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Abstract: In this paper the homogeneous bi-quadratic equation with five unknowns given by

x* -yt 2(x2 - yz)(w2 + p2)= 4(x3 + ys)z is studied for determining its non-zero distinct integer solutions. A few
interesting relations between the solutions and special figurate numbers are obtained.
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I. INTRODUCTION
It is well known that the subject of diophantine equations has aroused the interest of many mathematicians since antiquity as it
offers a rich variety of fascinating problems. In particular one may refer [1-11] for various problems on bi-quadratic diophantine
equations with four and five variables. In this paper the homogeneous equation of degree four with five unknowns given by

xt -yt + 2(x2 - yz)(w2 +p? )= 4(x3 + ys)z is analysed for obtaining its non-zero distinct integer solutions.

Il. NOTATIONS
1) SO, = n(2n2 —1) - Stella octangular number of rank n

2) CPs, = n® - Centered hexagonal pyramidal number of rank n

3) PR, =n(n+1)- Pronic number of rank n

4) OH, = %n(Zn2 +1‘) - Octahedral number of rank n

5 t =M-triangular number of rank n
3,n 2

3

6) CP,3= N *N_ centered triangular pyramidal number of rank n
7) P3= w - Tetrahedral number of rank n

8) Pn5 =@- Pentagonal pyramidal number of rank n

9) Pn4 =w-square pyramidal number of rank n

6

IHILMETHOD OF ANALYSIS
The homogeneous biquadratic equation to be solved is

xt -yt + Z(X2 - yZXW2 + p2)= 4(x3 + ys)z (1)
Introduction of the liner transformations

X=U+V,y=U—-V, 2=V 2
in (1), gives
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w2+ p2=2v2 3
we present below different methods of solving (3) and thus, different sets of non-zero distinct integer solutions to (1) are obtained.

A. Method 1

Let z=a? +b? @)
write 2 as

2=(1+i)1-i) (5)
Using (4) and (5) in (3) and employing the method of factorization, define

(w+ip)=@+i)(a+ib)? (6)

Equating the real and imaginary parts in (6), we get
w=a’—-b%-2ab 0
p=a’-b?+2ab
Substituting the values of V in (2), it is seen that
Xx=U+a?+b?
y=u-a®-h? (8)
z=a%+b?
Thus, (7) and (8) represent the distinct integer solution to (1).
Note 1:
It is observed that 2 may also be written as
(L+7i)1-7i)
25

o ([7+i)(7-i)
25
Following the procedure as above, the corresponding two sets of solutions to (1) are presented below:
Set 1: Solutions for (i) are given as

X = U+ 25A? + 25B2

y =u—25A% — 25B?

7 = 25A% + 25B2
w=5A% -5B% —70AB

p =35A% —35B% +10AB
Set 2: Solutions to (ii) are given as
X = U+ 25A? + 25B2

y =u—25A% — 25B%

7 = 25A% + 25B2
w=35A%? - 35B% —~10AB
p =5A% —5B2 + 70AB
Properties:

2

1) x3-y3-82%=6xyz

2) 6(422 —(w+ p)z) is a Nasty number.
3) p-w=8ty, when a=(b+1)

4) p-w=8R> when a=b(b+1)
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5) p-w=24R° when a=b(b+1)(b+2)
6) p-w =450, when a=(2b°-1)
7) When aand b represents the sides of the Pythagorean triangle then 3(x - y) is a nasty number.

B. Method 2
Note that (3) is also written as

w2+ p?=2vZ =1 ©)
(3+4i)(3-4i)

25
Using (4), (5) and (10) in (8) and employing the method of factorization, define

(W+ip)=%(3+4i)(1+i)(a2 ~b? + 2iab) (11)

writelas 1= (10)

Equating the real and imaginary parts in (11) and replacing aby 5A and b by 5B, we have
w=w(A B)=-5A% +5B% —~70AB

p = p(A B)=35A% -35B2 —~10AB }

In this case, the corresponding integer solutions to (1) are found to be

x = x(A,B)=u+25A? + 25B°

y = y(A,B)=u—25A% - 25B2 (13)
z=2(A,B)=25A? + 25B%

(12)

Note 2:
It is worth mentioning that two more sets of integer solutions to (1) are obtained by considering

2:(1+7i)(1—7i) , 1:(3+4i)(3—4i)
25 25

,_ (7-1)(7+i) , 1 (8+4i)3-4)
25 25

Remark:
Note that 1 in (10) may be considered in the general form as given below:

1- [Zmn +i (m2 - nz)][Zmn —i (m2 - nz)]
(m2 +r;)2
12 [m2 -n?+ i2mn][m2 —n? —i2mn]

(m2 + nz)2
Properties:

1) When Aand B represents the sides of the Pythagorean triangle then 3(x - y) is a nasty number.

2) p+7w+500PR, =0 when B =(A+1)

3) p+7w+1000P2 =0 when B = A(A+1)

4) p+7w+15000H, =Owhen B = A2A +1)
5) p+7w+500CP,s =0 when B=A’

6) p+7w+3000P2 =0 when B =(A+1)(A+2)
7)  p+7w+3000P; =0 when B = (2A+1)(A+1)
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C. Method 3
Observe that (3) is written in the form of ratio as
(W+Vf_@—p)_gwﬂ¢0 (14)

(v+p) (w-v) 5
which is equivalent to the system of double equation
pw-ap=via-p)

aw+pBp=vie+p)
Applying the method of cross multiplication, we get

w=-a?+p%-2ap

p:a27ﬁ272aﬁ (15)
v=a?+p?

In view of (2), we have

X:u+oc2+ﬁ2 (16)

y=u-a’-p
z:a2+ﬁ2

Thus, (15) and (16) represent the non-zero distinct integer solutions to (1).

IV.CONCLUSIONS
In this paper, we have made an attempt to find infinitely many distinct integer solutions to the homogeneous bi-quadratic equation

with five unknowns given by x* —y*+ 2(x2 - yz)(w2 + p2)= 4(x3 + ys)z . To conclude, one may search for other choices of
solutions to the considered bi-quadratic equation with five unknowns.

REFERENCES

[1]  Gopalan.M.A., Vidhyalakshmi.S and Lakshmi.K, On the biquadratic equation with four unknowns x2 + Xy + y2 = (z2 +zwW+ w2 )2 JJPAMS, 5(1), 73-
77,2012.

[2]  Gopalan.M.A., Sumathi.G and Vidhyalakshmi.S, Lattice Points of non-homogeneous biquadratic equation with four unknowns x4 — y4 = Z%z(x3 + y3 )+ w,
International Journal of latest Research in Science and Technology, 2(1), 502-504,2013.

[3] Gopalan.M.A., Vidhyalakshmi.S and Kavitha.A, Integral solutions to the biduadratic equation with four unknowns (x +y+z+ W)2 = Xyzw +1, IOSR-IM,

7(4),11-13,2013.
[4] Gopalan M.A, and Sivakami.B, Integral solutions of quartic equation with four unknowns

x3 4+ y3 4 2% = 3xyz + 2(x + y)w?, Antarctica J.Math.,10(2),151-159,2013.
[(] Manju Somanath, Sangeetha.V and Gopalan.M.A, Integer solutions of non-homogeneous biquadratic equations with four unknowns
4(x3 + y3)= 31(k2 +3s2 )zw3 , Proceedings of ICOMAC, pp.296-299,February 2015.

6 Meena.K, Vidhyalakshmi.S, Gopalan.M.A. and Aarthy Thangam.S, On the biquadratic equation with four unknowns X3 + 8 :392W3 , International
y

Journal of Engineering Research-Online, 2(1), 57-60,2014.
[71 Manju Somanath, V.Sangeetha and M.A.Gopalan, Integer solutions of non-homogeneous biquadratic equation with four unknowns

Xy + (k2 +1)z2 =22 , proceedings of ReDeEM, Thiagarajar college, Madurai, 119-124, March 2015.

[81 Manju Somanath, V.Sangeetha and M.A.Gopalan, Integral Solutions of the non-homogeneous heptic equation with five unknowns
x3 - y3 —(x2 + y2)+ 2owi=2+ 5(x - y)(z —W)2 p4 , International Journal of Scientific and Research Publications, Volume 5,Issue 1, Page:1-
3,January 2015.

[91 Gopalan.M.A, and Geetha.V, On the homogeneous biquadratic equation with five unknowns x4 — y4 = 5(22 —WZ)TZ, Global Journal of Engineering
Science and Researches, Vol.2(6),pp.30-37,2015.

[10] Gopalan.M.A, and Geetha.V, On the non-homogeneous biquadratic equation with five unknowns xS — y3 =z% —w® +12t* , International Journal of current
Research, Vol.7(8),pp.19519-19522, 2015.

[11] Gopalan M.A. Kavitha.A, and Kiruthika.R, “Observations on the biquadratic equation with five unknowns 2(x -y x° + ys): (1+ 3k2XX 2y Z)NZ
International Journal of Research Journal of Engineering and Technology,2(3),1562-1573, June 2015.

©IJRASET: All Rights are Reserved



d lIsRA

ef n\m
cross’ COPERNICUS

10.22214/1JRASET 45,98 IMPACT FACTOR: IMPACT FACTOR:
7.129 7.429

INTERNATIONAL JOURNAL
FOR RESEARCH

IN APPLIED SCIENCE & ENGINEERING TECHNOLOGY

Call : 08813907089 (V) (24*7 Support on Whatsapp)




