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Abstract: In this paper discusses fully the state of stress and strain in a body subjected to external forces. The Complementary
Variational Principles are developed for the three fundamental problems of elastostatics and the ad joint operators are obtained.
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L. INTRODUCTION
Three fundamental problems of elastostatics may be distinguished depending on what is prescribed on the surface: the first, second,
and mixed problems.
The first fundamental boundary-value problem of elasticity may be stated as follows: Determine the distribution of stress and the
displacements in the interior of an elastic body in equilibrium when the body forces are prescribed and the distribution of the forces
acting on the surface of the body is known.
The second fundamental problem is similar, except that in this case the surface displacements rather than the forces acting on the
surface are prescribed.
The third, or mixed, boundary-value problem the forces are prescribed over a portion of the surface and the displacements over the
remainder. The problem of the cylinder that we are considering is of the first kind, where body forces are absent. In the following
paragraphs we shall review certain basic elements of the mathematical theory of elasticity and present the mathematical formulation
of the first fundamental boundary-value problem.
The equation of equilibrium of an elastic body B, are
Ty11 F T2 T 7431 X =0
To1q FTo22 + To33+Y =0
T311 * T322 + T333+Z =0 1)
Where X, Y, Z are the body forces per unit volume and 7,,,75,,... ... . T35 are the components of stress tensor and t;
Due to elastic symmetry the complementary shear stresses are equal 7;; = 7;; for i,j=1,2 and 3
The generalized Hook’s law is given by
€11 = Q11T + A1pTpp + Ay3T33 + A1aTr3 + Q15713116712

€32 = Qp1T1q T ApTpp + Ap3T33 F ApuTo3 + ApsTy3 + U672
€33 = Q31T1q T A3pTp + A33T33 F A34Tp3 + A35T13 + A36712

€53 = ATy F AyaTor F ot YT
613 = a51T11 + a52T22 + .. Men eae o aea s eee aaa o aee aee wes aae s +a56T12
€13 = Ag1T11 T AgpTop F Ag3T33 T AaTrz + AesTiz T ATy 2

e;, = 0u/dx,e,, = 0v/0y,eq3 = 0w/0z

e, = (0v/0x + 0u/dy),e,; = (0v/dz + ow/dy)/2 ande,, = (0u/dz + dw/dx)/2(3)

u,v,w being the components of the displacement vectors in the directed of 1,2,3 or

X,y,z. The equations (2) involve 21 elastic constants ,a; (i,j=1,2....6).

Since a;==a;i,j=1,2...6.

Alternatively equation (2.2) may be written as

T11 = A11€11 A28 + Ag3€33 + Ags€y3 + Agseis + Al

Tyz = Az1€11 + Apzeyy + Apzess + Aguenz + Aysers + Aygey
T33 = Az1€11 + Azzey, + Azzess + Aggeyz + Azsegz + Asgeyy
Ty3 = Agr€11 + Agpeyp + Agzess + Aygerz + Aysers + Ayeer
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Tyz3 = Ag1€11 T Agz€pp + Agzez3 + Asuey3 + Agseqs + Aggeqy

Typ = Ag111 + Agaeyy + Agzess + Agyeyz + Agsers + Agger 4)
Where A;; = A;; for i,j=1,2.... 6 can be determined in terms of
aij,i,j =1,2,3,......... 6.
Eliminating the stress components 7,4, 7,5, ... -.. T4, from (4), (1) and using (3) we obtain the equations of equilibrium in terms of the
displacements as follows.
A H' G u X
H' B F' vV =Y (5)
G F C w YA

Where the operators A', B, ....are

A'= Ay (xx) + Ags (yy) + Ass(22) + 2454 (yz) + 24,5(2x) + 24,4(xy)

B' = Age(xx) + Ay (yy) + Ayy(22) + 24,,(yz) + 24,4(2x) + 24,4 (xy)

C'= Ass(xx) + Ay (yy) + As3(22) + 243, (yz) + 2A55(2x) + 24,5(xy)

H' = Ay (xx) + Ay (yy) + Ays(22) + (Ays + Aye) (v2) + (Ay4 + Ase)(2X)
+(A1z + Age)(xy)

G = Ays(xx) + Ay (vy) + As5(22) + +(Azg + Ays)(yz) + +(A13 + Ass)(2x)
+(A1y + Ase)(xy)

F'= Asg(xx) + Ay (yy) + A3y (22) + +(Ay3 + Ayy)(yz) + +(A36 + Ays)(2x)

+(Ay5 + Aye)(xy) (6)
The symbols (xx),(yy) ,........ ; are defined as
(xx) = 0%2()/0x?, (yy) = 32()/9y?,(zz) = 9%2()/92z2, (xy) = 02()/0xdy, )

According to different boundary conditions we define the well-known fundamental problems of electrostatics as follows:

1. FUNDAMENTAL PROBLEMS OF ELASTOSTATICS
Three fundamental problems of elastostatics may be distinguished depending on what is prescribed on the surface: the first, second,
and mixed problems.

A. First Fundamental Problem
External forces are prescribed over the whole surface; it is required to determine the stresses and displacements at any point inside
the body and on the surface. Alternatively, three components of external forces may be prescribed over the surface, namely their
projections on three non-coincident directions.
1) Example: The normal component ¢ and two projections of tangential forces on two orthogonal directions. It is most common to
coordinate axes Xg, Yg, Zg (n is the direction of the outward normal to the surface; the components of forces refer to unit area).
The boundary conditions are written as
ie
Tyl + Tom + 13n = Xp
Tyl + Tyym+ 13 =Yy
T3l + T,3m + 1330 = Z5 0ndB, (8a)
Where (I, m, n) is the direction cosines of the outer normal to dB, andXg,Y; ,Z are the forces prescribed over the whole boundary
0B,.

B. Second Fundamental Problem

The projections of displacement on three non-coincident directions are prescribed over the whole surface.
1) Example: The projections Ug,Vg, Wy . On the axes of a Cartesian rectangular coordinate system.
The boundary conditions are of the form

i.,e. u=Ug, Vv=Vg w=Wzon 6BO (8b)

Where Ug, Vg, W5 are the displacement prescribed on dB,.
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C. Mixed Problem

Forces are prescribed over a part of the surface, and displacements over the remainder. The boundary conditions on the first part of

the surface are written in the form of (8a), and on the second in the form of (8b). Two mixed problems also belong those where the

components of the forces and two components of displacement, or one component of displacement and two components of forces,

etc. depending on the shape of a body and the distribution of forces, it is often more convenient to use a suitable curvilinear

coordinate system rather than a Cartesian system.

By eliminating the stress components of system symmetric equations, we obtain their equations containing only the projections of

displacement. For an orthotropic body moving under the action of external forces or performing free vibrations the equations of

motion in terms of the projections of displacement are of the form.

The uniqueness of the solution of the equilibrium equations for a homogenous body undergoing small stains when the strain

components are linear functions of the derivatives of the displacements with respect to the co-ordinates is established by Kirchhoff’s

theorem.

1) Example : External forces are prescribed over dB; and the projection of displacements is prescribed overdB,.Such
thatdB; U 0B, = 0B, (8c)

1. COMPLEMENTARY VARIATIONAL PRINCIPLES
Equation (5) along with the boundary conditions (8 a or b or c) can be written in the canonical form as follows
TU=9 9
T"0 =Q inB, (10)
With boundary conditions (8a) or (8b) or (8c) where
U=[uvw]

0 =[0,0,0:0,0506 1

Q=[x,Y Z],

And

T:H(U) —» H(Q)is
Ti4 T4 T5, Ty Tsq Te1

T= Ty, T5, T;, Ty, Ts, Te, (11)
Ti5 T3 Ts5 Tys Ts5 Tes

Where

Ty, = {D(x) + E(y) + F(2)} + jQ, (%),
T, =IE(X) + JC(2) Tis = iF (x) +jC(y)
Ty = iG(y) + jA(2), Ty, = i{G(x) + H(y) + 1 (2)} + jR(Y)} ,
Ty3 = il(y) + jA(x), T3, = jJ(2) + jB(y),
T3, = iK(2) + jB(x), T35 = ifJ (x) + K(y) + L(2) + jS(2),
Tyy = iD1(x) + jM(x), Ty, = jN(y), T43 = jP(2),

Ts; = 0,Ts; = iE(¥), Ts3 = 0,Tg; = 0,T5; =0, Ty = iFl(Z) (12)
Where D, E, F,.... Can be obtained from the value of the elastic module

, 1,J =1,2,....6 using the following relation
D = Sart(AssAss/Ass) E= Sart(AsAse/ Ass),F= Sart(AssAss/Ass),
G = Sart(AgsAse/ Ags) H= Sart(AgsPos/Ass), | = SArt(AxuAss/ As),
J= Sart(AspsAss/Ass), K = Sart(AssAss/Ass), L = SArt(AssAss/ Ags),

2, 2, 2_ 66’2_|_ 2, 2_ 55,2_,_ 2, 2_ »
1 = 14 = 25 = 3MN= o, = 13 = 23
12_,_ 12_,_ 2, 2_ 11,12_,_ 2, 2, 2_ 22’12_|_ 2, 24, 2_ .
M = Sqrt(AssA2/Azz), N = SArt(AAxs/Asz) P= (A3An/Ag) (13)
with
= ()- (lad "=-[1, (14)
Where () ( )are Hilbert space with inner product ( , ) and< , >
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defined as follows:

For @, ®,,& Q (D), we get

(G 2)=f0 b2 (15)
Where ;, , are matrices with vector components.

ForU,,U, e A(),

We get
<1:2>=f0112 , (16)
Where ;, ,arematrices with scalar components
Thus
) ={OH)ae@}rand ( )={<,>A( )} (17)

are the real Hilbert spaces, In all the above equations  represent the transpose of the matrix X .
The operator T and T*, satisfy the following identity

( ) )=< : ) >+( ’ ) 0 (18)
Where

= ()= ( )isgivenby
O3y Oy Oz Oy Os Op
O =0 Oypn Oz Oy Os Op (19)

O3 O3 Oz Oy Oz O¢

and
n= ( + + )+ 1, = + ,
13= + o= + 2=+ + )+ .
3= + yo31 = + o= + )
= ( + + )+ o= 1+ )
0= y 43 = y 1=0, 5= 1
53=0 61=0, =0, g3= 1 (20)
* ()- ( )isgivenbhy
=11 (21)
Such that
(. ) o=< ", > (22)

From the identities (18) and (22) we declare that T* is the adjoint operator of T
and s* is the adjoint operator of s.
Now consider the action functional

( ) )=( ) )_( ) )/2_< ) > —-< 7 ) = 0 (23)

From (18) ( , ) can be written as
[(@,U)=<T ®,U >—(D,®)/2-<Q,U >+<5*(®-DB),U >0B, (24)
Again

/ =0 implies TU=0

/ =0 implies T =
with

< *( - )1 = 0=
Now < *( — ), > o = 0 is satisfied under the following conditions.
A. If U known on the whole boundary  , then
=0on
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B. If the stresses are known on the whole boundary  , we get,

* *

= on o
Since *( )= wheretis the stress vector is given by
=[ 1 2 3l
where
1= un *t o1 F o3, 2= 120t o o3, 3= 13t o3t og3
and
o=l ]
Hence we obtain
1= ,= and 3= on 0
C. Ifthe projections of displacements are known 1 and the stresses are known on osuchthat , = 0
Thus we obtain that the result / =0 and /=0 lead respectively to the canonical equations (9) and (10)

respectively with the boundary conditions (8a) or (8b) or (8c).
The functions J(U) and G(F) are constructed in a similar way as in appendix A as follows

J(U) =1 (TY, U) = (TU, TU)/2-< Q, U> (25)

With U satisfying the boundary condition (8a) or (8b) or (8c) and

()= {  *O)=-C, )2 (26)
As the functional ( , ) is concave in { and convex U

we get

(2= ()= (C, )= ()= (1) (27)

Where( , j)and (®,,U,) are the approximate solutions and ( , ) is the exact solution of the given physical problem.
The expression for strain energy is given by
=[ 4 W+2 o1 2*+2 3o 13F+2 14 ou o

+2 15 11 13%2 16 1 2+t 2 2 *t2 m o
+2 50 2 3F2 25 2 13F2 % » Yt @ 3
+2 34 33 23%2 35 33 13F2 35 @ 0t w2
+2 45 23 13%2 45 23 2F 55 13F2 55 13 12

+ o5 12°1/2] (28)
From the definition of the functional (25) and (26) we can prove that
- ()= =-0) (29)
Such that
=/, (30)
Thus from (27) and (29) we get
(= ()= = ()= (0 (31)

V. CONCLUSION
The state of stress in an elastic body may be considered knowing the components of stress, which depend on three projections of
displacement on the coordinate directions. In this paper describe fully the state of stress and strain in a body subjected to external
forces the complete system of equations for the determination of six components of stress and three projections of displacement are
obtained by taking three equations of equilibrium. The Complementary Variational Principles are developed for the three
fundamental problems of elastostatics with example and the adjoint operators are obtained.
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