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Abstract- In this paper, new discretized models of fractional order differentiator (FOD) based on different operators are 
proposed. Specifically in this work, one-third and one-fourth order differentiator models based on Simpson operator, 
Rectangular operator and Tustin operator have been derived. The implementation of fractional order digital differentiator 
requires two steps. In the first step, an integer order digital differentiator is designed then in second step continued fraction 
expansion (CFE) is used to obtain an efficient fractional order digital differentiator. The proposed one-third and one-fourth 
order differentiator approximates the ideal one-third and one-fourth order differentiator reasonably well over the entire Nyquist 
frequency range. 
Keywords- Fractional calculus, One-third and one-fourth order differentiator, IIR filter, Continued fraction expansion. 

I. INTRODUCTION 
Fractional order systems are systems that are signified by differential equations that allow non-integer order. It is a generalization of 
the integer order integration and differentiation. Most of the real dynamic systems are fractional in nature and these systems can be 
more accurately evaluated by fractional calculus. This is the main reason behind the popularity of fraction order systems. They are 
widely used in various fields, such as signal processing, digital image processing and automatic control systems. Fractional order 
systems (integrators and differentiators) can be designed from integer order systems [1-2]. The design and improvement for the 
digital fractional order differentiators are becoming the key issue in the field of fractional order calculus. [3-4]. Considering the 
complexity factors when design the filter, the order of the FIR differential filters will be reserved and also the approximation effect 
the frequency response of the filter to the ideal frequency response is affected. So the recursive fractional order differentiator is 
considered to realize the fractional order operation in this paper. The common method used to expand the fractional-order includes 
the PSE (power series expansion) and CFE (continued fraction expansion) and CFE can make more impact on the functional 
approximation and has a faster convergence speed [5].  
In this paper, discretized mathematical models of one-third and one-fourth order differentiators using Simpson operator, Rectangular 
operator  and Tustin operator have been presented. The concept of linear interpolation is based on the assumption that combining 
two good integrators can result in a better integrator [6]. The result obtained show that the frequency response of the proposed 
fractional order differentiator model almost matches with the frequency response of ideal fractional order differentiator (ܵ; 0 < ݎ <
1) in continuous time domain. 
The organization of this paper is as follows: Section II presents the typical IIR-type fractional order differentiators. Section III 
presents the new differentiators based on combining typical operators. MATLAB results of the various operators based on one-third 
and one-fourth order differentiators compared with ideal fractional order differentiator are presented in Section IV. Section V 
concludes the paper. 

II. TYPICAL IIR-TYPE FRACTIONAL ORDER DIFFERENTIATOR 
A. IIR-type fractional order digital differentiator based on Simpson operator 
The Simpson differential operator is defined as: 

(ݖ)ௌܪ =  ଷ
்

ଵି௭షమ

ଵାସ௭షభା௭షమ
                                                                           (1) 

      So the transfer function of the Simpson fractional order differentiator can be defined as: 

(ݖ)ௌܩ          = (ଷ
்

 ଵି௭షభ

ଵାସ௭షభା௭షమ
)                                                                                            (2) 

     Where ݎ denotes the differential order. 
 
     For any function (ݖ)ܦ, we can use the CFE (continued fraction expansion) to express it, that is:  
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(ݖ)ܦ  ≅  ܽ(ݖ) + భ(௭)

భ(௭)ା ್మ()

ೌమ()శ ್య()
ೌయ()శ⋯

                                                      (3) 

Where the coefficients ܽ ,ܾ are rational functions or constants for the variable ݖ. We can acquire the finite order approximation 
function just by the truncated operation. When T= 0.001 sec, by using the CFE method to expand (2) we get the Simpson fractional 
order differentiator function ܩௌ  signifies the differential order and ݊ denotes the filter order. From the point of view of ݎ where ,(ݖ)
the error and its computational complexity, the order of the fractional order differentiator is relatively suitable to choose five. 
The discretization of one-third and one-fourth order differentiators (r = 0.33, 0.25 and n=5) sampled at 0.001 sec for (2) is calculated 
numerically and approximated transfer function is given as follows: 
 

(ݖ)ௌହ.ଷଷܩ          =  ଵସ.ସଶ ௭ఱା଼ଽ.ହ ௭రାଵଶ଼. ௭యିଷ.ସଽ ௭మିଵଷଽ.ଶ ௭ାଷଵ.ଷଽ
௭ఱା.ହସଷ ௭రାଵ.ଵ ௭యାଷ.ସଵଷ ௭మିଵଶ.ହସ ௭ି.ଶସ

                 (4) 
 

(ݖ)ௌହ.ଶହܩ          =  .ସଵ ௭ఱାସ.ଶଵ ௭రାଶ.ଵ ௭యିଷଶ.ଶଷ ௭మିହ.ଶ ௭ାଵସ.
௭ఱା.ଷଽ ௭రାଵହ.ଵଷ ௭యାଶ.ଵ௭మିଵଶ.ସହ ௭ି.ଶଶସ

                 (5) 
B. IIR-type fractional order digital differentiator based on Rectangular operator 
The Rectangular differential operator is defined as: 
 

(ݖ)ோܪ            =  ଵ
்

 ଵି௭
షభ

ଵ
                                                                                                     (6) 

      So the transfer function of the Rectangular fractional order differentiator can be defined as: 
 

(ݖ)ோܩ =  (ଵ
்

 ଵି௭
షభ

ଵ
)                                                                                                           (7) 

  
The discretization of one-third and one-fourth order differentiators ܩோ  sampled at 0.001 sec for (7) is (r = 0.33, 0.25 and n=5) (ݖ)
calculated numerically and approximated transfer function is given as follows: 

(ݖ)ோହ.ଷଷܩ         =  ଵ ௭ఱିଶ. ௭రାଶହ.଼ ௭యିଵ. ௭మାଵ.଼ଷ ௭ି.ଽଶ
௭ఱିଶ.ଷଷଷ ௭రାଵ.ଽଵ ௭యି.ଷଷ ௭మା.ହସହ ௭ି.ଵ

             (8) 
 

(ݖ)ோହ.ଶହܩ        =  ହ.ଶଷ ௭ఱ ିଵସ. ௭రାଵଷ.ଽସ ௭యିହ.ସ௭మା.ଽଵଶ ௭ି.ଷଽଷ
௭ఱିଶ.ଷହ ௭రାଵ.ଽଽ ௭యି.଼ଷ ௭మା.଼ହସ௭ି.ଶଵଶ

            (9) 
 
C. IIR-type fractional order digital differentiator based on Tustin operator 
The Tustin differential operator is defined as: 
 

(ݖ)்ܪ           =  ଶ
்

 ଵି௭
షభ

ଵା௭షభ
                                                                                                   (10) 

      So the transfer function of the Tustin fractional order differentiator can be defined as: 

(ݖ)்ܩ =  (ଶ
்

 ଵି௭
షభ

ଵା௭షభ
)                                                                     (12) 

The discretization of one-third and one-fourth order differentiators ்ܩ  sampled at 0.001 sec for (12) is (r = 0.33, 0.25 and n=5) (ݖ)
calculated numerically and approximated transfer function is given as follows: 
 

(ݖ)ହ.ଷଷ்ܩ =  ଵଶ. ௭ఱିସ.ଶ ௭రିଵଷ.ଷ଼ ௭యାଷ.ଶଵହ ௭మାଶ.ଵଷ ௭ି.ଶସ
௭ఱା.ଷଷଷ௭రିଵ.ଶ ௭య ି.ଶହହଶ ௭మା.ଶଵହସ ௭ା.ଶଵଽ

                (13) 
 

(ݖ)ହ.ଶହ்ܩ         =  .଼ ௭ఱିଵ.ଶ ௭రି.ଶସହ ௭యାଵ.ଶ଼ଽ ௭మାଵ.ହ ௭ି.ଵଵଵ
௭ఱା.ଶହ ௭రିଵ.଼ଷ ௭య ି.ଵଽଶ ௭మା.ଶଶହଷ ௭ା.ଵ

              (14) 
 

III. NEW FRACTIONAL ORDER DIFFERENTIATOR CONSTRUCTED BY COMBINING TYPICAL 
OPERATORS 

A. IIR-type fractional order digital differentiator based on Rectangular operator and Tustin operator  
The Rectangular operator and Tustin operator have the best amplitude-frequency characteristics and phase-frequency characteristics 
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respectively. So by combining these two operators using interpolation method we get nearly ideal integrator. The interpolation ratio 
is a user-specified weight that balances the effect of the selected integrator.  
The new integrator,ܫ(ݖ), can be mathematically specified as: 

(ݖ)ܫ = (ݖ)ோܫߙ + (1−  (15)                                                     (ݖ)்ܫ(ߙ
The factor α, (0<α< 1) determines the fraction of involvement of each integrator in the new integrator. For integrator ܫ(ݖ) value of 
α is 3/4 , ܫோ(ݖ) denotes Rectangular operator and (ݖ)்ܫ denotes Tustin operator. 
By substitution of corresponding transfer function, we get 

(ݖ)ܫ              =  ଷ
ସ
ቀ ்
௭ିଵ

ቁ+  ଵ
ସ

(்
ଶ

 (௭ାଵ)
(௭ିଵ))                                                               (16) 

Simplifying we get 
(ݖ)ܫ             =  ்

଼
 (௭ା)

(௭ିଵ)
                                                                                  (17) 

New differentiator is obtained by inverting the transfer function of the designed integrator ܫ(ݖ) using the stabilization method 
described by Al-Alaoui [7]. The zero of (17) is not included in the unit circle, so the zero ݖ = −7 is mapped to ݖ = −1/7. 
Multiplying by 7 we obtain corresponding compensation for the amplitude and get the minimum phase integrator as follows: 
 

(ݖ)ܫ =  ்
଼

 
(௭ାభళ)

(௭ିଵ)
                                                                                  (18) 

 By exchanging the numerator and denominator of (18) the obtained differentiator is given as follows: 
 

(ݖ)ܦ            =  ଼
்

 (௭ିଵ)

(௭ାభళ)
                                                                                (19) 

So the corresponding fractional order differential operator ܦ(ݖ) is: 
 

(ݖ)ܦ           = ( ଼
்

 ௭ିଵ
௭ାభళ

)                                                                               (20) 

The discretization of one-third and one-fourth order differentiators ܦ  sampled at 0.001 sec for (20) is (r = 0.33, 0.25 and n=5) (ݖ)
calculated numerically and approximated transfer function is given as follows: 

(ݖ)ହ.ଷଷܦ          = ଵ.ଶଵ௭ఱିଶଷ.଼ଵ ௭రାଵ଼.ହଶ ௭యିହ.ଵଶସ ௭మା.ଵଽ଼ ௭ା.ସ
௭ఱିଵ.ଽହସ ௭రାଵ.ଵ ௭య ି.ଵ଼ସ ௭మି.ଵ଼ସ଼ ௭ା.ଶଵଷ

        (21) 
 

(ݖ)ହ.ଶହܦ         = ହ.଼ଵସ ௭ఱିଵଷ.ଶଽ ௭రାଵ.ହ ௭యିଶ.ଷଽ ௭మା.ଽସ ௭ା.ଶଶହ
௭ఱିଶ ௭రାଵ.ଶଷ଼ ௭య ି.ଶଵଽ ௭మି.ଵଷ଼ ௭ା.ଶଷଶ

        (22) 
 
B. IIR-type fractional order digital differentiator based on Tustin operator and Simpson operator 
Tustin operator and Simpson operator both exists error in the high frequency region but their amplitude curves lie on the upper and 
lower bilateral respectively.  
The new integrator,ܫ(ݖ), can be mathematically specified as: 

(ݖ)ܫ     = (ݖ)்ܫߙ + (1−  (23)                                                       (ݖ)ௌܫ(ߙ
The factor α, (0<α< 1) determines the fraction of involvement of each integrator in the new integrator. For integrator ܫ(ݖ) value of 
α is 2/5 , (ݖ)்ܫ denotes Tustin operator and ܫ௦(ݖ) denotes Simpson operator. 
By substitution of corresponding transfer function, we get 

(ݖ)ܫ          =  ଶ்
ହ

 ௭
మାଷ௭ାଵ
௭మିଵ

                                                                                    (24) 

 The zeros of (24) are ݎଵ = (−3 + √5)/2 and ݎଶ = (−3 −√5)/2. To construct the minimum phase system,ݎଶ  is mapped to ݎଵ .At the 
same time, to keep the amplitude invariant we introduce the compensation factor −ݎଶ and get the integral operator as follows: 
 

(ݖ)ଵܫ =  ିଶ்మ
ହ

 (௭ିభ)మ

௭మିଵ
                                                                         (25) 

       By exchanging the numerator and denominator of (25) to get corresponding differentiator, we get 

(ݖ)ܦ         =  ିହభ
ଶ்

 (௭మିଵ)
(௭ିభ)మ

                                                                            (26) 
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       So the corresponding fractional order differential operator ܦ(ݖ) is: 

(ݖ)ܦ         = (ିହభ
ଶ்

 ௭మିଵ
(௭ିభ)మ)                                                                       (27) 

The discretization of one-third and one-fourth order differentiators ܦ  sampled at 0.001 sec for (27) is (r = 0.33, 0.25 and n=5) (ݖ)
calculated numerically and approximated transfer function is given as follows: 

(ݖ)ହ.ଷଷܦ       = ଽ.ଶହ ௭ఱା.଼ ௭రିଵଷ.ଵ ௭యା.ଵଶ଼ଵ௭మାସ.ସ଼଼ ௭ି.ହଵଷ
௭ఱା.ଷଵହଵ ௭రିଵ.ଽହ ௭య ି.ଶସଵ ௭మା.ଶସଵ ௭ା.ଵହ

             (28) 
 

(ݖ)ହ.ଶହܦ       = ହ.ହହଽ௭ఱା.ହଶ ௭రି.ଵ଼ ௭యି.ଵଷଵ ௭మାଶ.ସଷ଼ ௭ି.ଶଷହ
௭ఱା.ଶ଼ସହ ௭రିଵ.ଵଷଽ ௭య ି.ଶଵ ௭మା.ଶ଼ ௭ା.ଵଵ

            (29) 
 
C. IIR-type fractional order digital differentiator based on Rectangular operator and Simpson operator 
The new integrator,ܫ(ݖ), can be mathematically specified as: 

(ݖ)ܫ = (ݖ)ோܫߙ + (1−  (30)                                                          (ݖ)ௌܫ(ߙ
The factor α, (0<α< 1) determines the fraction of involvement of each integrator in the new integrator. For integrator ܫ(ݖ) value of 
α is 5/8 , ܫோ(ݖ) denotes Rectangular operator and ܫ௦(ݖ) denotes Simpson operator. 
By substitution of corresponding transfer function, we get 

(ݖ)ܫ         =  ்
଼

 ௭
మାଷ/ଶ௭ାଵ/

௭మିଵ
                                                                                (31) 

The zeros of (31) are ݎଵ = (−9 + √57)/12 and ݎଶ = (−9− √57)/12. To construct the minimum phase system,ݎଶ  is mapped to 
ଵݎ .At the same time, to keep the amplitude invariant we introduce the compensation factor −ݎଶ  and get the integral operator as 
follows: 

(ݖ)ܫ        =  ିଷ்మ
ସ

 
(௭ିభ)(௭ି భ

ೝమ
)

௭మିଵ
                                                                                           (32) 

By exchanging the numerator and denominator of (32) to get corresponding differentiator, we get 

(ݖ)ܦ       =  ିସ
ଷ்మ

 ௭మିଵ

(௭ିభ)(௭ି భ
ೝమ

)
                                                                                              (33) 

So the corresponding fractional order differential operator ܦ(ݖ) is: 

(ݖ)ܦ      =  ( ିସ
ଷ்మ

 ௭మିଵ
(௭ିభ)ቀ௭ି భ

ೝమ
ቁ
)                                                                                       (34) 

The discretization of one-third and one-fourth order differentiators ܦ  sampled at 0.001 sec for (34) is (r = 0.33, 0.25 and n=5) (ݖ)
calculated numerically and approximated transfer function is given as follows: 

(ݖ)ହ.ଷଷܦ      = ଽ.ହ௭ఱାଶ.ସଵଽ ௭రିଵହ.ସହ ௭యି.ସଷ ௭మା.ଵଶଽ ௭ି.ଽସଷ
௭ఱା.ହହଶ ௭రିଵ.ଶ଼ଶ ௭య ି.ଷହଽ ௭మା.ଷ଼ହଵ ௭ି.଼ସ

            (35) 
 

(ݖ)ହ.ଶହܦ      = ହ.ହ௭ఱାଵ.ସସଵ ௭రି଼.ହସ ௭యି. ௭మାଷ.ଷ଼ହଶ௭ି.ସ
௭ఱା.ସଷଶ ௭రିଵ.ଷଶଽ௭య ି.ଷଷଷ ௭మା.ସଵଶଶ ௭ି.ଵ଼

             (36) 
 

IV. PERFORMANCE RESULTS AND DISCUSSION 
The frequency response of the proposed one-third and one-fourth order models are compared with the response of the corresponding 
ideal equivalents in continuous time domain. MATLAB simulation results have been presented to validate the efficiency of the 
proposed design. Figure.1 is the frequency response curve of one-third order differentiator based on Rectangular operator, Tustin 
operator and Simpson operator. From figure, we can find that the amplitude curves of three filters are consistent to the ideal 
amplitude in the low frequency region, but with the frequency increasing the errors will increase sharply especially in the high 
frequency region. Amplitude characteristics based on Rectangular operator is the best, but the phase characteristic is poorer than two 
other operators. The advantage of the Tustin operator lies on its better phase characteristic and its phase characteristic is coincident 
to the phase curve of ideal frequency response in most regions. The Tustin operator and Simpson operator have better performance 
in the low frequency region. 
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                  Fig.1 The frequency response of three typical one-third order differentiators 

Figure.2 is the frequency response curve of one-third order differentiator based on three new operators. According to the curve the 
new operator ܦହ is superior to the operator ܦହ and ܦହ in the frequency characteristics and its amplitude characteristic is basically 
close to the ideal frequency response curve from the low frequency region to high frequency region.  
Figure.3 is the frequency response curve of one-fourth order differentiator based on three new operators. According to the curve the 
new operator ܦହ is superior to the operator ܦହ and ܦହ in the frequency characteristics and its amplitude characteristic is basically 
close to the ideal frequency response curve from the low frequency region to high frequency region. Phase characteristic of new 
operator ܦହ is approximate linearly increasing with the increasing frequency. 

 
                Fig.2 The frequency response of three new one-third order differentiators 
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             Fig.3 The frequency response of three new one-fourth order differentiators 

 
V. CONCLUSION 

This paper makes analysis on the design and implement for the IIR-type digital fractional order differentiator from the point of view 
of frequency region. In this paper, discretized mathematical models of one-third and one-fourth order differentiators using 
interpolation of Simpson operator, Rectangular operator  and Tustin operator have been presented. CFE method used to transform 
the transfer function from the integer order form to fractional order form. By the analysis of frequency response of new operator, it 
is easy to know that the performance of fractional order differentiator can be improved obviously. 
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