ} … … … ܻ,{ݔ,ିଵݔ. = ,ଶݕ,ଵݕ} … … … ܼ                     } andݕ,ିଵݕ. = ,ଵݖ} ,ଶݖ … … … . ,ିଵݖ  }as the setݖ
of input states , output states and internal states respectively .Let At, Bt, Ct and Et denote the fuzzy sets that characterize respectively, 
the stimulus response, response, current internal state and emerging internal state (next state) of the automation at time t.Given At 

and Ct at some time t, then by using fuzzy relations R and S, we can determine Bt and Et. Clearly  ܣ௧ ∈ F  (X), ܤ௧ ∈ F  (Y) and  
௧ܥ ௧ܧ, ∈ F  (Z)Where F (.) is the set of fuzzy sets on the set (.) A fuzzy set ܥଵ which characterizes the initial state must be given to 
make fuzzy automation operate. Then ܥ௧ = ݐ ௧ିଵ for each timeܧ ∈ ܰ − {1}.The equation ܥ௧ =  ௧ିଵ is assumed to be implementedܧ
by the block called storage. It’s role is to store the produced fuzzy set ܧ௧ at time t and release it the next time under the label 
 ଵ of the internal state, fuzzy response relation R and state transitionܥ ௧.Given a sequence A1,A2,…… and an initial characterizationܥ
relation ߜ allow us to generate the corresponding sequences B1,B2,….. and C2=E1, C3=E2 .Now let us describe the operator of a fuzzy 
automation as follows For any given fuzzy input state At, the ternary state – transition relation ߜ is converted into a binary relation 
× on zߜ  by the formula ݖ

ݖ൫ߜ , ൯ݖ = maxఢே൫݉݅݊ൣܣ௧(ݔ),ߜ௫ೖ൫ݖ , ൯൧൯ݖ                     … (1) 

Then assuming the present fuzzy state Ct is given . The fuzzy next state Et and the fuzzy output state Bt are determined by the max-
min compositions      

௧ܧ = ௧ܤ ௧andܥ =  ௧ ܴ      … (2)ܥ

 Equations (1) and (2) are sufficient to handle the sequences of fuzzy states. For instance a sequence A1,A2,…… Ar of r- fuzzy input 
state applied to a given initial fuzzy state C1 , the fuzzy automata produces the sequence of fuzzy internal states. 

ଵܧ = భߜ ଵܥ ଶܧ , = ܧ  మ andߜ ଵܧ =  ೝߜ ିଵܧ

Thusܧ = భߜ ଵܥ , … ,  ೝ. The corresponding sequence of fuzzy output statesߜ
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ଵܤ = ଶܤ ,ܴ ଵܥ = ܤ  ଵ ܴ andܧ =  ܴ ିଵܧ

Thus ܤ = భߜ ଵܥ మߜ, , … … . ೝషభߜ ∙ ܴ.  
 

IV. ILLUSTRATIVE EXAMPLE 
Consider a fuzzy automation with  ݔ = ݕ,{ଶݔ,ଵݔ} = ݖ and {ଷݕ,ଶݕ,ଵݕ} = ,ଵݖ} ,ଶݖ ,ଷݖ  ସ} whose output relationݖ

ଵݕ ଶݕ ଷRݕ  =

ଵݖ
ଶݖ
ଷݖ
ସݖ

൦
1 0 0
0 1 0
0 0 1

0.5 1 0.3

൪ 

State transition relation ߜ are defined by the following matrices respectively for the input states x1 and x2.. 

 
ଵݖ ଷݖଶݖ  ସݖ

ݖ)ଵߜ , (ݖ =

ଵݖ
ଶݖ
ଷݖ
ସݖ

൦
0 0.4 0.2 1

0.3 1 0 0.2
0.5 0 0 1
0 0 0 1

൪ 

ଵݖ ଷݖଶݖ  ସݖ

ݖଶ൫ߜ ൯ݖ, =

ଵݖ
ଶݖ
ଷݖ
ସݖ

൦
0 0 1 0

0.2 0 0 1
0 0 0 1
1 0.3 0 0.6

൪ 

Generate sequence of two fuzzy initial states land output states under the following conditions:  
The initial fuzzy states is ܥଵ = [1,0.8,0.6,0.4]  the input fuzzy states are ܣଵ = [1,0.4] and ܣଶ = [0,1].  
Solution: Let us assume that the initial state of the automation is ܥଵ = [1,0.8,0.6,0.4]and fuzzy input ܣଵ = [1,0.4]  is given. 
By using the equation 
ݖ௧൫ߜ ൯ݖ, = max

ఢ{ଵ,ଶ}
൫݉݅݊ൣܣ௧(ݔ),ߜ൫ݖ ,  ൯൧൯ݖ

Let us compute the equation  ߜଵ 
,ଵݖ)ଵߜ (ଵݖ = ,ଵݖ)௫ଶߜ,(ଶݔ)ଵܣ]݊݅݉,[(ଵݖ,ଵݖ)௫ଵߜ,(ଵݔ)ଵܣ]݊݅݉}ݔܽ݉  {[(ଵݖ

  = ,min (1,0)}ݔܽ݉ min (0.4,0)} 
 = 0 

,ଵݖ)ଵߜ (ଶݖ = ,ଵݖ)௫ଶߜ,(ଶݔ)ଵܣ]݊݅݉,[(ଶݖ,ଵݖ)௫ଵߜ,(ଵݔ)ଵܣ]݊݅݉}ݔܽ݉  {[(ଶݖ
= ,min (1,0.4)}ݔܽ݉ min (0.4,0)} 

 = 0.4 
,ଵݖ)ଵߜ (ଷݖ = ,ଵݖ)௫ଶߜ,(ଶݔ)ଵܣ]݊݅݉,[(ଷݖ,ଵݖ)௫ଵߜ,(ଵݔ)ଵܣ]݊݅݉}ݔܽ݉  {[(ଷݖ

= ,min (1,0.2)}ݔܽ݉ min (0.4,1)} 
 = 0.4 

,ଵݖ)ଵߜ (ସݖ = ,ଵݖ)௫ଶߜ,(ଶݔ)ଵܣ]݊݅݉,[(ସݖ,ଵݖ)௫ଵߜ,(ଵݔ)ଵܣ]݊݅݉}ݔܽ݉  {[(ସݖ
= ,min (1,1)}ݔܽ݉ min (0.4,0)} 

 = 1 
Thus the First row of  ߜଵ is [0    0.4    0.4   1] 
 
,ଶݖ)ଵߜ (ଵݖ = ,ଶݖ)௫ଶߜ,(ଶݔ)ଵܣ]݊݅݉,[(ଵݖ,ଶݖ)௫ଵߜ,(ଵݔ)ଵܣ]݊݅݉}ݔܽ݉  {[(ଵݖ

= ,min (1,0.3)}ݔܽ݉ min (0.4,0.2)} 
= 0.3 

,ଶݖ)ଵߜ (ଶݖ = ,ଶݖ)௫ଶߜ,(ଶݔ)ଵܣ]݊݅݉,[(ଶݖ,ଶݖ)௫ଵߜ,(ଵݔ)ଵܣ]݊݅݉}ݔܽ݉  {[(ଶݖ
 = ,min (1,1)}ݔܽ݉ min (0.4,0)} 

= 1 
,ଶݖ)ଵߜ (ଷݖ = ,ଶݖ)௫ଶߜ,(ଶݔ)ଵܣ]݊݅݉,[(ଷݖ,ଶݖ)௫ଵߜ,(ଵݔ)ଵܣ]݊݅݉}ݔܽ݉  {[(ଷݖ

  = ,min (1,0)}ݔܽ݉ min (0.4,0)} 
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= 0 
,ଶݖ)ଵߜ (ସݖ = ,ଶݖ)௫ଶߜ,(ଶݔ)ଵܣ]݊݅݉,[(ସݖ,ଶݖ)௫ଵߜ,(ଵݔ)ଵܣ]݊݅݉}ݔܽ݉  {[(ସݖ

  = ,min (1,0.2)}ݔܽ݉ min (0.4,1)} 
  = 0.4 

Thus the Second row of  ߜଵ is [0.3    1    0   0.4] 
,ଷݖ)ଵߜ (ଵݖ = ,ଷݖ)௫ଶߜ,(ଶݔ)ଵܣ]݊݅݉,[(ଵݖ,ଷݖ)௫ଵߜ,(ଵݔ)ଵܣ]݊݅݉}ݔܽ݉  {[(ଵݖ

 = ,min (1,0.5)}ݔܽ݉ min (0.4,0)} 
= 0.5 

,ଷݖ)ଵߜ (ଶݖ = ,ଷݖ)௫ଶߜ,(ଶݔ)ଵܣ]݊݅݉,[(ଶݖ,ଷݖ)௫ଵߜ,(ଵݔ)ଵܣ]݊݅݉}ݔܽ݉  {[(ଶݖ
 = ,min (1,0)}ݔܽ݉ min (0.4,0)} 

 = 0 
,ଷݖ)ଵߜ (ଷݖ = ,ଷݖ)௫ଶߜ,(ଶݔ)ଵܣ]݊݅݉,[(ଷݖ,ଷݖ)௫ଵߜ,(ଵݔ)ଵܣ]݊݅݉}ݔܽ݉  {[(ଷݖ

= ,min (1,0)}ݔܽ݉ min (0.4,0)} 
= 0 

,ଷݖ)ଵߜ (ସݖ = ,ଷݖ)௫ଶߜ,(ଶݔ)ଵܣ]݊݅݉,[(ସݖ,ଷݖ)௫ଵߜ,(ଵݔ)ଵܣ]݊݅݉}ݔܽ݉  {[(ସݖ
 = ,min (1,1)}ݔܽ݉ min (0.4,1)} 

  = 1 
Thus the Third row of  ߜଵ is [0.5  0   0   1] 
,ସݖ)ଵߜ (ଵݖ = ,ସݖ)௫ଶߜ,(ଶݔ)ଵܣ]݊݅݉,[(ଵݖ,ସݖ)௫ଵߜ,(ଵݔ)ଵܣ]݊݅݉}ݔܽ݉  {[(ଵݖ

 = ,min (1,0)}ݔܽ݉ min (0.4,1)} 
  = 0.4 

,ସݖ)ଵߜ (ଶݖ = ,ସݖ)௫ଶߜ,(ଶݔ)ଵܣ]݊݅݉,[(ଶݖ,ସݖ)௫ଵߜ,(ଵݔ)ଵܣ]݊݅݉}ݔܽ݉  {[(ଶݖ
                      = ,min (1,0)}ݔܽ݉ min (0.4,0.3)} 
                                            = 0.3 
,ସݖ)ଵߜ (ଷݖ = ,ସݖ)௫ଶߜ,(ଶݔ)ଵܣ]݊݅݉,[(ଷݖ,ସݖ)௫ଵߜ,(ଵݔ)ଵܣ]݊݅݉}ݔܽ݉  {[(ଷݖ
                      = ,min (1,0)}ݔܽ݉ min (0.4,0)} 
                      = 0 
,ସݖ)ଵߜ (ସݖ = ,ସݖ)௫ଶߜ,(ଶݔ)ଵܣ]݊݅݉,[(ସݖ,ସݖ)௫ଵߜ,(ଵݔ)ଵܣ]݊݅݉}ݔܽ݉  {[(ସݖ
                      = ,min (1,1)}ݔܽ݉ min (0.4,0.6)} 
                      = 1 
Thus the Last row of  ߜଵ is [0.4  0.3    0   1] 
The matrix ߜଵ is  

ଵߜ = ൦
0 0.4 0.4 1

0.3 1 0 0.4
0.5 0 0 1
0.4 0.3 0 1

൪ 

To calculate the fuzzy next set E1 and the   fuzzy output state B1 of the automation  
ଵܧ =  ଵߜ.ଵܥ

     = [1 0.8 0.6 0.4] ൦
0 0.4 0.4 1

0.3 1 0 0.4
0.5 0 0 1
0.4 0.3 0 1

൪ 

ଵܧ = [max(0,0.3,0.5,0.4)  max(0.4,0.8,0,0.3) max(0.4,0,0,0) max (1,0.4,0.6,0.4)] 
ଵܧ = [0.5   0.8  0.4  1 ] 
ଵܤ =  ܴ.ଵܥ

     = [1 0.8 0.6 0.4] ൦
1 0 0
0 1 0
0 0 0

0.5 1 0.3

൪ 

     = [max(1,0,0,0.4) max(0,0.8,0,0.4) max (0,0,0.6 ,0.3)] 
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ଵܤ = [  1  0.8  0.6 ] 
Assume that the next fuzzy input    state i ܣଶ = [0,1]  is given. 
By using the equation 
ݖଶ൫ߜ ൯ݖ, = max

ఢ{ଵ,ଶ}
൫݉݅݊ൣܣଶ(ݔ),ߜ௫൫ݖ ,  ൯൧൯ݖ

Let us compute the equation  
,ଵݖ)ଶߜ (ଵݖ = ,ଵݖ)௫ଶߜ,(ଶݔ)ଶܣ]݊݅݉,[(ଵݖ,ଵݖ)௫ଵߜ,(ଵݔ)ଶܣ]݊݅݉}ݔܽ݉  {[(ଵݖ
                      = ,min (0,0)}ݔܽ݉ min (1,0)} 

= 0 
,ଵݖ)ଶߜ (ଶݖ = ,ଵݖ)௫ଶߜ,(ଶݔ)ଶܣ]݊݅݉,[(ଶݖ,ଵݖ)௫ଵߜ,(ଵݔ)ଶܣ]݊݅݉}ݔܽ݉  {[(ଶݖ
                      = ,min (0,0.4)}ݔܽ݉ min (1,0)} 
                      =  {0,0}ݔܽ݉

                     = 0 
,ଵݖ)ଶߜ (ଷݖ = ,ଵݖ)௫ଶߜ,(ଶݔ)ଶܣ]݊݅݉,[(ଷݖ,ଵݖ)௫ଵߜ,(ଵݔ)ଶܣ]݊݅݉}ݔܽ݉  {[(ଷݖ
                      = ,min (0,0.2)}ݔܽ݉ min (1,1)} 

 = 1 
,ଵݖ)ଶߜ (ସݖ = ,ଵݖ)௫ଶߜ,(ଶݔ)ଶܣ]݊݅݉,[(ସݖ,ଵݖ)௫ଵߜ,(ଵݔ)ଶܣ]݊݅݉}ݔܽ݉  {[(ସݖ
                      = ,min (0,1)}ݔܽ݉ min (1,0)} 

  = 0 
Thus the First row of  ߜଶ is [0    0    1   0] 
 
,ଶݖ)ଶߜ (ଵݖ = ,ଶݖ)௫ଶߜ,(ଶݔ)ଶܣ]݊݅݉,[(ଵݖ,ଶݖ)௫ଵߜ,(ଵݔ)ଶܣ]݊݅݉}ݔܽ݉  {[(ଵݖ
                      = ,min (0,0.3)}ݔܽ݉ min (1,0.2)} 
   = 0.2 
,ଶݖ)ଶߜ (ଶݖ = ,ଶݖ)௫ଵߜ,(ଵݔ)ଶܣ]݊݅݉}ݔܽ݉  {[(ଶݖ,ଶݖ)௫ଶߜ,(ଶݔ)ଶܣ]݊݅݉,[(ଶݖ
                      = ,min (0,1)}ݔܽ݉ min (1,0)} 
                      = 0 
,ଶݖ)ଶߜ (ଷݖ = ,ଶݖ)௫ଵߜ,(ଵݔ)ଶܣ]݊݅݉}ݔܽ݉  {[(ଷݖ,ଶݖ)௫ଶߜ,(ଶݔ)ଶܣ]݊݅݉,[(ଷݖ
                      = ,min (0,0)}ݔܽ݉ min (1,0)} 

   = 0 
,ଶݖ)ଶߜ (ସݖ = ,ଶݖ)௫ଵߜ,(ଵݔ)ଶܣ]݊݅݉}ݔܽ݉  {[(ସݖ,ଶݖ)௫ଶߜ,(ଶݔ)ଶܣ]݊݅݉,[(ସݖ
                      = ,min (0,0.2)}ݔܽ݉ min (1,1)} 

= 1 
Thus the Second row of  ߜଶ is [0.2    0    0   1] 
 
,ଷݖ)ଶߜ (ଵݖ = ,ଷݖ)௫ଶߜ,(ଶݔ)ଶܣ]݊݅݉,[(ଵݖ,ଷݖ)௫ଵߜ,(ଵݔ)ଶܣ]݊݅݉}ݔܽ݉  {[(ଵݖ
                      = ,min (0,0.5)}ݔܽ݉ min (1,0)} 

     = 0 
,ଷݖ)ଶߜ (ଶݖ = ,ଷݖ)௫ଵߜ,(ଵݔ)ଶܣ]݊݅݉}ݔܽ݉  {[(ଶݖ,ଷݖ)௫ଶߜ,(ଶݔ)ଶܣ]݊݅݉,[(ଶݖ
                      = ,min (0,0)}ݔܽ݉ min (1,0)} 
                      = 0 
,ଷݖ)ଶߜ (ଷݖ = ,ଷݖ)௫ଵߜ,(ଵݔ)ଶܣ]݊݅݉}ݔܽ݉  {[(ଷݖ,ଷݖ)௫ଶߜ,(ଶݔ)ଶܣ]݊݅݉,[(ଷݖ
                      = ,min (0,0)}ݔܽ݉ min (1,0)} 
                      = 0 
,ଷݖ)ଶߜ (ସݖ = ,ଷݖ)௫ଵߜ,(ଵݔ)ଶܣ]݊݅݉}ݔܽ݉  {[(ସݖ,ଷݖ)௫ଶߜ,(ଶݔ)ଶܣ]݊݅݉,[(ସݖ
                      = ,min (0,1)}ݔܽ݉ min (1,1)} 
                      = 1 
Thus the Third row of  ߜଶ is [0    0   0   1] 
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,ସݖ)ଶߜ (ଵݖ = ,ସݖ)௫ଶߜ,(ଶݔ)ଶܣ]݊݅݉,[(ଵݖ,ସݖ)௫ଵߜ,(ଵݔ)ଶܣ]݊݅݉}ݔܽ݉  {[(ଵݖ
                      = ,min (0,0)}ݔܽ݉ min (1,1)} 
                      = 1 
,ସݖ)ଶߜ (ଶݖ = ,ସݖ)௫ଵߜ,(ଵݔ)ଶܣ]݊݅݉}ݔܽ݉  {[(ଶݖ,ସݖ)௫ଶߜ,(ଶݔ)ଶܣ]݊݅݉,[(ଶݖ
                      = ,min (0,0)}ݔܽ݉ min (1,0.3)} 
                      = 0.3 
,ସݖ)ଶߜ (ଷݖ = ,ସݖ)௫ଵߜ,(ଵݔ)ଶܣ]݊݅݉}ݔܽ݉  {[(ଷݖ,ସݖ)௫ଶߜ,(ଶݔ)ଶܣ]݊݅݉,[(ଷݖ
                      = ,min (0,0)}ݔܽ݉ min (1,0)} 
                      = 0 
,ସݖ)ଶߜ (ସݖ = ,ସݖ)௫ଵߜ,(ଵݔ)ଶܣ]݊݅݉}ݔܽ݉ , ସݖ)௫ଶߜ,(ଶݔ)ଶܣ]݊݅݉,[(ସݖ  {[(ସݖ
                      = ,min (0,1)}ݔܽ݉ min (1,0.6)} 
                      = 0.6 
Thus the Last row of  ߜଶ is [1    0.3    0   0.6] 
 
The matrix ߜଶ is  

ଶߜ = ൦
0 0 1 0

0.2 0 0 1
0 0 0 1
1 0.3 0 0.6

൪ 

 
To calculate the fuzzy next set E2 and the   fuzzy output state B2 of the automation  
ଶܧ = ଶߜ.ଶܥ =  ଶߜ.ଵܧ

     = [0.5 0.8 0.4 1] ൦
0 0 1 0

0.2 0 0 1
0 0 0 1
1 0.3 0 0.6

൪ 

 
ଶܧ = [max(0,0.2, 1) max(0,0,0 ,0.3) max(0.5,0,0,0) max (0,0.8,0.4,0.6)] 
ଶܧ = [1  0.3  0.5  0.8 ] 
ଶܤ =  ܴ.ଵܧ

     = [0.5 0.8 0.4 1] ൦
1 0 1
0 1 0
0 0 0

0.5 1 0.3

൪ 

     = [max(0.5 , 0, 0 , 0.5) max(0, 0.8, 0, 1) max (0, 0, 0.4  ,0.3)] 
ଶܤ = [  0.5  1  0.4 ] 
Similarly we can produce large sequence of fuzzy internal states and output states for any given sequences of fuzzy input states of a 
fuzzy automation.  

V. CONCLUSION 
The response of the system depends on the basis of the received stimulus and the internal state of the system, which in-turn results 
in a new internal state. The fuzzy automaton when characterized by fuzzy sets, the production of responses and next states are 
facilitated by suitable fuzzy relations. 
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