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Abstract: Quaternion doubly stochastic matrices are described which have entries from an quaternion vector space H. The
extreme points of this convex set of matrices are studied, and convex subsets of H are identified from which these extreme
matrices are of a permutation matrix type. i.e., for which a Birkhoff theorem holds.
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I.  INTRODUCTION
Much of the research in this area has concentrated on extending this result. Problem I11, [3], recently a new directions for this work
was introduced in independent papers by peter M.Gibson (4) and M.H. Clapp and R.C.Shiflett (3), which generalize the entries of
the matrix from real numbers to more general algebraic systems.
Gibson considers doubly stochastic matrices with entries from a ring, while clap and shiflett work entries from convex subsets of the
unit square.
Our main concern to understand the geometric nature of the set of quternion doubly stochastic matrices through the extreme points
of the set and to determine when a Birkhoff’s theorem holds.

Il. NOTATION AND TERMINOLOGY
In this paper H will be an quaternion vector space and Z will be a convex subset of H. We will denote the set of extreme points of
any convex set C by Ext C.

The convex set Z assumed to have the zero element in H in its extreme points. i.e., 0 € EXt Z, and a fixed non-zero in u in

Ext Z letters such as s,t,m and n are natural numbers.
AMS Classification: 12E15, 34L15, 15A18, 15A42, 15A60, 15A66

1) Definition 3.1: An N XN quaternion doubly stochastic matrix M with entries from Z is called Z-quaternion doubly stochastic
relative to u if the row and column sums of m are all u.

The set of all NxN Z-quaternion doubly stochastic matrices relative to u is denoted by M, (Z) . For M € M, (Z) , we write
n n

M:[Xst] , where X, € Zand szt :szt =u
t=1 s=1

2) Definition 3.2: Let {uS :s=12,..., Z} be a set of Z-linearly independents vectors from H. The Z-box[1] spanned by these

vectors is the set. qo’ul’uz’m’uZ]: XZ;%US OSO& = . Where U = Zn:us :

s=1
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I1l. BIRKHOFF’'S THEOREM ON Z-BOXES
A matrix M is an extreme point of the set of N XN quaternion doubly stochastic matrices if and only if each entry of M is extreme
in[0,1]

A. Proposition 4.1

M, (Z) is convex

Proof

Consider M, =[x,] ad M,=[y,]in M (Z). Then oM, +1-0)M,=[ax,+{@-a)y,] and

oXy, +(1—-a)y, € Zfor every o €[0,1]finally Z[ocxSt +(1-a)y.l= (xz Xq+ (- OL)Z Ye=0Uu+(1l-a)u=u
t=1 t=1 t=1
.Since the same works for s, M, + (1-a)M, e M (2Z)

B. Proposition 4.2
If for M=[X,]€ M, (Z) everyentry X isin Ext z, then M € Ext M, (2)
Proof

1
If MgExt M, (Z) then there exists M, =[y ]and M, =[z,]in M, (Z)such that M, # M,and M =§(M1+ M,).
o 1 . .
However, this implies for some entry X =§(ySt +Z,) with Y, # Z, and both in Z. Therefore X, & Ext Z.

1) Theorem 4.3: (The Birkhoff’s theorem for Z-boxes)
n
Let Z be the Z-box spanned by the linearly independent vectors {ul,uz,...,uz}with Zu
s=1

=Uu. Then M=[Xg]is in

S

Ext M, (Z)if and only if its entries X, is in Ext Z.

Proof
The proof is given in a series of lemmas.

2) Lemma4.4:Let M (Z,) and M, (Z,) bethe nxn quaternion doubly stochastic matrices over Z, relative to the extreme
point U, #0 and Z,relative to the extreme point U, #0 , respectively, If U, +U,=Uand Z, +Z,=2Z, then
Mn(zl)+ Mn(zz) < Mn(z) '

Proof
If M, =[x,]1eM, (Z) thenz:xSt = szt =u, . Similarly for M, =[y,]€ M, (Z,). We have Z:yst = Z:yst =u,.
S t s t

Thus M =M, +M, =[x, + Yy ]e M (Z,+Z,)isin M, (Z). Since D (X +Yq) =D (Xy +Yy) =U;+U, =U.
s t

3) Lemma 4.5: Let C, C, and C, be convex subsets of some vector space H with C, +C, < C, and let X, + X, = X with

X, €Cand X, €C,, if x € Ext Cthen X, € Ext C,and X, e Ext C,.
Proof
Suppose X, ¢ Ext C,;then X, =ay+a € (0,1) where yand zarein C,but not equal to X, consequently

X=oa(y+X,)+(1-a)(Z+X,) andsoxisnotin Ext C.
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m
4) Lemma4.6: If Zisthe Z-box S[0,u,,...,U,] where Ugare linearly independent then | = Zuss € Ext Z. Forany
' s=1
collection of subscripts S;,S,,...,S,.
Proof

m Kk Kk
Let Z= z ug = Ez ou,+(1- E)ZBSUS where o, and B, come from [0,1]and E € (0,1) . Then
S=1 S=1 S=1

Kk z m
Z[EOLS +(1-E)B,]u, —Z:[EocS +(1-E)B,]u, —Z u, = 0. By linear independence Ea., + (1—E)B, =1for subscripts
s=1 51

S=1
S, Syand Eoa +(1-E)B, =0. Otherwise thus o, =B, =1for S;,...,S and o, =B = 0 otherwise So | € Ext Z.

5) Definition 5: Let H be a convex subset of a quaternion vector space. A point M € H is called an extreme point if it is not an
interior point of any line segment in H.That is M is extreme if and only if whenever M=0aM, +(1-a)M,,

a €(0,1),M, = M, implies either M, #H (or)M, = H.
a) Example 5.1: The set [0,1] is a convex set and 0,1 are the extreme points.
b) Lemma5.2:Let Z, +Z, =2, with U +U, =U,asin Lemma(3.5),if M=M, +M,, M, e M, (Z,) and
M, e M, (Z,) andif M € Ext M (Z) then M, e Ext M, (Z,) and M, e Ext M (Z,).
c) Lemma5.3:Let U, and U, be linearly independent, Z, = S[0, u,] and Z, =S[0, u,] with Z the Z-box, Z=2Z, +Z,,

U,+U, =U.Then M=[X_]isin Ext M, (Z)if and only if each of its entries X, isin EXtZ.
Proof
Suppose that M =[x, ] € Ext M, (Z). Then X, = a,U, +B,U,, where o, and B come from [0,1] Since

u= szt = Z(ocS +U +B,+U,) = (Z Olg jul +[ZBstju2 and U, +U, = U, the linear independent of U, and
S S S S

U, implies Zast = Zﬁst =1.Similarly Zast = Zﬁst =1. This say that M, =[a,,U,] € M, (Z,) and
S S S S

M, =[ByU,] €M, (Z,) with M =M, + M, . By lemma (5.3) M, e Ext M, (Z,) and M, € Ext M, (Z,) . Then by
proposition (4.2), the entries of M are either 0 or U, and for M, they are 0 or U, . Thus the entries of M are from

O,u,u,,u,,u, +u, =ut=Ext Z.
{ 10 Y21 M1 2 }

Z
The final step in the proof of our theorem is an induction.let Z be a Z-box S[O,u,,...,u,] Z Us=U .Let Z, =S[0,u, | and
S=1

k,[0,Uy,.... U, |sothat Z=Z,+Z,.
Proposition (4.2) and Lemma (5.3) get the induction started. Suppose our theorem holds for all sets which are
(Z—1) boxes. Let M =[x, ] € Ext M, (Z) then

Z

n n V4 VA n
Xt =20€qu| , Ogy €[0,]] UZZX“ - [ZOLSHUIJ :Z[ i jUI
! S=1 S 1=1 s=1

1=1 =1 1=1
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Z n n
However U = ZU, , and by linear independence, ZOLSﬂ =1. SimilarlyZocStl =1.Now, we may write

1=1 S=1 t=1
Z-1 n n
M= [OLStZUZ]-FZ[(XSﬂU' ] and ZOLSQUZ = Zastzuz =U,.ThusM, = [astzuz] € M, (Z,) . Furthermore,
1=1 S=1 t=1
n z-1 Z-1 n Z-1 Z-1
Zzastlul = [Zastl jul =zu| =Uu-u; and M, :|:Zastlul } eM,(Z,).
S=11<=1 1=1\ S=1 1=1 1=1

From the lemmas we have M, € Ext M, (Z,) and M, € Ext M, (Z,) and the entries of M, come from {O,u,} .By the

induction hypothesis, the entries of M, come from Ext k2 . Thus every entry of M is extreme by lemma (4.6).

IV. BIRKHOFF’S THEOREM

The set of N XN quaternion doubly stochastic matrices is a convex set whose extreme points are the permutation matrices.
Proof
1) The class of N XN quaternion doubly stochastic matrices is a convex set and is called under multiplication and the adjoint

operators. It is however not a group.
2) Every permutation is doubly stochastic and is an extreme point of the convex set of all quaternion doubly stochastic matrices.
The harder part is showing that every extreme point is a permutation matrix. For this we need to show that each quaternion doubly
stochastic matrices is a convex combination of permutation matrices.

This is proved by induction on the number of positive entries of the matrix. Note that if A is quaternion doubly stochastic, then it
has at least n positive entries. If the number of positive entries is exactly n, then A is a permutation matrix.

We first show that if A is quaternion doubly stochastic , then A has at least one diagonal with no zero entry. Choose any
K x I submatrix of zeros that A might have. We find permutation matrices P,, P, such that P,AP, has

O B
PAR = L

A. Corollary 6.1

1) The class of NXNquaternion doubly stochastic matrices is a convex set and is closed under multiplication and the adjoint
operator. It is however, not a group.

2) Every permutation matrix is quaternion doubly stochastic and is an extreme point of the convex set.

B. Lemma6.2
Let A be a quaternion doubly stochastic matrix. Show that all eigen values of A have modules less than or equal to 1, that 1 is an

eigen value of A and that ||A|| =1.
Proof
If A is quaternion doubly stochastic then |Ax| <A( |X| ) where, as usual, |X| =( |X| = ( |X1|,...,|Xn| ) and we say that

X<yif X; <y, forall J.

C. Theorem6.3

A matrix A is quaternion doubly stochastic if and only if A, < X for all vectors x.

Proof

Let A, <X for all X. First choosing Xto be eand then €, =(0,0,...,1,0,...,0) 1<i<n, one can easily see that Ais
quaternion doubly stochastic matrix.
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Conversely, let A be quaternion doubly stochastic. Let Y = A, to prove Yy < X we may assume, with out loss of generality that

the co-ordinates of both X and Y are in decreasing order. Now note that for any K, 1<k <n,

n k n

PRADIIRS

s=1 s=1 t=1
k n
If we put U :zast ,then 0< U, <land ZUS =K. We have
s=1 s=1

n k n k n k n

ZyS —sz :Zusxs —sz =) UX, —sz +(k—Zui)xk
s=1 =1 =1 s=1

s=1 s=1 s=1 S: S

n

=30 -+ D 0% %)

s=k+1

Further, when K =N, we must have equality here simply because A is quaternion doubly stochastic matrix. Thus y<X.

D. Theorem 6.4
Is the convex combination of quaternion doubly stochastic matrices is also a quaternion doubly stochastic matrices.
Proof

Let’s say A and B be two quaternion doubly stochastic matrices.
M=(1-mA+mB, MeR, 0<m«<1

n
- th
Sum of the i™ row as le m,
J:

n n

D m;=> (@-m)a; +mby) = (1-m)>a, erzn"bij =@-m)+m=1

n
U=1 i j=1

E. Theorem6.5
Show that if a square matrix is quaternion doubly stochastic skew-symmetric then it diagonal entries must all be 0.
Proof

Let A be an NxNquaternion doubly stochastic skew-symmetric doubly stochastic matrix.
Then by definition A" =—A
Let A=(a;) 1<i,j<n  AT=(a;))"=a;, 1<ijsn  AT=—A=—(a;) 1<i,j<n, When i=]

a;=-a;=2a;=0 a;=0 1<i,j<n

F. Theorem 6.6
Let A be NxN quaternion doubly stochastic matrix over H . The quaternion doubly stochastic matrix A will be called a

symmetric if a; =4 foralliandj, A= AT j.e., if amatrix is equal to its transpose matrix.

Proof

Let Zbe a set of all NxNquaternion symmetric doubly stochastic matrix. Let W be a quaternion space of all Nx N quaternion
doubly stochastic matrix over a field H .We have to prove that W is a quaternion subspace of Z.

Let (A),,, and (B)

AeB= (aij)nxn i (bij)nxn = (‘aij eb ) = ‘aij

Hence the product of quaternion symmetric doubly stochastic matrices is also a quaternion symmetric doubly stochastic matrices.

nxn

ij ij

:‘aijOb

nxn nxn ‘ Ulnxn nxn
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V. CONCLUSION

In this paper we discuss about he extreme points of this convex set of matrices and convex subsets of H are identified for which
these extreme matrices are of a permutation matrix type. i.e., for which a Birkhoff’s theorem holds.
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