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Abstract: In this paper, we present p-wavelet frames on positive half-line using Walsh-Fourier transform and also prove a 
sufficient condition for the system {,࣒: ∋  ℤ,  ∈ ℤା} to be a wavelet frame in ࡸ(ℝା).  

I. INTRODUCTION 
In recent years, wavelets have been generalized in many different settings, for example locally compact abelian group, abstract 
Hilbert spaces, locally compact Cantor dyadic group, Vilenkin group, local fields and positive half-line. In this paper our interest is 
in positive half-line. Farkov [12] has given general construction of compactly supported orthogonal p-wavelets in ܮଶ(ℝା). Farkov et 
al. [13] gave an algorithm for biorthogonal wavelets related to Walsh functions on positive half line. Shah and Debnath [19], 
constructed wavelet frame packets on the positive half-line ℝା using the splitting trick for frames. Abdullah [3] has given 
characterization of nonuniform wavelet sets on positive half-line. The characterization of wavelets on positive half line by means of 
two basic equations in the Fourier domain established in [1]. A constructive procedure for constructing tight wavelet frames on 
positive half-line using extension principles was recently considered by Shah in [17], in which he has pointed out a method for 
constructing affine frames in ܮଶ(ℝା). Moreover, the author has established sufficient conditions for a finite number of functions to 
form a tight affine frames for ܮଶ(ℝା). 
In this paper, we investigate wavelet frames on positive half-line ℝା. The main result presented in this paper is sufficient condition 
for the system ൛߰,(ݔ): ݆ ∈ ℤ, ݇ ∈ ℤାൟ to be a wavelet frame in ܮଶ(ℝା). 

II. NOTATIONS AND PRELIMINARIES 
Let  be a fixed natural number greater than 1. As usual, let ℝା = [0,∞),ℕ = {1, 2, … } and ℤା = {0, 1, … }. Denote by [ݔ] the 
integer part of x. For  ݔ ∈ ℝା and for any positive integer j, we set 

ݔ                                              = ,(mod)[ݔ] ିݔ =  (2.1)                                                  ,(mod)[ݔଵି]
where ݔ , ିݔ  ∈ {0, 1, … ,  − 1}.  
Consider the addition defined on ℝା as follows: 

ݔ                                                            ⊕ ݕ = ߦିିଵ
ழ

+ߦି
வ

                                                       (2.2) 

with 
ߦ                                                                  = ݔ + ,(mod)ݕ ݆ ∈ ℤ ∖ {0},                                         (2.3) 

where ߦ  ∈ {0, 1, … ,  − 1} and ݔ , ݕ   are calculated by (2.1). Moreover, we write ݖ = ݔ ⊖ ݖ if ݕ ⊕ ݕ =  where ⊖ denotes ,ݔ
subtraction modulo  in ℝା. 
For ݔ ∈ [0,1), let ݎ(ݔ) be given by  

(ݔ)ݎ                                   = ቐ
ݔ                        ,1 ∈ 0,

1

൰                                                            

߳
 ݔ                       , ∈ ,ଵି݆] (݆ + ݆   ,(ଵି(1 = 1, 2, … , − 1,

                 (2.4) 

where ߳ = exp ቀଶగ

ቁ. The extension of the function ݎ  to ℝା is defined by the equality ݎ(ݔ + 1) = ,(ݔ)ݎ ݔ ∈ ℝା. Then the 

generalized Walsh functions {߱(ݔ)} ∈ℤశ  are defined by 

߱(ݔ) = 1, ߱(ݔ) = ෑቀݎ(ݔ)ቁ
ఓೕ

,


ୀ
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where ݉ = ∑ ߤ
ୀ  , ߤ ∈ {0, 1, 2, … , − ߤ,{1 ≠ 0.  

For  ݔ, ߱ ∈ ℝା, let 

(߱,ݔ)߯                                        = expቌ
݅ߨ2

൫ݔ߱ି + ିݔ ߱൯
ஶ

ୀଵ

ቍ ,                                (2.5) 

where  ݔ  and ߱  are calculated by (2.1).  
We observe that 

߯ ൬ݔ,
݉
ିଵ

൰ = ߯൬
ݔ

ିଵ ,݉൰ = ߱ ൬
ݔ

ିଵ
൰        ∀ݔ ∈ ,(ିଵ,0] ݉ ∈ ℤା . 

The Walsh-Fourier transform of a function ݂ ∈  ଵ(ℝା) is defined byܮ

                                         ሚ݂(߱) = න ,ݔ݀ തതതതതതതതതത(߱,ݔ)߯ (ݔ)݂
ℝశ

                                                 (2.6) 

where ߯(ݔ,߱) is given by (2.5).  
If ݂ ∈   ଶ(ℝା) andܮ

(߱)݂ܬ                                 = න  ݔ݀ തതതതതതതതതത(߱,ݔ)߯ (ݔ)݂



       (ܽ < 0),                             (2.7) 

then ሚ݂ is defined as limit of ܬ݂ in ܮଶ(ℝା) as ܽ ⟶ ∞. 
The properties of Walsh-Fourier transform are quite similar to the classical Fourier transform. It is known that systems {߯(ߙ, . )}ఈୀஶ  
and {߯(. ఈୀஶ{(ߙ,  are orthonormal bases in ܮଶ(0,1). Let us denote by {߱} the fractional part of ߱. For ݈ ∈ ℤା, we have ߯(݈,߱) =
 ߯(݈, {߱}). 
If ݕ,ݔ,߱ ∈ ℝା and ݔ  is p-adic irrational, then ݕ⊕

ݔ)߯                ⊕ (߱,ݕ = ݔ)߯    ,(߱,ݕ)߯ (߱,ݔ)߯ (߱,ݕ⊖ =  തതതതതതതതതത,             (2.8)(߱,ݕ)߯ (߱,ݔ)߯
By a p-adic interval of range n in [0,1), we mean intervals of the form 

()ܫ
 = [݇2ି , (݇ + 1)2ି),        ݇ ∈ ℤା. 

It is easy to verify that  

()ܫ
 ∩ ()ܫ

 = ∅, ݇ ≠ ݈  ܽ݊݀ ራ ()ܫ


ଶିଵ

ୀ

= [0,1). 

For each ݔ ∈ [0,1) and ݊ ∈ ℕ, we denote the p-adic interval of length ି which contains ݔ by ܫ(ݔ). Thus 
(ݔ)ܫ = ()ܫ

  ,(ݔ)
where 0 ≤ ݇ < ݔ  is uniquely determined by relationship ∈  .(ݔ)ܫ
 

III. MAIN RESULTS 
Let 

߰ ∈ (ݔ)ଶ(ℝା),    ߰,ܮ = ݔ)߰ /ଶ ⊖ ݇), ݆ ∈ ℤ, ݇ ∈ ℤା.                          (3.1) 
By taking Walsh-Fourier transform, we obtain  

         ߰,(ߦ) =  (3.2)                                                                  .(ߦି)തതതതതതതതതതതതത ߰(ߦఫି,݇)/ଶ߯ି
Then, we call the function system ൛߰,(ݔ) ∶ ݆ ∈ ℤ, ݇ ∈ ℤାൟ a wavelet frame for ܮଶ(ℝା) if there are two constants ܣ and ܤ, 
0 < ܣ ≤ ܤ < ∞ such that 

ଶ‖݂‖ܣ           ≤ ห〈݂,߰,〉ห
ଶ

∈ℤశ
 ≤ ,ଶ‖݂‖ܤ

∈ℤ

                                                       (3.3) 

for all ݂ ∈  and ܣ for which (3.3) holds are called frame bounds. A frame is a tight frame if ܤ and the smallest ܣ ଶ(ℝା). The largestܮ
ܣ are chosen so that ܤ = ܣ and is a normalized tight frame if ܤ = ܤ = 1. 
For ݆ ∈ ℤ, ݈ ∈ ℤା, we have 

න ߱(ିߦ) ݀ߦ
ೕ(ାଵ)

ೕ
= න ߱(ି(ߦ + ߦ݀ ((݈

ೕ


= න ߱(ିߦ) ݀ߦ

ೕ


. 

Let ݂ ∈ ߰ ଶ(ℝା) andܮ ∈  ଶ(ℝା), thenܮ
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〈݂,߰,〉 = /ଶනି  መ݂(ߦ ⊕ (݈ ߰(ିఫߦ ⊕ ݈)തതതതതതതതതതതതതതതത

∈ℤశ


ೕ


߱(ିߦ) ݀ߦ. 

Applying Parseval’s formula and the fact that {߱ ∶ ݊ ≥ 0} forms an orthonormal basis for ܮଶ[0,1), we obtain 

ห݂,߰,ห
ଶ

∈ℤశ
= න መ݂(ߦ)തതതതതത ߰(ିߦ)ቐ መ݂(ߦ ⊕ (݈ ߰(ିఫߦ ⊕ ݈)തതതതതതതതതതതതതതതത

∈ℤశ
ቑ

ℝశ
 (3.4)        .ߦ݀ 

Now, we first prove a lemma, which will be used in the proofs of the main results. 
1) Lemma3.1. Let ࣞ = ൛݂ ∈ :ଶ(ℝା)ܮ supp መ݂ ⊂ ℝା\{0}ൟ and let ݂ ∈ ࣞ and ߰ ∈ ଶ(ℝା). If  ess supక∈ℝశܮ ∑ ห ߰(ିߦ)หଶ < +∞∈ℤ , 

then 
 

              ห݂,߰,ห
ଶ

∈ℤశ∈ℤ

= න ห መ݂(ߦ)หଶห ߰(ିߦ)หଶ

∈ℤ

ߦ݀ 
ℝశ

+  ܴట(݂),            (3.5)  

where 

     ܴట(݂) = න መ݂(ߦ)തതതതതത ߰(ିߦ) መ݂(ߦ ⊕ ߦఫି)݈) ߰ ⊕ ݈)തതതതതതതതതതതതതതതത ݀ߦ
ℝశ∈ℕ∈ℤ

.         (3.6) 

Furthermore, the iterated series in (3.6) is absolutely convergent.  
Proof. From (3.4), we have 

  ห݂,߰,ห
ଶ

∈ℤశ∈ℤ

= න ቄห መ݂(ߦ)หଶ ห ߰(ିߦ)หଶ + መ݂(ߦ)തതതതതത ߰(ିߦ)
ℝశ∈ℤ

 

                      ×  መ݂(ߦ ⊕ ߦఫି)݈) ߰ ⊕ ݈)തതതതതതതതതതതതതതതത

∈ℤశ
ൡ  ߦ݀ 

                     = න ห መ݂(ߦ)หଶห ߰(ିߦ)หଶ݀ߦ +
ℝశ∈ℤ

ܴట(݂). 

Since ess supక∈ℝశ ∑ ห ߰(ିߦ)หଶ < +∞∈ℤ , and therefore, by the Levi lemma, we obtain 

 ห݂,߰,ห
ଶ

∈ℤశ∈ℤ

 = න ห መ݂(ߦ)หଶห ߰(ିߦ)หଶ

∈ℤ

ߦ݀ +
ℝశ

ܴట(݂). 

Now we claim that the iterated series in (3.6) is absolutely convergent. To do this, let 

ܫ = න ห መ݂(ߦ) ߰(ିߦ) መ݂(ߦ ⊕ (݈ ߰(ିߦ ⊕ ݈) ห݀ߦ
ℝశ∈ℕ∈ℤ

 

     = න ห መ݂(ߦ) ߰(ߦ) መ݂((ߦ ⊕ ݈)) ߰(ߦ ⊕ ݈) ห݀ߦ
ℝశ

.
∈ℕ∈ℤ

 

Note that 

ห ߰(ߦ) ߰(ߦ ⊕ ݈)ห  ≤
1
2 ቀห ߰(ߦ)หଶ + ห ߰(ߦ ⊕ ݈)ห

ଶቁ. 

Therefore, it suffices to prove that 

න ห መ݂(ߦ)  መ݂(ߦ ⊕ ݈) หห ߰(ߦ)หଶ݀ߦ < ∞
ℝశ

.
∈ℕ∈ℤ

                        (3.7) 

Since ݈ ≠ 0 (݈ ∈ ℕ) and ݂ ∈ ࣞ, there exists ܬ > 0 such that for all |݆| >  ,ܬ
መ݂(ߦ)  መ݂(ߦ ⊕ (݈ = 0. 

On the other hand, for each fixed |݆| ≤ ߦ and ܬ ∈ ℝା, there exists a constant ܮ such that for all ݈ >  ,ܮ
መ݂(ߦ ⊕ (݈ = 0. 
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Thus, it follows that only a finite number of terms of the iterated series in (3.7) are non-zero. Consequently, there exists a constant ܥ 
such thsat 

ܫ ≤ ฮ ܥ መ݂ฮஶ
ଶ ฮ ߰ฮ

ଶ
ଶ
. 

This shows that the iterated series in (3.6) is absolutely convergent. 
The following necessary condition for the system {߰, : ݆ ∈ ℤ, ݇ ∈ ℤା} to be a frame was proved by Abdullah [2].  
2) Theorem 3.2. If ൛߰,(ݔ) ∶ ݆ ∈ ℤ, ݇ ∈ ℤାൟ is a wavelet frame for ܮଶ(ℝା) with bounds ܣ and ܤ, then 
 

ܣ                           ≤  ห ߰(ߦ)หଶ

∈ℤ

 ≤ .ܽ    ,ܤ ߦ  .݁ ∈ ℝା .                        

 
 Now, in the following theorem we establish a sufficient condition of the system (3.1) to be a frame in ܮଶ(ℝା) 
 
3) Theorem 3.3. Let ߰ ∈  ଶ(ℝା) such thatܮ

(߰)ܣ = ess infቐห ߰(ିߦ)หଶ

∈ℤ

−ቚ ߰(ିߦ) ߰(ିఫߦ ⊕ ݈)തതതതതതതതതതതതതതതതതቚ
∈ℕ

ଶ
ߦ : ∈ ℝା

∈ℤ

ቑ > 0, 

(߰)ܤ = ess supቐ  ቚ ߰(ିߦ) ߰(ିఫߦ ⊕݇)തതതതതതതതതതതതതതതതതതቚ
∈ℤశ

ଶ

∈ℤ

ߦ : ∈ ℝାቑ < +∞. 

Then ൛߰,(ݔ): ݆ ∈ ℤ,݇ ∈ ℤାൟ is a wavelet frame for ܮଶ(ℝା) with frame bounds ܣ(߰) and ܤ(߰). 
Proof. We can estimate ܴట(݂) by rearranging the series in (3.6),  

หܴట(݂)ห = ቮන መ݂(ߦ)തതതതതത ߰(ିߦ) መ݂(ߦ ⊕ ߦఫି)݈) ߰ ⊕ ݈)തതതതതതതതതതതതതതതത ݀ߦ
ℝశ∈ℕ∈ℤ

ቮ 

                  ≤ቊන ห መ݂(ߦ)หଶ ቚ ߰(ିߦ) ߰(ିఫߦ ⊕ ݈)തതതതതതതതതതതതതതതതቚ ߦ݀ 
ℝశ

ቋ

భ
మ

∈ℕ∈ℤ

 

                                       ቊන ห መ݂(ߦ ⊕ ݈)ห
ଶ ቚ ߰(ିߦ) ߰(ିఫߦ ⊕ ݈)തതതതതതതതതതതതതതതതቚ ߦ݀ 

ℝశ
ቋ

భ
మ

 

                  ≤൝න ห መ݂(ߦ)หଶ ቚ ߰(ିߦ) ߰(ିఫߦ ⊕ ݈)തതതതതതതതതതതതതതതതቚ ߦ݀ 
ℝశ∈ℕ

ൡ

భ
మ

∈ℤ

 

                                       ൝න ห መ݂(ߦ ⊕ ݈)ห
ଶ ቚ ߰(ିߦ) ߰(ିఫߦ ⊕ ݈)തതതതതതതതതതതതതതതതቚ ߦ݀ 

ℝశ∈ℕ

ൡ

భ
మ

 

                 = ൝න ห መ݂(ߦ)หଶ ቚ ߰(ିߦ) ߰(ିఫߦ ⊕ ݈)തതതതതതതതതതതതതതതതቚ ߦ݀ 
ℝశ∈ℕ

ൡ

భ
మ

∈ℤ

 

                                       ൝න ห መ݂(߱)หଶ ቚ ߰(ି߱⊖ ݈) ߰(ିఫ߱)തതതതതതതതതതതቚ ߦ݀ 
ℝశ∈ℕ

ൡ

భ
మ

. 

Therefore 

หܴట(݂)ห ≤න ห መ݂(ߦ)หଶ ቚ ߰(ିߦ) ߰(ିఫߦ ⊕ ݈)തതതതതതതതതതതതതതതതቚ ߦ݀ 
ℝశ∈ℕ∈ℤ

. 

By Levi Lemma, we have  
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หܴట(݂)ห ≤ න ห መ݂(ߦ)หଶ ቐቚ ߰(ିߦ) ߰(ିఫߦ ⊕ ݈)തതതതതതതതതതതതതതതതቚ
∈ℕ∈ℤ

ቑ݀ߦ 
ℝశ

. 

Applying (3.5), we have 

න ห መ݂(ߦ)หଶ ቐห ߰(ିߦ)หଶ

∈ℤ

−ቚ ߰(ିߦ) ߰(ିఫߦ ⊕ ݈)തതതതതതതതതതതതതതതതቚ
∈ℕ∈ℤ

ቑ ߦ݀ 
ℝశ

≤ ห݂,߰,ห
ଶ

∈ℤశ∈ℤ

,     (3.8) 

and  

                 ห݂,߰,ห
ଶ

∈ℤశ∈ℤ

≤ න ห መ݂(ߦ)หଶ ቐቚ ߰(ିߦ) ߰(ିఫߦ ⊕ ݈)തതതതതതതതതതതതതതതതቚ
∈ℕ∈ℤ

ቑ ߦ݀ 
ℝశ

.                   (3.9) 

Taking infimum in (3.8) and supremum in (3.9), respectively, we obtain 

ଶଶ‖݂‖(߰)ܣ ≤  ห݂,߰,ห
ଶ

∈ℤశ∈ℤ

≤  ,ଶଶ‖݂‖(߰)ܤ

which holds for all ݂ ∈ ࣞ. This completes the proof of the theorem.  
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