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Abstract: This Paper is mainly based on State space Analysis based modelling of Zeta Converter for Dynamic stability analysis
and to prove the need of Controller Design. Zeta Converter model is derived using the transfer function using the input and
output of the converter. Zeta Converter is a dc dc converter that consists of four passive components and it can be used to
improve the quality of supply at AC mains by improving the power factor. It can work in both Buck and Boost modes of
operation. Cuk and Sepic Converters are also available in the same group but Zeta has its own advantages as there is Input to
Output DC Insulation and Continuous output Current. There is an issue of Complex equations in the analysis of Zeta converter
therefore a new method based on mathematical modelling is applied to solve these complex equations. As per the Controller
need and Dynamic stability analysis .A model based PI controller is designed for the Zeta converter and the analysis results
are presented below to verify the accuracy of the achieved model and model 1 based controller. It is found to be a very important
tool in power factor Correction.

Keywords: Continuous Conduction Mode (CCM), Zeta DC-DC Converter, Diode Bridge Rectifier (DBR), LED Lamp Driver,

L. INTRODUCTION

Zeta converter based power supply is proposed for LED light with universal input voltage. In proposed LED driver, power factor
corrected (PFC) AC-DC AC mains current and helps in improving the input power factor to the desired level as per the limits
given by various international standards like IEC-61000-3-2 class D requirement. The circuit maintains constant output lamp
voltage to achieve stable operation of LED driver for retrofit applications. Since PFC converter is operated at high switching
frequency of 50 kHz, it reduces the weight and size of passive components like inductor and capacitor. A most popular technique
known as PWM dimming is to be used to drive multiple LED lamps for universal voltage applications. The schematic circuit
diagram of proposed LED driver is shown below in Figure. Here an uncontrolled diode rectifier (DBR) is arranged after input
supply to generate pulsating DC signal that goes into PFC Zeta converter as input signal. This converter generates a DC output
voltage which is compared with the reference voltage and generates the error signal that works as input signal for PI controller
again. To generate the PWM pulses, the output of Pl controller is compared with saw tooth wave of suitable frequency at 50 kHz.
The PWM pulse with repeating frequency f; and conduction duty D drives to switch M which is a p-channel power MOSFET
device. The switching period is T=1/f; so the switch-on period is DT and switch-off period is (1-D) T. when the switch M turned off,
the current flows through the free-wheeling diode D and descends for whole switching —off period (1-D) T. In continuous mode,
current 1, does not become zero before switch M turned on but current becomes zero before switch M turned on again in
discontinuous mode.

A. Mathematical Analysis of Zeta Converter

The small signal averaged state-space method is a either simple circuits or complex structures [18, 19]. By using mathematical
analysis and effort, this method is helpful to achieve linear averaged time-invariant models and its derived final result. Procedure
proposed by researchers [18, 19] is adapted here to obtain such models and to solve to our problem. The schematic diagram of Zeta
converter is shown in Figure 1
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The model has the mathematical description of the real system behavior which is required to check the stability of that system. Here
starting point is the extraction of state equation by using Kirchhoff’s voltage and current laws for two operating modes of switch.

First mode is when the switch is in on state and the diode is 0

ff, and the second mode is that the switch is off and the diode is on. All

extracted state equation are obtained in first order and reduce the complexity of the equations and ease the analysis because these
equations are calculated in nodes and loops in the presence of one passive element. Waveform of zeta converter is shown in figure:

2

Figure: 1 (a) ON STATE
When the switch is closed for DT interval, then the differential equations for the circuit shown in Figure 1 (a) are as follows:
dijm
m g - M)
di
Od_l;.:o= vg+vc_vo (2)
dv,
Cor = "o (3
Vo = Vco (4)
dv, v
" =l — Eo (5)
Substituting equation (4) in equation (5), the following equation is achieved:
dv, v,
gt =l — R (6)
Suppose;
X1 = lim
X2 = o
X3 = V¢
X4 = Vco

The above equations can be written in state space matrix form as below,

).(1 0 0 0 0 X ]/Lm

y 0 0 -1/L, X. L

).(2 — 1/'-0 ]/ 0 2|, 1/ 0 v, )
X3 0 - ]/C 0 0 Xy 0

)'(4 0 ]/C0 0o - ZI/RC0 X, 0
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The differential equations for the circuit shown in Figure 1 (b), when the switch is open for (1-D)T interval are as follows;
dijm
Ln— == —vc (8)

di
Lod_l;o = —V¢ (9)

dv¢ .
CW = —lim (10)

dv, . v
Cod_to =l — Eo 12)

Substituting equation (11) in equation (12), the following equation is achieved:

dO_ . 0
Cod_vt— Lo _%(13)

The above equation can be written in state space matrix form as,

% 0 o0 -yL, 0 Tx] [o
y 0 0 0 -1/L X 0
X2 2 Yo | % +| v, (14)
wl lyc o o 0o x| |o
a 0 1/C, 0 -1/RC, | x,] |O

From Equation (7) and (14), the state equation matrices are given as
00 0 0 0 0 I, © L, 0

00 W, AL, |0 0 0 | Y| |0

jlo-4c 0o o0 A”q[c o o o (30 (®T™

0 1G 0 -IRG 0 1G 0 -IRG 0 0

A

The state-space average equilibrium matrixes are calculated as

0 0 (D-D/L, 0
B oo o DL -V
A=DA+(-DA = @-p)jc -p/c 0 o |19
0 1C, 0 -1RC,
D/L,
B=DB,+(1-D)B, = D{)L” ar)

0
To build a small signal ac model at an operating point, the duty ratio is considered as
d(t) =D +d(t) =D + d,,sinwt (18)

Where D and d,,, are the constantand d,,, << D

The small signal ac model can be given by the following state equation
dx(t)/dt = Af(t) + Bﬁ(t) + {(A1 - Az)X + (B1 - Bz)V}a(t) (19)
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The small signal ac state space equation is given as

[di,, (t)/dt
di, (1) /dt |
i (t)/dt |
| d¥c,(t)/dt
[ 0 0 (D -1)/L, 0 i D/L,
0 0 D/L, —1/L, || i, D/L, e
@-D)/C -DJC 0 0 Ve 0o |°
0 1/C, 0 ~1/RC, || Ve, 0
0 0 YL, 07 I, L
. 0 0 YL 0| YL vo ld (20)
-1c  -1C 0 0l Ve 0
0 0 0 0]V, 0

After taking the Laplace transform and simplification of equation (20), the equation can be written as
(D = 1)Vc(s) N DV, (s) . Ved(s) . V,d(s)

sl m(s) = I 7 I I (21)
. DYV, Ve DV, V.d V.d
slio(s) = LC,:S) — CL(()S) + io(S) + CLO(S) + gL:S) (22)
SV'C(S) — - DgILm(S) _ DIL((;(S) + Upm + éLo)d(S) (23)
SV'CO(S) — I10(s) _ Veo(s) (24)

Co RC,

After solving equation 1, 2, 3 and 4, Laplace of output voltage can be written as below;
Veo(s) =
(RLoD2(1-D)+RLmD(1-D)?+RLyn 2 CDs*)Vy (s)
+((RDL0(1—D)+RLm(1—D)2+RCLm252)(VC+Vg)—RDLmL0(1m+1L0)s)d(s)
RLm2LoCCos*+Lm%LoCs3+RLyy (L C+LoCo(D2—D+1))s2
+LmLo(D2—D+1)s+RLy, (1-D)?

(25)

I7¢1c(5)
d(s) 7y(s)=0
(RDLy(1 = D) +RLy (L = D) + RCL,"s®)(V; +V) = RDL,Ly(L, +1,)s
) RLy*LCCys* + Ly LyCs® + RLy (Ly € + LyCy(D2 = D + 1))s? + Ly Lo(D? = D + 1)s + RL, (1 - D)2

Gvd (S) =

Where, G,4(s) is the control-to-output transfer function of the Zeta converter.

B. Proposed topology of PFC Zeta converter based LED Driver

The schematic circuit diagram of proposed LED driver is shown below in Figure 1. Here an uncontrolled diode rectifier (UBR) is
arranged after input supply to generate pulsating DC signal that goes into PFC Zeta converter as input signal. This converter
generates a DC output voltage which is compared with the reference voltage and generates the error signal that works as input signal
for PI controller again. To generate the PWM pulses, the output of Pl controller is compared with saw tooth wave of suitable
frequency at 60 kHz. The PWM pulse with repeating frequency f, and conduction duty D drives to switch M which is a p-channel
power MOSFET device. In this paper, the switching period is T=1/f, so the switch-on period is DT and switch-off period is (1-D) T.
when the switch M turned off, the current flows through the free-wheeling diode D and descends for whole switching —off period
(1-D)T. In continuous mode, current 1, does not become zero before switch M turned on but current becomes zero before switch M
turned on again in discontinuous mode.
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Figure: 3 PFC Zeta converter based LED Driver

C. Design and Analysis of Proposed PFC Zeta converter based LED Driver

To design and estimate the proposed topology of LED driver, few considerations have taken those are mention below;

1) All the components of proposed LED driver have considered as ideal components.

2) For maintaining the input voltage constant in one switching cycle, the switching frequency has selected much higher than AC
mains frequency.

3) LED lamp has considered as a pure resistor during steady state operation and at the time of starting it considered as an open
circuit.

4) DC link capacitor is considered as high enough so that In one switching cycle the DC link voltage can be maintained constant
for a wide variation of input AC mains

The analysis and design of PFC Zeta converter is presented in continuous conduction mode (CCM) of operation and calculation of

components is mention below.

For a Zeta converter operating in CCM, the duty cycle is defined as below

< _ Vac (@)

- Vin + Vdc

The critical value of inductance Lm and LO is determined by allowing the change in peak-to-peak ripple current to be 100% of the

average output current. The critical value of inductances Lm and LO are defined as,

(1 = Dy )V
Literin = Loerin = — 7, fmlm € (b)
Sto

D

The coupling capacitor (C) is designed on the basis of its ripple voltage contents. The voltage across coupling capacitor is equal to
the peak value of the input voltage. It’s important to design the capacitor C and its value can be expressed as below,
C = IoDmin (C)
fs AV,
To maintain DC output constant voltage with less value of ripple contents, the output DC link capacitor C, must have enough high
capacitance and must supply a continuous load current at high switching frequency. The value of capacitor C is expressed as below

I, ’
2w AVpy @)

Co =

where, Vi, is the maximum value of AC mains input voltage, V4 is DC link output voltage, 1, is average output current, D is duty
cycle, f; is switching frequency of the active switch, AV, is the ripple voltage of coupling capacitor C and AV is the ripple voltage
of DC link output capacitor C,. At switching frequency f, of 60 kHz, input of 220volt (rms) and DC link output of 60volt, the
calculated value of parameters and components from equations a,b,c,d is mention below,

Maximum value of coupling capacitor voltage (V) = Vi, (rms) V2

AV, = 10% of V, = 31.11volt

AV = 8% of Vg, = 4.8volt

Minimum value of duty cycle for AC mains voltage of 270volt = 0.17

Maximum value of duty cycle for AC mains voltage of 90volt = 0.40

Selected duty cycle = .233

Average load current I, = 0.4 Amp

Critical value of inductor L, = 0.958 mH (selected as 40mH)

Critical value of inductor L, = 0.958 mH (selected as 40mH)
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Coupling capacitor C = 49.93 nF

Output capacitor Co = 132 pF (selected as 833 uF)

Vpsc=4.5Volt

Vier = 1.05V (From IC datasheet)

The transfer function of the pulse-width modulator is estimated as
d(s)

Vac(s)

L @
VOSC

Gac(s) =

For the rated ac input voltage of 220V, from equation (26) and (27), the loop transfer function of the Zeta converter G,(s) is
estimated as

" Vref

Go(s) = Gvd(s)Gdc(s)H(s) = Gvd(s) * %
osc dc

1814 % 107% 5% —8.67 * 10735 + 697 (28)
3.054 x 10711 s* +2.444 + 10710 53 + 1.256 * 1072 s2 + 0.1005s + 1

Go(s) =

D. Control Scheme for Zeta converter
Here a PI controller and pulse width modulator is used to control this converter and maintain the output voltage constant. System
uses voltage control scheme and sends pulse to power switch (M).
1) PI Controller: It is a voltage controller which senses the output DC voltage (V) and compares with reference voltage (V) to
generate error voltage signal (V).
Vo =V = Vg
The output of PI voltage regulator at n™ sampling instant can be given as,
le(n) = 1e(n-1) + Kp{Ve(n)- Ve (n-1)} + KiVe(n)
Where, K, and K; are the proportional and integral gains.

2) PWM signal Generation: To reduce current harmonics and to get unity power factor, the input supply current must follow the
shape of input voltage. PWM signal is generated by comparing output of PI controller and fixed frequency carrier wave and
works as gate input signal for power MOSFET switch of the PFC Zeta converter.

If K*I(n)> carrier signal, then M=1 else M = 0.

E. Design and Analysis of Pl Controller
A PI controller is designed for the stability of the Zeta converter in closed loop control. Figure-4 shows the schematic circuit of that
P1 controller network and the transfer function of the this network is defined as,

(1+5sR,(3)

G = 29
o(s) SR,[(C5 + C,) + SR, C3C,] (29)
Cs
Ve H
R, GCs
R, AA—]

Figure: 4

From Zeta converter based LED driver, the value of L, = L, =40mH, C, = 833uF, f, = 60kHz, V;. =60V, V,s.=4.5Volt,
Vier = 1.05V (from IC datasheet), AV,,,, = 3V (from IC datasheet), BW = 20Hz are taken to get the values of different components
of PI controller network.
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R, = AV,,,/3uA = 100kQ (30)
R,V,
Ry =—"L (31)
Vﬁc — Vref
R3V;gf
R, = (32)
! stc'_ V;ef
1
fo= (33)

2m,/L,C,

f, = .75f,Hz (34)

C = onry, ©
1

= kR Ew O

After putting values of components in equation (29), the transfer function of PI controller can be expressed as
76x103s+1
G.(s) = )
3.45x 107352 + 1.86s

37

F. Stability Analysis of zeta converter based LED driver

The stability analysis of CCM Zeta converter based LED driver is carried out using small-signal state space model. The state space
model of the Zeta converter is developed considering that the diode, active switch, PFC buck inductor and dc link capacitor are
considered ideal. Figure 1 shows the basic diagram of the Zeta converter and equation 38 shows the transfer function of open loop
system. After drawing the Bode diagram in figure-5, gain margin of 21.3dB and phase margin of 2.05deg was found which is not
acceptable for stability of a practical system.

Bode Diagram
Gm = 21.3 dB (at 816 radisec), Pm = 2.09 deg (at 277 radisec)

100 -

Magntude (dB)

Phase (deg)

10’ 10 10° 10 10°
Fregquency (radisec)

Figure: 5

Hence, it is required to increases the phase margin by more than 45° for the stability of the converter in closed loop system. Here a
designed PI controller has been selected with transfer function G.(s) shown in equation (37). Closed loop transfer function with
compensated network can be written as below

C(s) = Go(s)G.(s)  (38)
Now for equation (38), Bode is shown in Figure -6 which is clearly indicating the stability of system with gain margin of 13.7dB
and phase margin of 90.4 deg.
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Bode Diagram
Gm = 13.8 dB (at 149 rad/sec) , Pm = 90.4 deg (at 1.39 rad/sec)

Magnitude (dB)

Phase (deg)

10° 10" 10° 10° 10° 10° 10°
Frequency (rad/sec)

Figure: 6

G. MATLAB Model of Proposed Zeta converter based LED Driver
The model of the proposed PFC Zeta converter based LED driver is developed in MATLAB/Simulink and it is shown in Figure 6
under normal running condition in which the lamp is considered as a resistor at high frequency.

-

[ | @ me]

o)
[: u)re —8r e e ]L
[

Figure: 7 Model of Proposed LED driver

The topology based on PFC Zeta converter is modeled in the MATLAB-Simulink toolbox where Proportional Integral (PI)
controller where voltage follower technique is used to operate it in continuous condition mode (CCM). The switching frequency is
60 kHz to generate PWM pulses which works as gate input to on the solid state power switch. The designed values of the Zeta
converter components obtained from equations (1)-(4) are selected appropriately to obtain better power quality improvement at
universal input AC mains. These component values along with PI controller gain parameters are provided in Appendix.

1. CONCLUSIONS

In this paper, modellingand analyzing of the Zeta converter operating in continuous conduction mode were presented.
Application of the proposed based on averaging modelling method for extracting associated transfer functions and modellingadcdc
Zeta converter was investigated. In this process, for modelling the average and small signal linearization techniques were
employed. Extracting the final transfer functions from initial state space equations were described step by step.
Application of averagingmodelling’s rule helps to solve the high order complex equations simply. The presented method deals with
the equations with more state variables as well. In this paper, the transfer functions from input to output and control to output were o
btained. Then, by using the proposed method the poles, zeros, rootl1locus  plot and Bode diagrams were  extracted
and the achieved frequency response was analyzed. Finally, the efficiency of the proposed tuned Pl  controller as a
model based technique to design a proper control system is shown. The proposed control system employs the Pl controller with a
special adjustment for proper setting of the control responses.
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