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Abstract- In this paper we have studied an inventory model for deteriorating items with shortages under fully backlogged 
condition. The analytical development is provided to obtain the fuzzy optimal solution, defuzzification by Signed Distance 
Method. In fuzzy environment, all related inventory parameters are assumed to be hexagonal fuzzy numbers (HFN). Suitable 
numerical examples are also discussed. 
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I. INTRODUCTION 
Inventory is a physical stock of any item or resources used in organization. The stockiest run his business smoothly for keeping the 
physical stock or inventory. In real life inventory system, the effect of decay or deterioration is very important. Deterioration is a 
crucial attribute of today’s esoteric economy which cannot be shrugged off. Generally, deterioration is defined as decay, damage, 
spoilage, evaporation, obsolescence, pilferage, loss of utility or loss of marginal values of a commodity that the item cannot be used 
for its original purpose. Otherwise it decreases the usefulness of the product. In our daily life, most of the physical goods like 
medicine, alcohols, volatile liquids, blood banks, fresh products, flowers, food grains, fruits, vegetables, seafood’s undergoes decay 
or deterioration over time. There are various types of uncertainties involved in any inventory system i.e. deterioration, shortages, 
holding cost, ordering cost etc. For the above uncertainties, the researchers classically modeled inventory by using probability 
theory. Consequently, the inventory problem of deteriorating items has been extensively studied by researchers. However, there are 
uncertainties that cannot be appropriately treated by using usual probabilistic model. Therefore, it becomes more convenient to deal 
such problems with fuzzy set theory rather than probability theory. 

II. LITERATURE SURVEY 
First time in 1965, Lofti A Zadeh[7] introduced the concept of fuzzy sets. The theory of fuzzy sets attracted the attention of many 
researchers. In 1982, J. Kacpoyzk et. al.[4] proposed a model on long term policy-making through fuzzy decision making model. In 
1983, G. Urgeletti [3] introduced the inventory control models and problems. In 1987, K.S Park [6] proposed a model on fuzzy set 
theoretical interpretation of economic order quantity inventory problem. In 1999, J.S Yao and H.M Lee [5] discussed on a fuzzy 
inventory with or without back order for for fuzzy order quantity with trapezoidal fuzzy number. In 2002, C.K Kao and W.K Hsu 
[2] developed a single period inventory model with fuzzy demand. In 2015, D. Stephen Dinagar [1] introduced a fuzzy inventory 
model with allowable shortage. In 2015, S.K. Indrajitsingha et.  al [8] developed an economic production quantity model under 
fuzzy environment. In the proposed study, an inventory model has been developed for fixed deterioration and linear demand. All 
inventory parameters are fuzzified as hexagonal fuzzy numbers. The purpose of our study to defuzzify the fuzzy model by using 
signed distance method. The solution for minimizing the fuzzy cost function has been derived. 

III. DEFINITIONS AND PRELIMINARIES 
A. Definition  
A fuzzy set ܣሚ in a universe of discourse ݔ is defined as the following set of pairs ܣሚ = {൫ߤ,ݔ෨(ݔ)൯:ݔ ∈ ܺ}. Here ߤ෨:ܺ → [0,1] is a 
mapping called the membership value of ݔ ∈ ܺ in a fuzzy set ܣሚ. 

B. Definition  
A fuzzy set ܣሚ = {൫ߤ,ݔ෨(ݔ)൯} ⊆ ܺ is called convex fuzzy set if all ܣሚ௫ are convex sets i.e. for every element ݔଵ ∈ ଶݔ  ఈ andܣ ∈  ఈܣ
for every ߙ ∈ ଵݔߣ				,[0,1] + (1 − ଶݔ(ߣ ∈ ߣ	∀		ఈܣ ∈ [0,1]. Otherwise the fuzzy set is called non-convex fuzzy set. 
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C. Definition 
A fuzzy set [ܽఈ ,ܾఈ] where 0 ≤ ߙ ≤ 1 and ܽ < ܾ defined on ܴ, is called a fuzzy interval if its membership function is  

[ഀ,ഀ]ߤ = ൜ ܽ			,ߙ ≤ ݔ ≤ ܾ
 ݁ݏ݅ݓݎℎ݁ݐܱ,			0

D. Definition 
A fuzzy number ܣሚ = (ܽ, ܾ, ܿ)   where ܽ < ܾ < ܿ and defined on ܴ, is called triangular fuzzy number if its membership function is  

(ݔ)෨ߤ =

⎩
⎪
⎨

⎪
⎧
ݔ − ܽ
ܾ − ܽ , ܽ ≤ ݔ ≤ ܾ
ܿ − ݔ
ܿ − ܾ , ܾ ≤ ݔ ≤ ܿ

݁ݏ݅ݓݎℎ݁ݐܱ,											0

 

When ܽ = ܾ = ܿ, we have fuzzy points (ܿ, ܿ, ܿ) = ܿ. The family of all triangular fuzzy numbers on ܴ is denoted as     

,ܾ,ܽ)}ேܨ ܿ):ܽ < ܾ < ܿ		∀		ܽ,ܾ, ܿ	 ∈ ܴ	} 

The ߙ − ሚܣ ofݐݑܿ = (ܽ, ܾ, ܿ) ∈ ே, 0ܨ ≤ ߙ ≤ 1, is (ߙ)ܣ = (ߙ)ܣ Where .[(ߙ)ோܣ,(ߙ)ܣ] = ܽ + (ܾ − (ߙ)ோܣ and ߙ(ܽ = ܿ − (ܿ −
 .(ߙ)ܣ are the left and right endpoints of ߙ(ܾ

E. Definition  
A hexagonal fuzzy number ܣሚ = (ܽ,ܾ, ܿ,݀, ݁,݂) is represented with membership function ߤ෨ as  

෨ߤ =

⎩
⎪⎪
⎪
⎨

⎪⎪
⎪
⎧ (ݔ)ଵܮ = ଵ

ଶ
ቀ௫ି
ି

ቁ ,										ܽ ≤ ݔ ≤ ܾ

(ݔ)ଶܮ = ଵ
ଶ

+ ଵ
ଶ
ቀ௫ି
ିௗ

ቁ , ܾ ≤ ݔ ≤ ܿ
1,																																											ܿ ≤ ݔ ≤ ݀
ܴଵ(ݔ) = 1 − ଵ

ଶ
ቀ௫ିௗ
ିௗ

ቁ , ݀ ≤ ݔ ≤ ݁

ܴଶ(ݔ) = ଵ
ଶ
ቀି௫
ି

ቁ ,											݁ ≤ ݔ ≤ ݂
݁ݏ݅ݓݎℎ݁ݐܱ																																													,0

 

The ߙ-cut of ܣሚ = (ܽ, ܾ, ܿ, ݀, ݁, ݂),0 ≤ ߙ ≤ 1 is (ߙ)ܣ =  .[(ߙ)ோܣ,(ߙ)ܣ]

Where 

(ߙ)భܣ = ܽ + (ܾ − ߙ(ܽ =  (ߙ)ଵିଵܮ

(ߙ)మܣ = ܾ + (ܿ − ߙ(ܾ =  (ߙ)ଶିଵܮ

(ߙ)ோభܣ = ݁ + (݁ − ߙ(݀ = ܴଵିଵ(ߙ) 

(ߙ)ோమܣ = ݂ + (݂ − ߙ(݁ = ܴଶିଵ(ߙ) 

Hence, 

(ߙ)ଵିܮ =
(ߙ)ଵିଵܮ + (ߙ)ଶିଵܮ

2 =
ܽ + ܾ + (ܿ − ߙ(ܽ

2  

ܴିଵ(ߙ) =
ܴଵିଵ(ߙ) + ܴଶିଵ(ߙ)

2 =
݁ + ݂ + (݀ − ߙ(݂

2  

F. Definition  

If ܣሚ = (ܽ, ܾ, ܿ,݀, ݁, ݂) is a hexagonal fuzzy number then the signed distance method of ܣሚ is defined as 
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݀൫ܣሚ, 0෨൯ = න ,[(ߙ)ோܣ,(ߙ)ܣ])݀ 0෨)
ଵ


=

1
8 (ܽ + 2ܾ + ܿ + ݀ + 2݁ + ݂) 

G. Definition  

Suppose ෨ܺ = and ෨ܻ (ݔ,ହݔ,ସݔ,ଷݔ,ଶݔ,ଵݔ) =  are two hexagonal fuzzy numbers and (ݕ,ହݕ,ସݕ,ଷݕ,ଶݕ,ଵݕ)
 : are all real numbers, then the arithmetical operations under function principles as followsݕ,ହݕ,ସݕ,ଷݕ,ଶݕ,ଵݕ,ݔ,ହݔ,ସݔ,ଷݔ,ଶݔ,ଵݔ

i. ෨ܺ⨁ ෨ܻ = ଵݔ) + ଶݔ,ଵݕ + ଷݔ,ଶݕ + ସݔ,ଷݕ + ହݔ,ସݕ + ݔ,ହݕ +  (ݕ
ii. ෨ܺ⨂ ෨ܻ =  (ݕݔ,ହݕହݔ,ସݕସݔ,ଷݕଷݔ,ଶݕଶݔ,ଵݕଵݔ)
iii. − ෨ܻ =  (ଵݕ−,ଶݕ−,ଷݕ−,ସݕ−,ହݕ−,ݕ−)
iv. ଵ

෨
= ෨ܻିଵ = ( ଵ

௬ల
, ଵ
௬ఱ

, ଵ
௬ర

, ଵ
௬య

, ଵ
௬మ

, ଵ
௬భ

) 

v. ෨ܺ ⊘ ෨ܻ = (௫భ
௬ల

, ௫మ
௬ఱ

, ௫య
௬ర

, ௫ర
௬య

, ௫ఱ
௬మ

, ௫ల
௬భ

) 

vi. Let ܴ߳ߙ , then 

⨂ߙ ෨ܺ = ൜(ݔߙଵ,ݔߙଶ,ݔߙଷ,ݔߙସ,ݔߙହ,ݔߙ),			ߙ ≥ 0
ߙ			,(ଵݔߙ,ଶݔߙ,ଷݔߙ,ସݔߙ,ହݔߙ,ݔߙ) < 0 

IV. MATHEMATICAL MODEL 
The mathematical model is developed on the basis of the following assumptions and notations 

A. Assumptions 
Single inventory will be used. 

The lead time is zero. 

Shortages are allowed and are fully backlogged. 

Replenishment rate is infinite but size is finite. 

Stock dependent demand rate is considered. 

Time horizon if finite. 

There is no repair of deteriorated items occurring during the cycle. 

B. Notations 
ݐ The on-hand inventory at time-  (ݐ)ܫ = ଵܶ  

ܽ + (ݐ)ܫ whereݐ The demand rate at time – ݐܾ > 0, ܽ and ܾ are positive constants. 

The constant rate of deterioration, 0 – ߠ < ߠ < 1 

ܳ – The amount of inventory produced at the beginning of each period. 

ܶ – The duration of a cycle. 

 . – The inventory holding cost per unitܪ

 .The amount of deteriorated units – ܦ

 . – The deterioration cost per unit timeܦ

ܵ  – The shortage cost per unit item. 

ܵ – The initial inventory after fulfilling the back order. 
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 .The total average cost – [ܥ,ܣ]ܼ

 
C. Crisp Model 

It is assumed that the inventory level initially at time ݐ =  isܳ. Due to reason of market demand and deterioration of the items, the 
inventory level gradually diminishes during the period [, ଵܶ) and ultimately falls to zero at ݐ = ଵܶ . The shortage occurs during the 
interval [ ଵܶ,ܶ] and which are fully backlogged. The model has been shown graphically in the fig.1. 

Let (ݐ)ܫ be the on-hand inventory level at any time ݐ, which is governed by the following two differential equations; 

(4.1) 						
(ݐ)ܫ݀
ݐ݀ + (ݐ)ܫߠ = −(ܽ + ;	((ݐ)ܫܾ 		0 ≤ ݐ ≤ ଵܶ  

(4.2) 						
(ݐ)ܫ݀
ݐ݀ = −(ܽ + ;	((ݐ)ܫܾ 														 ଵܶ ≤ ݐ ≤ ܶ 

Now solving (4.1) with boundary condition	(0)ܫ = ܵ, 

(ݐ)ܫ				(4.3) = −
ܽ

ߠ + ܾ + ݁ି(ఏା)௧ ቄܵ +
ܽ

ߠ + ܾ
ቅ, 

0 ≤ ݐ ≤ ଵܶ 

The solution of (4.2) with boundary condition	ܫ( ଵܶ) = 0, 

(ݐ)ܫ					(4.4) = −
ܽ
ܾ +

ܽ
ܾ ݁

( భ்ି௧)		; 	 ଵܶ ≤ ݐ ≤ ܶ		 

From (4.3), using ܫ( ଵܶ) = 0, we obtain 

(4.5)					ܵ =
ܽ

ߠ + ܾ [݁ି(ఏା) భ் − 1] 

The total average inventory in the time interval [0, ଵܶ] is given by 

)ଵܫ					(4.6) ଵܶ) =
1
ܶ
න ݐ݀(ݐ)ܫ

భ்


=
ܽ ଵܶ

ଶ

ܶ  

The total number of deteriorated units during the inventory cycle is given by  

ܦ					(4.7) = න ݐ݀(ݐ)ܫ(ݐ)ߠ
భ்


=
ܽߠ ଵܶ

ଶ

ܶ  

Now the total average inventory in the interval [ ଵܶ ,ܶ] is given by  

)ଶܫ				(4.8) ଵܶ) = න ݐ݀(ݐ)ܫ
்

భ்

= −
ܽ
ܾܶ	[T− ଵܶ +

1
ܾ ݁

( భ்ି்) − 1] 

Now using the equation (4.6), (4.7)and (4.8), the total average cost per unit time of the model will be  

)[ܥ,ܣ]ܼ							(4.9) ଵܶ) = )ଵܫܪ ଵܶ) + ܵܫଶ( ଵܶ) +    Dܦ

D. Fuzzy Model 
In the above developed crisp model, it was assumed that all the parameters were fixed or could be predicted with certainty; but in 
real life situations, they will be fluctuate little from the actual values. Therefore the parameters of the model could not be assumed 
constant. Now we consider the model in fuzzy environment. Due to fuzziness, we use the following variables: 
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 .෨= fuzzy rate of deteriorationߠ

 .෩=fuzzy cost of each deteriorationܦ

 .෩=fuzzy carrying costܪ

ሚܵ=fuzzy shortage cost. 

Suppose  ሚܵ = (ܾଵ,ܾଶ,ܾଷ,ܾସ,ܾହ,ܾ),  

෨ߠ = ,ଷߠ,ଶߠ,ଵߠ)   ,(ߠ,ହߠ,ସߠ

෩ܪ = (ℎଵ,ℎଶ,ℎଷ, ℎସ,ℎହ,ℎ), 

෩ܦ = (݀ଵ, ݀ଶ,݀ଷ,݀ସ,݀ହ, ݀)are non-negative hexagonal fuzzy numbers (HFN). 

The total average cost per unit time is given by 

(4.10)					 ෨ܼ[ܥ,ܣ]( ଵܶ) = ⨂ߛ)⨁(෩ܪ⨂ߟ) ሚܵ)⨁(ߟ⨂(ܦ෩⨂ߠ෨)) 

Where  ߟ =  భ்
మ

்
ߛ , = − 

்
	[T − ଵܶ + ଵ


݁( భ்ି்) − 1] 

(4.11) ෨ܼ[ܥ,ܣ]( ଵܶ) = ( ෨ܼ[ܥ,ܣ, 1]( ଵܶ), ෨ܼ[ܥ,ܣ, 2]( ଵܶ), ෨ܼ[ܥ,ܣ, 3]( ଵܶ), 

෨ܼ[ܥ,ܣ, 4]( ଵܶ), ෨ܼ[ܥ,ܣ, 5]( ଵܶ), ෨ܼ[ܥ,ܣ, 6]( ଵܶ)) 

Where 

෨ܼ[ܥ,ܣ, 1]( ଵܶ) = ℎଵߟ) + ଵܾߛ +  (ଵߠଵ݀ߟ

෨ܼ[ܥ,ܣ, 2]( ଵܶ) = ℎଶߟ) + ଶܾߛ +  (ଶߠଶ݀ߟ

෨ܼ[ܥ,ܣ, 3]( ଵܶ) = ℎଷߟ) + ଷܾߛ +  (ଷߠଷ݀ߟ

෨ܼ[ܥ,ܣ, 4]( ଵܶ) = ℎସߟ) + ସܾߛ +  (ସߠସ݀ߟ

෨ܼ[ܥ,ܣ, 5]( ଵܶ) = ℎହߟ) + ହܾߛ +  (ହߠହ݀ߟ

෨ܼ[ܥ,ܣ, 6]( ଵܶ) = ℎߟ) + ܾߛ +  (ߠ݀ߟ

Now we defuzzifying the fuzzy total average cost ෨ܼ[ܥ,ܣ]( ଵܶ) by Signed Distance Method, we have 

(4.12)				ܲ ቀ ෨ܼ[ܥ,ܣ]( ଵܶ)ቁ

=
ߟ
8

[ℎଵ + 2ℎଶ + ℎଷ + ℎସ + 2ℎହ + ℎ + ݀ଵߠଵ + 2݀ଶߠଶ + ݀ଷߠଷ + ݀ସߠସ + 2݀ହߠହ + ݀ߠ] +
ߛ
8 [ܾଵ + 2ܾଶ + ܾଷ + ܾସ

+ 2ܾହ + ܾ] 

The necessary condition for minimizing the total average cost is  

(4.13) 					
߲(ܲ ቀ ෨ܼ[ܥ,ܣ]( ଵܶ)ቁ)

߲ ଵܶ

=
2ܽ ଵܶ

12
[ℎଵ + 2ℎଶ + ℎଷ + ℎସ + 2ℎହ + ℎ + ݀ଵߠଵ + 2݀ଶߠଶ + ݀ଷߠଷ + ݀ସߠସ + 2݀ହߠହ + ݀ߠ] +

ܽ
ܾܶ (1

− ݁( భ்ି்))(ܾଵ + 2ܾଶ + ܾଷ + ܾସ + 2ܾହ + ܾ) 
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Optimal amount of the initial inventory after fulfilling backorders ሚܵ denoted by ሚܵ∗ is 

(4.14)					 ሚܵ∗ = 	ܽ ଵܶ +
ܾܽ ଵܶ

ଶ

2 +
ଵߠ)ܽ + ଶߠ2 + ଷߠ + ସߠ + ହߠ2 + (ߠ ଵܶ

ଶ

16  

 
Optimal amount of the unit deteriorated ܦ෩ denoted by ܦ෩∗ is  

∗෩ܦ					(4.15) = 		
ܽ ଵܶ

ଶ

ܶ 	(
ଵߠ + ଶߠ2 + ଷߠ + ସߠ + ହߠ2 + ߠ

8 ) 

Thus minimum value of the total cost denoted by  ෨ܼ[ܥ,ܣ]( ଵܶ) is 

(4.16)						 ෨ܼ[ܥ,ܣ]( ଵܶ)

=
1
8

ℎଵߟ] + ଵܾߛ + [ଵߠଵ݀ߟ +
1
4

ℎଶߟ] + ଶܾߛ + [ଶߠଶ݀ߟ +
1
8

ℎଷߟ] + ଷܾߛ + [ଷߠଷ݀ߟ +
1
8

ℎସߟ] + ସܾߛ + [ସߠସ݀ߟ

+
1
4

ℎହߟ] + ହܾߛ + [ହߠହ݀ߟ +
1
8

ℎߟ] + ܾߛ +  [ߠ݀ߟ

V. NUMERICAL EXAMPLE 

A. Crisp Model 
Consider ܦ = .ݏܴ 300		per order, ܪ = .ݏܴ 15 per unit per year, ܵ = .ݏܴ 30	per unit per year, ߠ = 0.01 per year, ଵܶ = 0.5 year, 
ܶ = 1, ܽ = 100, ܾ = 2. 

The Solution of Crisp model is: 

)[ܥ,ܣ]ܼ ଵܶ) = 924.0618,  ܵ∗ = 86.1504 and  

∗ܦ = 0.2500 

B. Fuzzy Model 
Suppose  ܦ෩ = (100,200,300,300,400,500), 

ሚܵ = (10,20,30,30,40,50), 

෨ߠ = (0.006,0.008,0.01,0.01,0.012,0.014), 

෩ܪ = (5,10,15,15,20,25) are all hexagonal fuzzy numbers and ଵܶ = 0.5year, ܶ = 1, ܽ = 100, ܾ = 2. Then the fuzzy total average 
cost and the fuzzy optimal backorder quantity: 

෨ܼ[ܥ,ܣ]( ଵܶ) = 931.5904, ሚܵ∗ = 75.01563, ∗෩ܦ = 0.2500 
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VII. CONCLUSION 
This paper present a fuzzy inventory model for stock dependent demand rate, fixed deteriorating items with shortages under fully 
backlogged condition. The proposed model is developed in both crisp and fuzzy environment. In fuzzy environment, all related 
inventory parameters were assumed to be hexagonal fuzzy numbers. The optimal results of fuzzy model is defuzzified by Signed 
Distance Method. By given numerical example, it has been tested that signed distance method gives minimum cost as compare to 
crisp model.  
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