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Keywords: D-metric space or a generalized metric space, Quasi-contraction, Generalized quasi-contraction.

L. INTRODUCTION
In this paper a fixed point theorem for generalized quasi-contractions of D*-metric spaces have been proved. The notion of quasi-
contractions on D*-metric spaces has been generalized by Brian Fisher [1]. Analogously we define generalized quasi-contractions
among the selfmaps of D*-metric spaces. Generally fixed point theorems were established for self maps of metric spaces. Certain
fixed point theorems were proved for self maps of metrizable topological spaces also since such spaces, for all practical purposes,
can be considered as metric spaces. B. C. Dhage [2] has initiated a study of general metric spaces called D-metric spaces. Later
several researchers have made a significant contribution to the fixed point theorems of D-metric spaces. As a probable modification
of D-metric spaces, very recently, ShabanSedghi, NabiShobe and Haiyun Zhou [3] have introduced D*-metric spaces.

1. PRELIMINARIES
A. Definition 2.1:Let Xbe a non-empty set. A function D*: X P [0, o0) is said to be a generalized metric or D*-metricon X, if

it satisfies the following conditions:
D*(x,y,2) >0forall X,y,Ze X

D*(X,Yy,z)=0ifandonlyif x=y =z

D*(x,y,2)=D*(o(x,Y,2))forall X,y,z2e X,

o (X, Y, Z) is a permutation of the set {X, y, z}

D*(x,y,2) < D*(x,y,w)+D*(w,z,z)forall X,Yy,z,we X.

The pair (X, D*), where D* is a generalized metric on X is called a D*-metric space or a generalized metric space.

B. Definition2.2: A selfmapf of a D*-metric space (X, D*) is called aquasi-contraction, if there is a number q with 0 < <1 such

that
D*(fx, fy, fy) <q max{ D*(x,y,y),D*(x, fx, fx),D*(y, fy, fy),

D*(x, fy, fy),D*(y, fx, fx) |
forall X,y e X .

C. Definition2.3: A self mapf of a D*-metric space (X, D*) is called a generalized quasi-contraction, if for some fixed positive
integers kand I, there is anumber g with 0 < <1 such that
D*(ka, fly, f'y)g g.max { D*(f’x, foy, fsy),D*(f’x, frx, f"x),
D*(fsy, £y, fs'y):Og ror'<k, 0<s,s'<l }
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forall X,y e X .

1. MAIN RESULT
A. Theorem: Suppose f is a generalized quasi-contraction on a complete D*-metric spaces (X, D*) and let f be continuous. Then f
has a unique fixed point.

1
1) Proof: By increasing the value of q if necessary, we may assume that E < <1 and the inequality in the generalized quasi

contraction will still hold. But we will then have thatli >1. Assume that k > |
—q

Let x be an arbitrary point in X, we claim that the sequence { f":n =123, ... } is bounded.

If possible assume that the sequence {f”X ‘n=123, ... } is unbounded. Then the sequence

{D*(f”x, f'x, f'x):nzl, 2,3, ... } is unbounded.

Let K =i.max{D*(fiX, f'x, f'X):OSiS k}. Since {D*(f”X, f'x, f'x):nzl, 2,3, ... } is unbounded, there
1-q

exists an integer n such that D*( fx, f'x, f'X) > K and let n, be smallest such n and since 1L 21, n,>k>1.Thus

D*(f”°x, f'x, f'x)> K =ﬁ.max{D*(f‘x, f'x, f'x):Osisk}

That is,
D*(f”°x, f'x, f'x)>ﬁ.max{D*(f‘x, f'x, f'x):OSisk}

Now it follows that

(1—q)D*(f”°x, f'x, f'x)> q.max{D*(f‘x, f'x, f'x):OSiSk}

> g.max { D*(f‘x, frx, f’x)—D*(frx, f'x, f'x):

0<i<k;0<r<n, }

> g.max { D*(f‘x, frx, f’x)—D*(f”“x, flx, f'x):

0<i<k;0<r<n, }

= g.max { D*(f‘x,f’x,f’x):Ogigk;O£r<n0 }
—q.D*(f”“x, fx, f'x)
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And hence

D*(f”Ox,f'x,f'x)>q.max{ D*(f‘x,f'x,f'x):ogigk;0§r<n0 !

C.
We shall now prove that

5 D*(f”Ox,f'x,f'x)>q.max{ D*(f‘x,f'x,f'x):Osi,r<n0 }
If not,

. D*(f™x, f'x, f'x)<q.max{ D*(f'x, f'x, f'x):k<i,r<n, }

Now applying the inequality in the definition of the generalized quasi-contraction repeatedly to the inequality (3.5), we get

D*(fx, fx, £x)=D*( 4% £ f'f'x)
<q.max{ D*( 2y, f2x, £ ),
D*( £, fky, £ ),
D*( £ x, £, £ x):

0<r,'<k0<s,s'<I }

_ q.max{ D*( f rl+i—kX’ f sl+r—IX’ f sl+r—lx)’
D*( f rl+i—kX’ f rl‘+i—kX’ f rl‘+i—kx)’
D*( f sl+r—IX’ f sl‘+r—IX’ f sl‘+r—lx):

O<r+i-k<n,k-I<s+r—-1<n,,

o<r'+i-k<n,k-I<s'+r-I<n; }

:q.max{D*( fPx fix, ftx), D*(pr, fPx, f p‘X),

D*( fix, £, f“x): k<p, p,tt'< no},
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Omitting the terms of the form D*( fix, f'x, f rX) with 0 <i <k, because of inequality (3.3).

Thus
D*(fx, f'x, f'x)<q.max{ D*(f'x, f'x, f'x):k<i,r<n, }

<qg’.max{ D*(f'x f'x, f'x):k<ir<n, }

<q™max{ D*(f'x, f'x f'x):k<ir<n, }
form=1,2,3,... and on letting m — oo, it follows that
D*( frox, f'x, f 'X) =0, which is a contradiction. Therefore the inequality (3.4) holds. However, we now have
D*(f™x, f'x, f'x)=D*(f*f"*x, f'x, f'x)
and on using inequality in the definition of the generalized quasi-contraction, we have

D*(f”°x, f'x, f'x)ﬁq.max{ D*(f”“f”kx, f°x, fsx),
D*( f r+n0—kX’ f r‘+n0—kX’ f r‘+n0—kx)’

D*(f°x, £, f°x):0<r,r'<k;0<s,s'<l }
=g.max{ D*(f’x, f°x, f°x),
D*(fPx, fPx, fPx),
D*(f*x, f*x, f*x)n,—k<p,p'<n;0<s,s'<l }

(since, 0 <r <k implies ny—k <r+n,-k<n,)

Therefore

D*(f”Dx, f'x, f'x)s g.max { D*(f Px, f X, fsx),
D*(f Px, fPx, f p'x),D*(fo, fs'x,fs'x):

n—k<p,p'sn;0<s,s'<l }
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<q.max/{ D*(f’x, fox, fsx):Og rs<n, |

And this is impossible because of the inequality (3.4). Hence we get that the sequence { f'x:n=123, ... } is bounded for
any X € X . This implies that {D*( f'x, f°x, fsx): r>0s>0 } is bounded. Therefore

M :Sup{D*(er, f°x, fsx):r,s=0, 123, ... }<oo.Since, q<1 g" —>0asn— oo,sothat forevery ¢ >0,
there is a natural number N such that q" <ﬁ forall n> N . In particular, qN.M <é&.lLet N, = N.max{k,l}. If
m>N,, n>N,, D*(fmx, fx, f”x)<q“°.M <q"M<e.

Thus { f'x:n=123, ... } is a Cauchy sequence in the complete D*-metric space (X, D*) and hence has a limit, say, u. That

_ lim _ _ o lim | lim ., o

is, U= f"X. As f is continuous, this implies that fu = f f'x |= f"™ X =u,andso u isa fixed
n— oo n— oo N — o0

point of f.

To prove the uniqueness of u, let U'e X be such that fu'=U". From inequality in the generalized quasi-contraction, we get
D*(u,utu')=D *(f ﬂJ,f'u',f'u')
< g.max { D*(f'mfsuﬂfsuj,
D*(f'u,fﬂLf'U),D*(fSuﬂfshﬂfsh'y
0<r,r'<k;0<s,s'<l }
=q.D*(u,u’,u’)
and since 0< ¢ <1, we get that D*(u,u “u ) =0 which implies that u = u". Thus the fixed point of f is unique in X.

REFERENCES
[1] B. Fisher, “Quasi-contractions on metric spaces”, Proc. Amer. Math. Soc. 75 (1979), pp 51-54
[2] B.C. Dhage, “Generalized metric spaces and mappings with fixed point”, Bulletin of Calcutta Math. Soc. VVol-84, No. 4, pp 329-336(1992)
[3] ShabanSedghi, NabiShobe and Haiyun Zhou, “A common fixed point theorem in D*-metric spaces”, Journal of fixed point theory and applications, Haindavi
Publishing corporation,

©IJRASET (UGC Approved Journal): All Rights are Reserved




d lIsRA

ef n\m
cross’ COPERNICUS

10.22214/1JRASET 45,98 IMPACT FACTOR: IMPACT FACTOR:
7.129 7.429

INTERNATIONAL JOURNAL
FOR RESEARCH

IN APPLIED SCIENCE & ENGINEERING TECHNOLOGY

Call : 08813907089 (V) (24*7 Support on Whatsapp)




