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Abstract: Finding a solution of fractional differential equation is a rising area of present trend research because 
such equations happen in different applied fields. This paper is focuses on review of various numerical methods 
which are used to find the solution of different types of fractional differential equations so far.   
Keywords:  Sequential fractional differential equation, Lane-Emden type of differential equations, Reproducing kernel method,  
caputo operator Jacobi polynomials, collocation methods. 

I. INTRODUCTION 
The fractional differential equations of various types plays important roles and tools not only in mathematics but also in physics, 
control systems, dynamical systems and engineering to create the mathematical modeling of many physical phenomena, the motion 
of a large thin plate in a Newtonian fluid, the process of cooling a semi-infinite body by radiation, the phenomena in 
electromagnetic acoustic visco-elasticity, electrochemistry and material science and so on.  
These equations are more adequate for modeling physical and chemical process than integer-order differential equations. So far 
there have been several fundamental works on the fractional derivative and fractional differential equations. The Lane-Emden 
differential equations are important for mathematical modeling. The following five papers proposed how the authors obtained the 
numerical solution for such type of fractional differential equations.Before analyzed the five papers, we have go thrown Reference 
papers also. Deriving the iteration formula, proving its convergence to exact solution and studying the approximate solutions by 
using (VIM) are given in [1]. 
Derived the iteration formula for, ADM & DJIM for finding nonlinear sequential fractional differential equations for Caputo 
operator [2]. This result proposed a numerical solution for partial fractional differential equations [3]. Lane Emden type fractional 
differential equations solved by reproducing kernel method [4] This paper author proposed numerical solution of fractional 
differential equations by using fractional Taylor series.[5]  

A. They found the solution of Fractional Order Integro-Differential Equations Using   Variational Iteration Meth 
B. They found Revised Variational Iteration Method for Solving System of Ordinary Differential Equations 
C. They found, Variational Iteration Method for Solving Discrete KDV Equatio 
D. They found of the Variational Iteration Method form Differential Equations to q-Fractional Difference Equations 
E. They obtained solving a System of Nonlinear Fractional     Differential Equations Using Adomian Decomposition,  
F. They proved convergence of decomposition methods  
G. They reviewed the decomposition method in applied mathematics, 
H. They introduced Homotopy perturbation method for solving boundary problems.      
I. A new homotopy perturbation method obtained for solving systems of partial differential equations. Computational 

Mathematical 
J. Numerical inversion of Laplace transform: a survey and comparison of methods. 
K. solution find inversion of Laplace transform.  
L. They have given theory of reproducing kernels. 
M. Nonlinear Numerical Analysis in the Reproducing Kernel Space.  
N. Solving a nonlinear system of second order boundary value problems.  
O. Method for solving nonlinear initial value problems by combining homotopy perturbation and reproducing kernel Hilbert space 

methods. 
P. Nonlinear Numerical Analysis in the Reproducing Kernel Space 
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II. MAIN RESULTS 

A. Variational Iteration Method for Solving System of Fractional Order  Ordinary Differential Equations, ܾܰܽܽܽ  ܰ.ݏ’݊ܽݏܽܪ,
 .ℎ݈݁݀ܽܨ.ܵ  ℎ݈݁ܽܨ

These authors were proposed, approximate solution for system of linear and nonlinear fractional differential equations using 
variation itration method. 
 He considered the system of fractional differential equations  

∗ܦ
ఈ  ܺ(ݐ) =  ݂(ݐ, ଵܺ,ܺଶ,ܺଷ, … … … … . .ܺ),i=1,2……m,  

m ߳ N, 0  ≤ ߙ   ≤ 1.------ (1.1) 

Where ݂ continuous function is  ܦ∗
ఈ  is the Caputo derivative   of  ܺ of orderߙ, subject to initial condition  

ଵܺ(0) =ܿଵ, ܺଶ(0) =ܿଶ, ܺଷ(0) =ܿଷ, ……….., ܺ(0) =݉. 

The variational iteration formula was derived from theorem. 

1) Theorem: 1: Consider the system of fractional differential equations (1.1), then the relation variational iteration formula is   

ܺ,ାଵ(ݐ) =  ܺ,(ݐ) − ఈܫ ∗ܦ } 
ఈ  ଵܺ,(ݐ)−  ݂  ቀݐ, ଵܺ,(ݐ)ቁ ,ܺଶ,(ݐ)−  ݂  ቀݐ,ܺ,(ݐ)ቁ}                                

                                                                                                                      ------- (1.2) 

For ݊௧ approximation. For finding exact solution, they used to following the       theorem. 

2) Theorem: 2 : Let ܺ ∈ (ܿଶ[0,ܶ] ,‖∙‖ஶ) be the exact solution of the fractional differential equations (1.1) and let ܺ, ∈
(ܿଶ[0,ܶ] ) be the obtained solution of the equation (1.2). If  ܧ,(ݐ) = ܺ,(ݐ)−  ܺ(ݐ)(t) and ݂ in equation (1.1) satisfies the 
Lipchitz condition  with constants ܮ , ܮ ݐℎܽݐ ℎܿݑݏ <  ℾ(ఈ), then the sequence of approximations solution  ܺ,, n=0,1,2, ……. 
,  converges  to exact solution ܺ this author, Considered the system of fractional differential equation and used variation 
iteration formula (1.2) for find the ܺ, and finally, the sequence of approximations solution ܺ, converges to ܺ.  Therefore,  ܺ 
is the exact solution of equation (1.1). This method can apply for both linear & non-linear fractional differential equations. 
 

B. Numerical methods for sequential fractional differential equations for Caputo operator.  ܤ.ܩ.  ℎ݉ܽ݊݅ଵ݃ܮ
And ܵ.   .ଶ݅݀ݎܽ݉݊ܽݒܽܬ

This paper was contained find the solution of nonlinear sequential fractional differential equations for Captuo operator by used 
ADM and DJIM. Also, he has given efficiency of these methods. He used Riemann-Liouville fractional integral operator and 
fractional derivative in the Captuo sense. He considered sequential fractional differential equations of the general  

ఙ∗ܦ   (ݔ)ݕ  = (ݕ,ݔ)݂ 
∗ܦ                                             ≡ ∗ܦ 

ఈ ∗ܦ, 
ఈషభ , … … ∗ܦ …

ఈభ

=  ߪ                      ܽ



ୀଵ

,         

                ݉− 1 < ߙ   ≤ ݉  , (݆ = 1, 2, … …݊) ⎭
⎪⎪
⎬

⎪⎪
⎫

− −− (2.1) 

After the used the operator, he got  

(ݔ)ݕ          =  ∑ ାିଵ()ݕ
ୀ  ௫

ೖ

!
 (2.2) ------------------[(ݕ,ݔ)݂]ఙିܦ + 

In ADM, f(x, y) decomposed into a series. i.e., adomain polynomial. In that process, the iteration are determined in recursive way  

(ݔ)ݕ                =  ∑ ೖ
!

ିଵݔ 
ୀ  ,  
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(ݔ)ାଵݕ                                      = ݊, [ܣ]ఙିܦ = 0,1,2, …. 

DJIM equation (2.2) can be written as  ݕ = ݂ + ܤ:ܰ  ,(ݕ)ܰ → ݕ  is a Banach space. The solution ܤ, ܤ =  ∑ ஶݕ
  , N can be 

decomposed as 

    ܰ(∑ (ݕ = (ݕ) ܰ +  ∑ ቄ{ܰ ൛∑ ݕ
ୀ ൟ −  ܰ ൛∑ ିଵݕ

ୀ ൟቅஶ
ୀଵ

ஶ
ୀ   .  

We have iteration formula, 

(ݔ)ݕ           =  ܿ, 

(ݔ)ଵݕ          = [(ݕ,ݔ)݂]ఙିܦ  + ∑ ೖ
௫ೖ!

ିଵݔ  
ୀଵ , 

(ݔ)ାଵݕ      = ,ݔ)݂]ఙିܦ  ݕ + ଵݕ +⋯+ ,ݔ)݂– (ݕ ݕ + ଵݕ +⋯+   ,  [ିଵݕ

ݕ                  = (0)ݕ +  ∑ ݕ .ஶ
ୀଵ    

Finally, they have given examples for find the efficiency of them two methods. 

C. Numerical solutions of fractional partial differential equations by numerical Laplace inversion technique. 
   [ℎ݉ܽ݀ଶܣ ݎℎ݅ݏܽܤ ݀݊ܽ ଵ݅݀݅ݒܽܬ ℎܽ݉݉ܽ݀ܯ]

These authors were brought the homotopy perturbation method to solve the Laplace transform So, they were transformed, the 
partial fractional differential equations in terms of Laplace transform. After, to retrieve the time domain solution, they have used 
Stehfest’s numerical algorithm   for calculating inverse Laplace transform. They have taken homotopy perturbation method from 
few references for a general type of the non-linear differential equation with boundary condition. They have applied homotopy 
perturbation method, for linear fractional partial differential equation   

߲ఈݑ
ఈݐ߲ + (ݔ)ܣ 

ݑ߲
ݔ߲ + (ݔ)ܤ 

߲ଶݑ
ଶݔ߲ + ݑ(ݔ)ܥ  = ℎ(ݔ, ,(ݐ ,ݔ) [0,1] ߳(ݐ × [0,ܶ] 

With initial conditions   

 

߲ݑ
ݐ߲

,ݔ) 0) =   ݂(ݔ), ݇ = 0,1, … … .݉− 1,
ݏ݊݅ݐ݅݀݊ܿ ݕݎܽ݀݊ݑܾ ℎ݁ݐ ݀݊ܽ

,0)ݑ (ݐ =  ݃(ݐ), ,1)ݑ (ݐ =  ݃ଵ(ݐ),    ݐ ≥ 0.⎭
⎬

⎫
−−− −− (3.1) 

Where ݂  , ݇ = 0, 1 , 2, … …݉− 1,ℎ,݃,݃ଵ,  A and B are known and T > 0 is real number they have taken Laplace transform for 
equation (3.1), after construct homotopy,  

,ݔ)∅ (ݏ =  
−
ఈݏ  ቈ(ݔ)ܣ

߲
ݔ߲ + (ݔ)ܤ 

߲ଶ

ଶݔ߲ + (ݔ)ܥ  ,ݔ)∅  (ݏ

+  
1
ݏ  ݏିଵ ݂(ݔ) (ݔ)ିଶ ଵ݂ݏ + (ݔ)ିଷ ଶ݂ݏ + +  … +  ݂ିଵ (ݔ) +  

1
ఈݏ  ℎ ഥ ,ݔ)  ൨(ݏ

The solution is         ∅ഥ(ݔ, (ݏ =  ∑   ∅ ,ݔ)  −(ݏ −−− −−(3.2)ஶ
ୀ  

 In that, they found the approximate solution of (3.1) 

,ݔ)ܪ (ݏ =  ∑ ∅(ݔ, (ݏ −− −−− −− −−  − −−(3.3)
ୀ . 

The inverse Laplace transform  

,ݔ)ݑ (ݐ ≅ ,ݔ)ݑ  (ݐ = ,ݔ)ܪ) ଵିܮ    ((ݏ
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They used Stehfest’s algorithm to solve the inverse Laplace transform,  

Finally, they have found 

,ݔ)ݑ (ݐ =  ூ(ଶ)
௧

 ∑ ݀ ܪ  ቀݔ, ݆ ூ(ଶ)
௧
ቁ ,ଶ

ୀଵ   

Where P is a positive integer, and  

݀ = (−1)ା  ∑ (ଶ)!
(ିଵ)!!(ିଵ)!(ିଵ)!(ଶ ି)!

୫୧୬ (,)
ୀೕశభమ

  

D. Numerical solutions of fractional differential equations of Lane- Emden type by an accurate technique. 

,ଶܿ݊ܫ ݂ܽܽݐݏݑܯ  ଵ݈ݑ݃݇ܽ ݈݅ܣ]  [ସ,ହݑ݈݊ܽ݁ܽܤ ݀݊ܽ ଷݏܽݐܽݎܽ݇ܽݎݏܧ

This paper, the authors discussed about, effectiveness of reproducing Kernal method (RKM) to solve fractional differential 
equations of Lane Emden type. The Lane- Emden type equation is,  

(ݐ)ݕఈܦ +  
݇

ఈିఉݐ (ݐ)ݕఉܦ  + ,ݐ)݂  (ݕ = (ݐ)݃ 

, ݏ݊݅ݐ݅݀݊ܿ ݈ܽ݅ݐ݅݊݅ ℎ݁ݐ ℎݐ݅ݓ
(0)ݕ = ᇱ(0)ݕ                          ,               ܣ = ܤ

ൢ−− −− −−− (4.1) 

Where0 < ≥ ݐ 1 ,    ݇ ≥ 0,         1 < ≥ ߙ  2 ,               0 < ≥ ߚ  1. A, B are constants f (t, y) is a continuous real valued function 
and ݃(ݐ)߳ [0,1]ܥ. 

1) Definition: The left and right Riemann – Liouville fractional derivatives of order  ߙ of h (t) are given as   

ܽഀ  ℎ(ݐ) =  
1

ℾ(݊ −   (ߙ
݀

ݐ݀  න ݐ) − ݒ݀(ݒ)ିఈିଵ ℎ(ݒ
௧


 

And  

್ഀݐ  ℎ(ݐ) =  
(−1)

ℾ(݊ −  (ߙ
݀

ݐ݀  න ݒ) − ݒ݀(ݒ)ିఈିଵ ℎ(ݐ


௧
 

Also they discussed about left & right Caputo fractional derivative. 

Reproducing Kernel functions  

Let ܨ ≠ ߮. A function R: F×F→ C is called a reproducing Kernel function Hilbert space H iff  

 R (.v) ߳ H for all v ߳ F. 

〈ܳ ,ܴ(∙, 〈( ߛ =  .ܪ ߳ and all Q ܨ ߳ ݒ For all (ݒ)ܳ

2) These authors ordered this paper like : The reproducing Kernel function  

(ݐ)௬ݒ =  

⎩
⎪
⎨

⎪
⎧
൞

1
ଶݐଶݕ 4 +  

1
−ଷ 0ݐଶݕ 12   

1
ݐݕ24

ସ +  
1

120 ݐ
ହ       ,              0 ≤ ≥ ݐ ≥ ݕ 1

1
ଶݐଶݕ 4 +  

1
−ଷ 0ݐଶݕ 12   

1
ݐݕ24

ସ +  
1

120 ݐ
ହ  , 0 ≤ > ݕ ≥ ݐ 1                       

         

Of the reproducing Kernel Hilbert space. °௪ഥమయ [,ଵ ]. 

Like   Aζ = ܦఈ(ݐ)ߞ +  
௧ഀషഁ

  .ఉζ(t),       ζ   ϵ  °ఠഥమయ [,ଵ ].Where A is linear operatorܦ 
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A is bounded linear operator 

They obtained the exact solution ߞ In the way,  ߞ(ݐ) converges to (ݐ)ߞ 

Also they have given numerical experiments for the above type equations using RKM and Collocation method 
E. Numerical solutions of fractional differential equations by using fractional Taylor basis. 

ܸ݅݀ℎݐܽݓݏܽݎܽܵ ܽݕℎݏ݅ݎܭ ݕℎ݊ܽݕ݉ܽݏ,   ݀݊ܽ ℎ݅݇݁ݕℎܽݏܽܯ ℎ݁ݕܽ݉ܵ

.ℎ݅݃ܽݖݖܴܽ ݊݁ݏℎܯ ݈   

They have taken, properties of Riemann Liouville fractional integral operator’s Caputo derivative and fractional Taylor 
basis. 

ఈݐఈܫ(݅) =  
ℾ(ℽ+ 1)

ℾ(ℽ+ ߙ + ߙ, ℽାఈݐ (1 ≥ 0;  ℽ > −1 

ఉܫ ఈܫ(݅݅) (ݐ)ݕ  = ఉܫ  (ݐ)ݕ ఈܫ  = < ߚ,ߙ      ,(ݐ)ݕఈାఉܫ  0 

(ݐ)ݕఈܦ(݅݅݅) = ିఈܫ   ൬
݀

ݐ݀ ൰(ݐ)ݕ   ,݊ − 1 < ≥ ߙ  ݊ ,݊ ∈ ℕ 

൯(ݐ)ݕ ఈܦఈ൫ܫ(ݒ݅) = −(ݐ)ݕ  ݕ(0)
ݐ

݇!

ିଵ

ୀ

 

(ݒ) ܶℽ (ݐ)  =  [1, ,ℽݐ ,ଶℽݐ … … . ,  ்[ℽݐ

Also they discussed about function approximation and Error bound for the best approximation. They derived the fractional Taylor 
operational matrix of the fractional integration  

ఈ൫ܫ  ܶℽ(ݐ)൯ = ఈܩ ఈݐ  ∗ ܶℽ(ݐ) 

They used the property, 

ఈܫ  ቀ ܶℽ(ݐ) ܶℽ
் ቁ(ݐ) = ఈ ܵఈݐ  ∗ ( ܶℽ(ݐ) ܶℽ

்  ( (ݐ)

i.e.,  ܫఈ ቀ ܶℽ(ݐ) ܶℽ
் ቁ(ݐ) =

⎣
⎢
⎢
⎢
⎢
⎢
⎡

ଵ
ℾ(ఈାଵ)

ఈݐ ℾ(ℽାଵ)
ℾ(ℽାఈାଵ)

ℽାఈݐ               … … ℾ(ℽାଵ)
ℾ(ℽାఈାଵ)

ℽାఈݐ

ℾ(ℽାଵ)
ℾ(ℽାఈାଵ)........

ℽାఈݐ ℾ(ଶℽାଵ)
ℾ(ଶℽାఈାଵ)

.,.....

ଶℽାఈݐ             … … ℾ(ାଵ)ℽାଵ)
ℾ൫(ାଵ)ℽାఈାଵ൯

.......

ℽାఈ(ାଵ)ݐ

ℾ(ℽାଵ)
ℾ(ℽାఈାଵ)

ℽାఈݐ ℾ(ାଵ)(ℽାଵ)
ℾ((ାଵ)ℽାఈାଵ)

ℽାఈ(ାଵ)ݐ … … ℾ(ଶℽାଵ)
ℾ(ଶℽାఈାଵ)

ଶℽାఈݐ ⎦
⎥
⎥
⎥
⎥
⎥
⎤

 

From that making system of linear equation. These system of equations are solved by many methods, these authors were used 
Newton’s iterative methods. So, the fractional differential equations was changed to fractional integration after obtained the 
operational matrix, that matrix were solved by numerical iterative methods. Also they have given illustrations. 

II. CONCLUSION 
I start my research in the field of fractional differential equations some type of fractional differential equations have not analytic 
solution, for that the author have introduced the approximate solution for such type of equations. For finding approximate solution, 
they were used the various   numerical methods. In this work, we study such type of equation were solved by numerical methods. I 
am going try, other numerical methods is applicable or not for instead of reproducing Kernel Methods. 
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