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Abstract: In this chapter, we evaluated ten integrals associated with hypergeometric function of four variables of matrix
argument with their statistical distribution. All the matrix involved were real positive definite symmetric of order m x m.
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L. INTRODUCTION
In this paper, we have evaluated forty integrals associated with hypergeometric function of four variables of matrix argument with
their statistical distribution. All the matrices involved are real positive definite symmetric of order m x m. We will start with
introducing matrix sequences, matrix series, and concepts analogous to convergence of series in scales variable. A matrix series is

obtained by adding up the matrices in a matrix sequence. For example if Ag,Aq, A, ......... is matrix series given by
FA) = Y A, (1.1)
k=0

If the matrix series is a power series than we will be considering powers of matrices and hence in this case the series will be define
only for n x n matrices,for an n x n matrix A. consider the series.

GA) =D a A (1.2)
k=0
where a, a, ........ ay are scalars.

As in the case of scalars series, convergence of a matrix will be defined in terms of the sums.
A general hypergeometric series ,Fq(.) in a real scalar variable X is defined as following :

2 (8y), e @), X'
F (al, .......... a ;bl, ......... b ,X)=
o ; i Zol (B,)nnene(By), 1!

(1.3)

For @m =a@+1)........ (atm-1)
(@ =1 a=0

For example:  oFo (;; X) = €

1Fo (o ; X) = (1-x)™ for [X| <1
In (1.3) there are p upper parameters ay, ....... , @ and ¢ lower parameters by, ............ , bg. The series in (1.3) is convergent for all
|X| < 0 ifq >p, convergent for |X|<I if p = g+1, divergent for all X, X #0,if p> q+1 and the convergence. Condition for X =1 and X
= -1 can also be worked out. A matrix series is in n x n matrix. A corresponding to the right side in (1.3) is obtained by replacing X
by A, thus we may define a hypergeometric series in an n x n matrix. A as follows.
2 ) T (@,), X'

F ) eiaaeas by, by A)= ,
oo BB SRR TS SR

(1.4)

where a, ......... Ay, by b, are scalars.

The series in (1.4) is convergent for all A is g > p convergent for p = g + 1 when the Eigen values of A are all less than 1 in absolute
value and divergent when p>q + 1.

Similarly, it may be defined for two, three and four variables. Other definition involving in this chapter for four variables of m x m
matrix. Exactly similar analogous in scalar variable due to Exton (1985). In what follows we shall take p, g, r, and s to be positive
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integers of the symbols X and A (n, a) stand the sequence of parameters of square positive definite matrices Xy, X,,....... X, of order
a a+l a+n-1 .

nxnand —, pereee —— respectively.
n n n

Also, in all be established here after, proper conditions of convergence of the involved are assumed. In which follows X, Y, Z, T, U
etc. matrices are positive definite symmetric of same order m x m.

1. INTEGRALS OF FOUR VARIABLES WITH STATISTICAL DISTRIBUTION ASSOCIATED WITH
HYPERGEOMETRIC FUNCTION OF MATRIX ARGUMENT
The formulae to be established are as following :

m+1 m+1

1) Result 1: J:U (-vu) 2 Fl(a,l-a;c;%).

Fla,a,a,,a, by, by, by, by, ¢, €, G, € X(H-U)T,Y(1-U)", Z(1-U)" T(1 - U)" |dU

a,,a,,a,a,, b,b,b,b,c,c, c,c,; A, b), A(n c+b b),
=LF 2 (2.1)
n 1+c +b n 1+c+b a
A(2 ), A(n, c+Db), A(— c+b+a), A(—= f) X,Y,Z T

where

Fa, a2, 8, by, by, by, by, ¢ ¢y 65 G (- U)X, (1-U)'Y, (1-U)'Z, (1- U)'T |

= (al)p+q+r(az)s(bl)p+q+r+s
qu; 0 p!q!r!S!(Cl)p(CZ)q(CB)r(C4)S

so that
Fla, a2, 8, b, by, by, by, 6, 6, G, € (U)X, (1-U)Y, (1-U)'Z, (1- U)'T |

=R 0-UX -0y, (-U'Z,(1-U)'T]

(1-U)PX°(1- V)Y (1-U)"Z' (1 - U)"™T°

m+1 m+1
2 ) 4
Then a probability density function (p.d.f.) of (3.2.1.) is given by: F(U) = (I U) 2 Fl(Xl)Fl (XZ)
LE (xs)
= 0 else where
U
where y; = (a,a- 1; C; ?)
e =[(1-UYX, (1-U)Y, (1-U)'Z, (1-U)'T]
a;, a,, a,, a,, b1’ b1’ bl’ bl’ C1y G5y 3y Gy A(Il b) A( . %L
A=
(E ﬁ) Aln, ¢ +b), A(— c+b+a), A(” W) X,Y,Z,T

m+1 m+1

2) Result 2: ju Z(1-U) 2 B 1- ac—) F4[(I u)"X, (1-U)"Y, (1-U)"Z, (1 - )" T]

+ b
= al,al,az,az,bl,bl,bl,bl,cl,cz,cg,c4;A(n,b),A(— ) (2.2)
LF,
(1 %) A(n, ¢+ b), A(—,c+b+a) A(n—%) X, ¥, 2, T
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where

F (2, a,,8,,8,, by, by, by, by, €, €5, €5, G5 (1- U)X, (1-U)'Y, (1-U)'Z, (1- U)'T)

= 3 (al)p+q(aZ)r+5(bl)p+q+r+s CTINPSCP LT I NN (] L N | PSS
_p'quo PIGIISI(C,), (C, ), (o), (Ca)x (1-U)®X(1- U)™Y(1- U)™Z (1 - U)™T

m+1 m+1
2 (1-U) 2 F(x)E
Then a probability density function (p.d.f.) of (3.2.2) is given by: F(U) = ( )4 100)F (1)
LF; (cs)
= 0 else where
8,181,812, 01.D3,D1, b, €1, .,64,0.3 A, B), A, <20)

where y, = 1 b 1 b
A(%, TCHDy A, c+b), A(g,c+ b+a), A(%,#);X,Y,Z,T

m+1 m+1

3) Result 3: jo'ua'T(l -U) 2 Fya, l-a;c;%). F;[(| -U)"X, (1-U)"Y, (1-U)"Z, (I - U)”T]du

nc+b
a,,a,, a,,as b, b,b,b,c,cC,, CyCy; A, b), A(E’T)’
=LF; Lscb Ltotb (2.3)
A(%,%), An, ¢ + b), A(%, c+b+a), A(%,%); X.Y.ZT

where

R (ay a8, 84, by, by, by, by, 6, €, €, G5 (- U)X, (1-U)'Y, (1-U)'Z, (1- U)'T)

= 3 (al)p+q(aZ)r+5(bl)p+q+r+s CTINPSCP LT T NN (] L N L | PSS
_p'quo PIGIISI(C,), (C, ), (), (Co)e (1-U)®X(1- U)™Y(1- U)™Z'(1 - U)™T

o m+1 m+1

a-—— b-——=
2 (I- 2 E()F
Then a (p.d.f.) of (2.3) is given by : F(U) = v (I-Y) ; 100)F (1)
LF (xs)
= 0 else where
] nc+b
a,,dy,8,, 8,5, by, by, b, by, ¢, ¢y, €4, €4 An, D), A(Ea 2 )
where x5 = l+c+b L+ctb
A(%,%), An, ¢ +b), A(%, c+b+a), A(%,u); X,Y,Z,T

m+1 m+1

4) Result 4 jo'ua'Ta V) ? Ry l- a;c;%). FL(-UyX, (1-U)'Y, (1-U)'Z, (1- U)'T |dU

nc+b
a,,a,,a,,a;, by, b, b, by, ¢, ¢, 5, €5 Aln, b), A(E’—)’

-LF 2 2.4

A(%,%), A(n, ¢ + b), A(%, ct+b+a), A(%,M); X Y. ZT
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where F, (a,, a,,a;,a,, b, by, b,, by, ¢, C,, €505 X, Y, Z, T)

- i (al)p+q+r+s(b1)p+q+s(b2)r XquZrTs
p,g,rs=0 p!q!r!S!(Cl)p(CZ)q(CB)r(C4)S

m+l m+1
2 2 4
Then a (p.d.f.) of (2.4) is given by : F(U) = (I-Y) - R0 )F, ()
LF, (xe)
= 0 else where
nc+b
a,,a;,a;, 8, b, b, b,, by, ¢, ¢, €5 €45 Aln, b), A(_’T)
where s = n1+c +b nl+c+b-a
A(2 =~ ), A(n, ¢ +b), A(— c+b+a), A(— #) X,Y,Z, T

m+1 m+

5) Resunsj Uz g-uy 2z Fl(a,l-a;c;%).F;[(l-U)”X, (1-U)Y, (1-U)"Z, (1-U)'T]du

a,,a,,a,a,, b,b,b, b, c,c,,c, C,i Aln, b), A(n ﬂ),
|_|:4 2 (2.5)
n 1+c+b n 1+c+b a
A(— ——), An, C+b),A( ,ct+b+ta), A( #) XY, Z, T

where F'(a,, a;, a,, 8,, b, b, b,, b,, ¢, ¢y, €5, C X, Y, Z, T)

= (al)p+q+r(a2)s(bl)p+q(bz)r+s
2

- XPY9Z'T®
p,g,rs=0 p!q!r!S!(Cl)p(CZ)q(CB)r(C4)S

o m+1 m+1

h-——=
2 (1-v) °? |:1(X1)F54(X2)
LR (1)
= 0 else where

Then a (p.d.f.) of (2.5) is given by : F(U) =

Ay, 8y, 8y, 8y, bl’ bl’ bz’ b2’ C;, Cy, C3, Cy5 A(n, b), A(E’ﬂ)

where 17 = l+c+b 1+ 2+ b
A(g “FCTDy Am, c+b)A(—c+b+a)A(n%)X,Y,Z,T

S m+1 m+1

2 (I U) 2

Result 6:~[0 Fi(a, 1- a;c;%). F [(I -U)"X, (1-U)"Y, (1-U)"Z, (1 - U)”T]dU

6)

a,,a,,a,a,, b,b, b;,b,c,c, cyc,; A, b), A(n Lb),
|_|:4 2 (2.6)
= n1+c+b n1+c+b a

A(— ——), An, C+b),A( ,ctbta), A(- f) XY, Z, T

where F (al,al,al,az,bl,bz,b3,bl,cl,cz,cs,c4;X,Y,Z,T)

©IJRASET: All Rights are Reserved 931



International Journal for Research in Applied Science & Engineering Technology (IJRASET)
ISSN: 2321-9653; IC Value: 45.98; SJ Impact Factor: 7.177
Volume 7 Issue IX, Sep 2019- Available at www.ijraset.com

- i (al)P+q+r(az)s(bl)p+s(b2)q (b3)s
oo PlAInsI(c,), (€,), (), (G4 )

XPYIzZ'T*

m+1 m+1

2 a2 4
Then a (p.d.f.) of (3.2.6) is given by : F(U) = (I-Y) ; R0 )F (cz)
LR (xs)
= 0 else where
A
wherexsS| 1+c+b n 1+c+b a
A(— ), A, c+b),A( ,c+b+a), A(— #) X,Y,Z, T

m+1 m+1

7 Resun7:[ U2 (1-U) 2 Fa1- ac—) -0 (1-U)"Y, (1-U)'Z, (1- U)'T ] dU

nc+bh
a,,a,, a,,a, b,b,, b,b, c,c,, c; c,; An, b), A(—,T),
=LF’ Lic+b N 14c+b (2.7)
A(% ZFCTDY A, c+b), A(— ct+b+a), AL %) X.Y.Z T

where F;‘(al,al,az,az,bl,bz,bl,bz,cl,cz,cs,c4;X,Y,Z,T)
- i (al)p+q(aZ)r+s(b1)p+r(b2)q(b3)s
p,q,r,s=0 p!q!r!S!(Cl)p(CZ)q (C3)r+s(c4)s

XPYiz'T®
) m+1 b- m+1
4
2 (1-u =2 |:1(X1)F7 (X2)
LF (xs)
= 0 else where

Then a (p.d.f.) of (3.2.7) is given by : F(U) =

ay, 8y, 8, 8y, bl’ b2’ bl’ b2’ C;, Cy, C3, Cy; A(n, b), A(E’ﬂ)

where 1o = l+c+b 1+ 2+b
A(g 2TCFD A, c+b)A(— c+b+)A(n %) X.Y.ZT

m+1 m+1

8) Resunsju 2 (1-U) 2 Fa1l- ac—) RLI-U)X, (1-U)"Y, (1-U)'Z, (1-U)'T [dU

nc+b
. a,, d;, a,, d,, b1’ bzi b1’ bS,Cl,Cz,CS,C4,A(n b) Al T)’
=LK 2.8
nl+c+b n1+c+b a @8)
A(— T) A(n,C+b),A( . +b+a), A(- f) X, Y, Z, T

where F; (al,al,az,az,bl,bz,bl,b3,cl,c2,c3,c4;X,Y,Z,T)

(@) g @)rs (0, (0,)y(03),
2

- XPYIZ'T?
p,q,r,s=0 plqlrlsl(cl)p(CZ)q (CB)r(C4)S
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L p_m+l
U 2(1-U) 2 FR@uF
Then a (p.d.f.) of (2.8) is given by : F(U) = ( )4 100)Fs (t2)
I—Fs(Xlo)
=0 else where
n c+b
where 7 = a,,a,,a,,a,, b, b, b, b, c,c, c,c,; Aln, b)’A(E’T)’
A(%,%),A(n,chb),A(%,chb+a),A(%,%);X,Y,Z,T

S m+1 pom+1

9) Resungzjo'ua 2 (1-U) ? Fl(a,l-a;c;%).F;[(l-U)”X, (1-U)Y, (1-U)"Z, (1-U)'T]du

c+b

n
_ a,, a,,a,,a,,b,b,b,b,c,c, ;5 A(n, b), A(—, ),
LR n l1+c+b n n21+§+b a &9
Al—,——— =), A +b),A(—,c+b+a), A(—,———— "%y X,Y,Z, T
(2, > ), A(n, ¢ +b), (2,0 b + a), (2, 5 ), X, Y, Z,
where F(a,,,,8,,a,,b,,b,,b,,b,,¢,,C,,C,,6;X,Y, Z,T)
- i (al)p+q+r(az)s(bl)p+q+r+s XquZrTS
p.g,r,s=0 p!q!r!S!(Cl)p+s(C2)q(CB)r
_m+l b_m+1
2 (1-VU) 2 R(y)E
Then a (p.d.f.) of (2.9) is given by : F(U) = ( )4 100)F ()
LF, (Xn)
=0 else where
a,,a,,a,a,,by,by,b;,b,cy,cC,,cy, Cp5 Aln, b),A(ﬂ,CJr b),
where y1; = 2 2
AL I by A crbray, AL EEETR ) v 7T
2 2 2 2 2
| a.mtl p.m+1
10) Result 10: joua 2 (1-U) ? Fl(a,l-a;c;%). Fo[ (1-U)'X, (1-U)"Y, (1-U)'Z, (1- U)'T |dU
n c+b
o a,,a,, a,, a, b,b,b,b,c,c,, c,cy An, b), A(E’T)’ )10
~ LR nl+c+b n nl+c+b-a (210
A(_’—)D A(l’l,C+b), A(_7C+b+a)’ A(_a—)a XyszlT
2 2 2 2
where Fi(a,,2,,8,,a,,b,,b,,b,,b,,¢,,C,,¢,,C: X, Y, Z,T)
- i (al)p+q(az)r+s(bl)p+q+r+s XquZrTs
p,q,r,s=0 p!q!r!S!(Cl)p+r (Cz)q (CS)S
L _m#
U 2(1-U) 2 FlFR:
Thenap.df. F(U)= ( )4 1[X1] 10[%2]
LFlo[Xlz]
= 0 else where
n c+b
where 71, = a,,a,,a,,a,, b,b,b,b,c,c, c,cC, A(n, D), A(E’T)’
n 1l+c+b n n 1l+c+b-a
A(—,———),A(n,c+b),A(—,c+b+a), A(—,————); X, Y, Z, T
(2 > ), A(n, ¢ ) (2 c a) (2 > )
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I1l.  SOLUTION OF INTEGRALS
One of the proofs is expressing the quadruple hypergeometric function in terms of equivalent series, in the integrand of the (2.1).
We find that the integral becomes
m+1 m+1

U2 0-0)" 7 RE1 o
. - 1(a, -a,c,?)

Fla,a,,,a, by, by, by, by, 6, 6, G, G (- U)X, (1-U)Y, (1-U)'Z, (1- U)'T |dU

m+1 m+1 w

or
[U720-0 7 Ret-ans) 3 AN[(-UYX (1-U)Y, (1-U)'Z (1-U)'T]dU
0 2 =0 (3.1)

where AP stands for the expression

= (al)p+q+r(az)s(bl)p+q+r+s
p,q,r,s=0 plqlrlsl(cl)p(CZ)q (CB)r(C4)S
We assume that the series is uniformly convergent in the region of integration, the inversion of integration and summation is

infinite, then integral
m+1 m+1

Uz q-u e Fl(a,l-a;c;%)Aﬁ'sq [XP(1-U)° "Y9(1-U)* "Z/(1- U)"T*(1 - U)" |dU

[(-UXP [ - VYT [(-U)Z] [ - V)TT

(3.2)
N paypyazrTs [ a_m2+1 b'mT” Y np+q+r+s)
= > ANXYIZT [ U2 (1-U) Fua 1-aci—). | (1-U) Jau
p,q,rs=0 ' 0 2
el | .Ml b+n(p+q+r+s)mJrl U
= Y AXPYIZTH[ U 7 (1-U) 2 Fy(a1-aic—)dU
r,s 0
p,q,l’,S:O 2
i Fm(c)rm(b+n(p+q+r+s))rm(c+b+n+(g+q+r+s)j
= 2, AEXYZT +bh+n(p+q+r+
P a.rs=0 Fm(c—i—b—i—n(p—i—q—i—r—i—s))rm[(c ( 2q s)-a}
r (1+c+b+n(p+q+r+3)j
- 2 (3.3)
.1“ [(1+c+b+n(p+q+r+s)-a} '
m 2
=L i (al)p+q+r(az)s(bl)p+q+r+s
p,q,r,s=0 p!q!r!S!(Cl)p(CZ)q(CB)r(C4)S
(b)n(p+q+r+s)(c+b) (1+C+bj
2 2
np+q+r+s) n(p+q+r+s) XPYIZITS

ctb+a l+c+b-a
(C+b)n(p+q+r+s)[( ):| [()
%(p+q+r+s)

2 2 :|2(p+q+r+s)

By applying the below mentioned result, we get

k .
(a)kl =kle{(a+J B 1)}
i=1 k
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where k is a positive integral and non-negative, and finally after calculations, we arrive at the result (1).Similarly, other integrals
from (2.2) to (2.10)are all proved. Therefore, ten direct results have been quoted and proved in a similar manner.

(AVA CONCLUSION

This paper deals with classical special function and generalized hypergeometric function of matrix argument (for positive definite
symmetric matrix and hermitian positive definite matrix in complex case). We derived various important formulas which have a
wide range of applications in the field of Mathematical Sciences especially multivariable distribution theory.
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