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Abstract: Decomposition of graphs is one of the prominent areas of research in graph theory and Combinatorial Design 
Theory. Various types of Decomposition have been suggested by different authors. This paper is a vast study on the 
decomposition of graphs. It mainly focuses the results related to decomposition of various graphs published so for. 
Keywords: Decomposition of graphs , Product of graphs, Star, Path, Hamilton Cycle. 

I. INTRODUCTION 
Graph theory is a major part of Discrete Mathematics. Among the many aspects of graph theory, graph decomposition is a 
vast area of research. Recently a number of survey articles and several papers on decomposition of graphs have been 
published. This paper focuses more closely on a few specific topics and result, for which significant progress has been made 
within few years.  In this paper, we have given various problems.  Theorems  and Conjectures of different authors which will 
be useful for clear understanding of this topic. 

A. BASIC DEFINITIONS 
A graph G is an ordered triple(V(G), E(G), ߰(G)) consisting of a non-empty set V(G) of vertices, a set E(G) disjoint from 
V(G) of edges and an incidence function ψG that associates with each edge of G an unordered pair of vertices of G.A simple 
graph in which each pair of distinct vertices is joined by an edge is called a complete graph.Let K୬ be a complete graph of 
order n and let λ be a positive integer. We denote by  λK୬ the complete multi graph obtained by replacing each edge of K୬  
by λ parallel edges that have the same end nodes.  A walk with distinct vertices is called a Path. 
A closed trail whose origin and internal vertices are distinct is a Cycle. A Star S୩ is the complete bipartite graph Kଵ,୩. 

Partition of G into edge-disjoint subgraphs G1,G2,…..,Gr such that E(G)=E(G1)  E(G2) ⋃ E(G3) ⋃…. E(Gr) is called 

decomposition of G and we write G=G1 G2 …. Gr.  In particular, if each Gi H, 1 i r, then we say that G has a H-
decomposition and we denote it by H|G. 

II.REVIEW OF LITERATURE 
Excellent surveys of graph decompositions and factorizations are provided by Akiyama and kano[1,2].  As well as book on 
graph decompositions by Bosk[3] provide informations about decompositions and factrorizations. Various decompositions 
are available such as Cycle decomposition, Path decomposition, Star decomposition, Clique decomposition and so on. 

A. Decomposition of Complete graphs 
Abueida and Devan [4] gave necessary and sufficient conditions for decomposing ܭ into cycles of kedges and stars k-1 
edges for k=4 & k=5.Abueida and O’neil [5] extended this decomposition for the complete multigraph ܭߣ when k=3,4,5 

and they conjectured the result for any integer k≥ 3 and n k. In [6], Priyadharsini and Muthusamy showed the above 
conjecture to be true for n=k.  More recently Abueida and Lian [7] gave necessary and sufficient conditions for decomposing 

Kn into cycles and stars of k-edges, for n 4k and k even or n odd.Shyu [9] proved that Kn can be decomposed into  p copies 

Pk+1 and q copies of Sk+1 when n 4k , k(p+q) = nc2 and either k is even and p≥ ݇/2 or k is odd and p≥ ݇. In[10] Shyu also 
suggested some results do decompose Kn into paths & cycles. He investigated the necessary and sufficient conditions for 

decomposing Kn int p copies of P5 and q copies of C4 for p 0 and q 0. In 1967, A.Rosa introduce some important types of 
vertex labelling. Graceful labeling & rosy labelling are useful tools for decompositions of complete graphs ܭଶାଵ into graphs 
with n edges. A.Rosa proved that if a graph G with n edges has a graceful or rosy labelling then K2n+1 can be cyclically 
decomposed into 2n+1 copies of G.Dalibor Froncek[26] gave generalization of Rosa’s result. Rosa’s result is given in the 
following theorem. “Let G be a graph with n edges. If G allows a rosy labelling, then it decomposes K2n+1, if G allows an ߙ-
labelling, then it decomposes K2np+1 for every p>o.” Dalibor Froncek [26] showed that every bipartite graph H which 
decomposes Kk and Km also decomposes Kkm. 
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B. Cycle decomposition of Complete Multipartite Graphs 
A complete m-partite graph with part sizes k1,k2,…kmis denoted by ܭభ,మ,….,.The general problem of determining 
necessary and sufficient conditions for the existence of a Ck-decomposition of a tripartite graph ܭ,௦,௧  remains open when k>3 
is odd. The decomposition of a complete tripartite graph into  cycles of edges 5 was first investigated by Mahmoodian and 
Mirzakhani[11]. Cavenagh[12] proved the necessary and sufficient conditions for the existence of a decomposition of the 
complete tripartite graphs ܭ,௦,௧ into C5-decomposition.  He proved that r,s&t all must be even. Cavenagh[13] has also given 
the necessary and sufficient conditions for the Ck decomposition of K3*ܭ.തതതത  
Muthusamy and Paulraja[14] have investigated the factorizations of product graphs into cycles of uniform length. 

Billington[15,16] established some results.  He has proved that Ck-decomposition of K4*ܭ.തതതത exists if and only if k 3, n is 

even, ݇|6݊ଶ and k≤ 4݊. Also they proved that Ck-decomposition of K5*ܭ.തതതത exists only if k 3, ݇|10݊ଶ and k≤ -ܥ.5݊
decomposition and ܥ-decomposition of Km*ܭ.തതതത was studied by Manikandan and Paulraja[17,18].  They have shown that the 

necessary conditions or sufficient for the existence of ܥ-decomposition and ܥ-decomposition of Km*ܭ.തതതത , p 11 is prime. 
When p is prime and k is odd, Km*ܭ.തതതത can be decomposed into ܥଶ,ܥଷ&ܥమ . This result was proposed by Smith[19,20,21].  
In [22] he has also given the necessary and sufficient conditions for the existence of a ܥ-decomposition of ߣ-fold complete 
equipartite graphs, when p is prime. 

C. Hamilton Cycle Decomposition   
Hamilton cycle decomposition of various product graphs has been investigated by many authors. Hamilton cycle 
decomposition of cartesian product of graphs and wreath product of graphs were introduced by Alspach, B.; Aubert, J; 
Scheider B.; Laskar and hetyei. Bermond[23]conjectured that if both G & H are Hamilton cycle decomposable graphs, then 
Cartesian product and wreath products of G & H are also Hamilton cycle decomposable. The analogue of the above 
conjecture was also verified by Bermond[23] for tensor product of graphs. Balakrishnan & Paulraja [24,25] have given many 
results related to decomposition of tensor product of Hamilton cycle decomposable graphs. 

 
D. Path Decomposition Of Graphs 
More results on path decompositions can be found in [29,30], Tarsi [27] Studied the decomposition of complete multigraphs 
into pats of equal length and gave the necessary conditions for the decomposition of complete multigraphs into paths. 

Truszezynki [31] stated that If k,m,n∈ ℕ with m,n even and m n, then ܭ. has a ܲାଵ decomposition iff m≥ ቒାଵ
ଶ
ቓ; n≥ ቒ

ଶ
ቓ 

and    m,n 0(mod k). Chartrand and Lesniak [36] suggested that a non trivial connected graph G has a ଷܲ-decomposition if 
and only if G has even size. C.Sunil Kumar [42] showed that a complete r-partite graph is   ସܲ-decomposable if and only if its 
size is a multiple of 3.  He also gave an example of  a 2-connected graph of size 3k which is not ସܲ-decomposable. 

E. Star Decomposition of Graphs 
C.Lin[33] gave necessary and sufficient conditions for the existence of star decomposition in complete graphs. In [34] Shyu 
obtained four necessary conditions for a decomposition of ܭ into ܥ and ܵ and gave the necessary and sufficient conditions 
for l=k=4. 

F. Multi Decomposition 
Lee[35] gave the necessary and sufficient conditions for the existence of the (ܥ ,ܵ) decomposition of a complete bipartite 
graph. Shyu[30] proved that ܭ has a { ସܲ ,ܵସ}{,} decomposition if and only if n≥ 6 and 3( + (ݍ = ቀ݊2ቁ.  Also proved that 

}   has aܭ ܲ ,ܵ}{,} decomposition with a restriction p≥ ݇
2ൗ , where k even (p≥ ݇, when k odd). Lee et. al.[35,38] have 

suggested a necessary and sufficient conditions on (p,q) for the existence of  { ܲ ,ܵ}{,} decomposition of ܭ, and ܭ, . 
Shyu[37] has given necessary and sufficient conditions on (p,q) for the existence of   { ସܲ ,ܵସ}{,} decomposition of ܭ, . 
Jeevadoss and Muthusamy [40] have given necessary and sufficient conditions for { ܲାଵ,ܥ}{,} decomposition of ܭ,. 
Also they have established necessary and sufficient conditions for the existence of { ହܲ,ܥସ}{,} decomposition of tensor 
product and Cartesian product of complete graphs in [41]. 
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Sarvate and Zhang[43] obtained necessary and sufficient conditions for the existence of { ଷܲ  ,(ߣ)ܭ ଷ} decomposition ofܭݍ,
when p=q. Fairouz Beggas, and Mohammed Haddad[8] investigated necessary and sufficient conditions for the existence of 
decomposition of ܭߣ into edge disjoint stars ܵ’s and cycles ܥ’s. The following results are obtained by Fairouz Beggas. let 
n>4 and 1<ߣ be positive integers. There exists a ( ସܲ, ܵସ) decomposition if and only if ݊ߣ(݊ − 1) 2⁄ ≡ 0[4]. n,k are positive 

integers such that n 4k and ݊(݊ − 1) 2⁄  ≡ 0[݇]. Then the graph ܭ is (ܵ  be positive ߣ )-decomposable. Let n,k andܥ,

integers. If ݊ߣ(݊ − 1) 2⁄   0[݇] and 

n≥ 4݇ orB n≥ 2݇ and ߣ > 1 is even or gcd(ߣ,݇)=1, then ܭߣ is (ܥ ,ܵ) decomposable. 

) Let n, k and 1<ߣ be positive integers. Then ܭߣ is (ܥ,ܵ) decomposable if ݊ߣ(݊ − 1) 2⁄ ≡ 0[݇] and 

 Recently S.Lakshmi and K.Kanchana[44] have investigated decomposition  of line graph of ܭ into P copies of ହܲ and q 

copies of ܥସfor all possible values of p≥ 0 and q 0. 

II. CONCLUSION 
A number of papers have dealt with necessary and  sufficient conditions  for decomposing Complete graphs, Complete 
bipartite graphs, Complete multigraphs into stars, cycles and paths. In future  we can try for the situation when resolvable 
decompositions are possible.A.A.Abueida and C.Lian[7] have given more results to obtain {ܥ ,ܵ} decomposition of ܭfor 
different values of m. We can try for { ܲ ,ܵ} or { ܲ  .} decomposition for all possible values of mܥ,
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