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Abstract: The binary quadratic equation ࢟૛ = ૜૜࢞૛ + ૝࢚ representing hyperbola is considered for finding its integer solutions. 
A few interesting properties among the solutions are presented. Also, we present infinitely many positive integer solutions in 
terms of Generalized Fibonacci sequences of numbers, Generalized Lucas sequences of numbers. 
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 Notations 
            :),( skGFn Generalized Fibonacci Sequences of rank n. 

                   :),( skGLn Generalized Lucas Sequences of rank n. 
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I. INTRODUCTION 
The binary quadratic equation of the form ݕଶ = ଶݔܦ + 1, where D is non-square positive integer has been studied by various 
mathematicians for its non-trivial integral solutions when D takes different integral values [1,2,4]. In [3] infinitely many 
Pythagorean triangles in each of which hypotenuse is four times the product of the generators added with unity are obtained by 
employing the non-integral solutions of binary quadratic equation ݕଶ = ଶݔ3 + 1. In [5] a, special Pythagorean triangle is obtained 
by employing the integral solutions of ݕଶ = ଶݔ182 + 14. In [6] different pattern of infinitely many Pythagorean triangles are 
obtained by employing the non-integral solutions of ݕଶ = ଶݔ14 + 4. In this context one may also refer [7,8]. These results have 
motivated us to search for the integral solutions of yet another binary quadratic equation ݕଶ = ଶݔ33 + 4௧  representing a hyperbola. 
A few interesting properties among the solutions are presented. Employing the integral solutions of the equation under consideration 
a few patterns of Pythagorean triangles are obtained. 

II. METHODS OF ANALYSIS 
Consider the binary quadratic equation  

txy 433 22  , 0t                  (1)  

with least positive integer solutions is 

,)2(40
tx        ty )2(230   

To obtain the other solutions of (1),  
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consider the Pell equation 

  133 22  xy                                                                                     (2) 

whose general solution )~,~( nn yx  is represented by 

  nnnn fygx
2
1~,

332
1~   

in which, 

     11 3342333423 


nn
nf  

                 ......2,1,0,1,3342333423 11


 ng nn
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Applying Brahmagupta lemma between the solutions of  00 , yx  and  nn yx ~,~ , the general solutions of equation (1) are found to 

be 
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The recurrence relations satisfied by the values of 1nx  and 1ny  are respectively. 

046 123   nnn xxx  

046 123   nnn yyy  

A few numerical examples are presented in the table 1 below: 

Table 1: Numerical examples 
n  

1nx  1ny  

-1 4(2)t 23(2)t 

0 184(2)t 1057(2)t 
1 8460(2)t 48599(2)t 
2 388976(2)t 2234497(2)t 
3 17884436(2)t 102738263(2)t 
4 822295080(2)t 4723725601(2)t 

A. A Few Interesting Relations Between The Solutions Are Given Below 
1) 01841057 113   nnn yxx  

2) 0423 212   nnn yxx   

3) 01842323 212   nnn yxx  

4) 01841057 313   nnn yxx  

5) 060721057 311   nnn yxy  

6) 0231321057 312   nnn yxy  

7) 046 321   nnn xxx  

8) 02310574 321   nnn xxy  
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9) 0234 323   nnn xxy  

10) 0423 121   nnn yxx  

11) 013223 122   nnn yxy  

12) 0423 223   nnn yxx  

13) 023132 223   nnn yxy  

14) 04105723 321   nnn yxx  

15) 023132 321   nnn yxy  

16) 0105713223 231   nnn yxy  

17) 013223 233   nnn yxy  

18) 010576072 331   nnn yxy  

19) 023132 211   nnn yyx  

20) 046 213   nnn yyy  

B. Each Of The Following Expression Represents A Nasty Number 

1)  t
nnt xx )2(4812684276

)2(4
1

2232    

2)  t
nnt xx )2(2208583188276

)2(184
1

2242    

3)  t
nnt xy )2(121584276

2
1

2222    

4)  t
nnt xy )2(27672864276

)2(23
1

2232    

5)  t
nnt xy )2(126843350160276

)2(1057
1

2242    

6)  t
nnt xx )2(4858318812684

)2(4
1

3242    

7)  t
nnt xy )2(276158412684

)2(23
1

3222    

8)  t
nnt xy )2(127286412684

2
1

3232    

9)  t
nnt xy )2(276335016012684

)2(23
1

3242    

10)  t
nnt xy )2(126841584583188

)2(1057
1

4222    
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11)  t
nnt xy )2(27672864583188

)2(23
1

4232    

12)  t
nnt xy )2(123350160583188

2
1

4242    

13)  t
nnt yy )2(48482208

)2(4
1

3222    

14)  t
nnt yy )2(220848101520

)2(184
1

4222    

15)  t
nnt yy )2(482208101520

)2(4
1

4232    

C. Each Of The Following Expression Represents A Cubical Integer 

1)  334312 105723317169
)2(2

1
  nnnnt xxxx  

2)  335313 211363393
)2(4

1
  nnnnt xxxx  

3)  333311 26446792138
2
1

  nnnnt xyxy  

4)  334312 528215846
2
1

  nnnnt xyxy  

5)  335313 558360461675080138
)2(1057

1
  nnnnt xyxy  

6)  435323 4859910571457973171
)2(2

1
  nnnnt xxxx  

7)  433321 26421147926342
)2(23

1
  nnnnt xyxy  

8)  434322 121442114364326342
2
1

  nnnnt xyxy  

9)  435323 558360211416750806342
)2(23

1
  nnnnt xyxy  

10)  533331 26497198792291594
)2(1057

1
  nnnnt xyxy  

11)  534332 5284226158412678
2
1

  nnnnt xyxy  

12)  535333 1558360971981675080291594
2
1

  nnnnt xyxy  
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13)  433321 2926276
2
1

  nnnnt yyyy  

14)  533331 211536345
)2(23

1
  nnnnt yyyy  

15)  534332 92423027612690
2
1

  nnnnt yyyy  

D. Each Of The Following Expression Represents A Bi-Quadratic Integer 

1)  t
nnnnt xxxx )2(12105723422892

)2(2
1

44542232    

2)  t
nnnnt xxxx )2(242113845223

)2(4
1

44642242    

3)  t
nnnnt xyxy )2(6264461056184

2
1

44442222    

4)  t
nnnnt xyxy )2(6528221128

2
1

44542232    

5)  t
nnnnt xyxy )2(63425583604622334401184

)2(1057
1

44642242    

6)  t
nnnnt xxxx )2(124859910571943964228

)2(2
1

54643242    

7)  t
nnnnt xyxy )2(138264211410568456

)2(23
1

54443222    

8)  t
nnnnt xyxy )2(6121442114485768456

2
1

54543232    

9)  t
nnnnt xyxy )2(138558360211422334408456

)2(23
1

54643242    

10)  t
nnnnt xyxy )2(6342264971981056388792

)2(1057
1

64444222    

11)  t
nnnnt xyxy )2(65284226211216904

2
1

64544232    

12)  t
nnnnt xyxy )2(6558360971982233440388792

2
1

64644242    

13)  t
nnnnt yyyy )2(62928368

2
1

54443222  
 

14)  t
nnnnt yyyy )2(138211548460

)2(23
1

64444222  
 

15) 
 t

nnnnt yyyy )2(692423036816920
2
1

64544232  
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E. Each Of The Following Expression Represents A Quintic Integer 

1)  5575335313 21131056552113010
)2(4

1
  nnnnnnt xxxxxx  

2)  5575335313 4226221130104226020
)2(8

1
  nnnnnnt xxxxxx  

3)  5555333311 2644613202302640460
2
1

  nnnnnnt xyxyxy  

4)  5565334312 5282264010528020
2
1

  nnnnnnt xyxyxy  

5)  5575335313 5583604627918002305583600460
)2(1057

1
  nnnnnnt xyxyxy  

6)  6575435323 485991057242995528548599010570
)2(2

1
  nnnnnnt xxxxxx  

7)  6555433321 2642114132010570264021140
)2(23

1
  nnnnnnt xyxyxy  

8)  6565434322 121442114607201057012144021140
2
1

  nnnnnnt xyxyxy  

9)  6575435323 5583602114279180010570558360021140
)2(23

1
  nnnnnnt xyxyxy  

10)  7555533331 2649719813204859902640971980
)2(1057

1
  nnnnnnt xyxyxy  

11)  7565534332 5284226264021130528084520
2
1

  nnnnnnt xyxyxy  

12)  7575535333 5583609719827918004859905583600971980
2
1

  nnnnnnt xyxyxy  

13)  6555433321 2921046020920
2
1

  nnnnnnt yyyyyy  

14)  7555533331 21155105751021150
)2(8

1
  nnnnnnt yyyyyy  

15)  7565534332 9242304602115092042300
2
1

  nnnnnnt yyyyyy  

III. REMARKABLE OBSERVATIONS 
1) The solutions of (1) in terms of special integers namely, generalized Fibonacci nGF  and  

Lucas nGL  are exhibited below. 

)1,46()2(92)1,46()2(2 111   n
t

n
t

n GFGLx  

)1,46()2(528)1,46(
2

)2(23
111   n

t
n

t
n GFGLy  
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2)  Employing The Linear Combinations Among The Solutions Of (1), One May Generate Integer Solutions For Other Choices Of 
Hyperbola Which Are Presented In The Table 2 Below 

Table: 2 Hyperbolas 
S. 
No Hyperbola  YX ,  

1 222 )2(6433 tYX    2112 8368,211446   nnnn xxxx  

2 222 )2(13542433 tYX    3113 816920,9719846   nnnn xxxx  

3 222 )2(433 tYX    1111 846,26446   nnnn yxxy  

4 222 )2(211633 tYX    2112 82114,1214446   nnnn yxxy  

5 222 )2(446899633 tYX   ( 3113 897198,55836046   nnnn yxxy ) 

6 222 )2(6433 tYX    3223 36816920,971982114   nnnn xxxx  

7 222 )2(211633 tYX    1221 36846,2642114   nnnn yxxy  

8 222 )2(433 tYX    2222 3682114,121442114   nnnn yxxy  

9 222 )2(211633 tYX    3223 36897198,5583602114   nnnn yxxy  

10 222 )2(446899633 tYX    1331 1692046,26497198   nnnn yxxy  

11 222 )2(211633 tYX    2332 169202114,1214497198   nnnn yxxy  

12 222 )2(433 tYX    3333 1692097198,55836097198   nnnn yxxy  

13 222 )2(211233 tYX    1221 211446,8368   nnnn yyyy  

14 222 )2(446899233 tYX    1331 9719846,816920   nnnn yyyy  

15 222 )2(211233 tYX    2332 971982114,36816920   nnnn yyyy  
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3) Employing Linear Combinations Among The Solutions Of (1), One May Generate Integer Solutions For Other Choices Of 
Parabola Which Are Presented In The Table 3 Below 

Table: 3 Parabolas 
 

S. No Parabola  YX ,  

1 tt YX )4(81322 2    212232 8368,211446   nnnn xxxx  

2 tt YX )4(6771233)2(184 2    312242 816920,9719846   nnnn xxxx  

3 tt YX )4(2332 2    112222 846,26446   nnnn yxxy  

4 tt YX )4(105833)2(23 2    212232 82114,1214446   nnnn yxxy  

5 tt YX )4(223449833)2(1057 2 
 

 312242 897198,55836046   nnnn yxxy  

6 tt YX )4(3233)2(4 2    323242 36816920,971982114   nnnn xxxx  

7 tt YX )2(105833)2(23 2    123222 36846,2642114   nnnn yxxy  

8 tt YX )4(2332 2    223232 3682114,121442114   nnnn yxxy  

9 tt YX )4(105833)2(23 2    323242 36897198,5583602114   nnnn yxxy  

10 tt YX )4(223449833)2(1057 2 
 

 134222 1692046,26497198   nnnn yxxy  

11 tt YX )4(105833)2(23 2    234232 169202114,1214497198   nnnn yxxy  

12 tt YX )4(2332 2    334242 1692097198,55836097198   nnnn yxxy
 

13 tt YX )4(1056)2(132 2    123222 211446,8368   nnnn yyyy  

14 tt YX )4(2234496)2(6072 2    134222 9719846,816920   nnnn yyyy  

15 tt YX )4(1056)2(132 2    234232 971982114,36816920   nnnn yyyy  

 



International Journal for Research in Applied Science & Engineering Technology (IJRASET) 
                                                                                           ISSN: 2321-9653; IC Value: 45.98; SJ Impact Factor: 6.887 

                                                                                                                Volume 7 Issue III, Mar 2019- Available at www.ijraset.com 
     

313 ©IJRASET: All Rights are Reserved 

4) Employing the following solution ),( yx , each of the following expressions among the special polygonal, pyramidal, star, 
pronic and centered polygonal number is congruent to under modulo 4.  
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IV.  CONCLUSION 
To conclude, one may search for other choices of positive Pell equations for finding their integer solutions with suitable properties. 
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