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Abstract: A study on given that a unit of age‘t’ the remaining life after time t is random. It is well known that the class of
distribution with decreasing mean residual life (DMR) contains the class of distribution with increasing hazard rate. If
exponential length-biased approximations, bounds and stability results on the distance between residual life reliability functions,
with monotone weight functions and exponential counterpart in the class of distribution functions with increasing or decreasing
hazard rate functions are established. In the applications part, biologically available cortisol feedback on hypothalamic
CRH/AVP and pituitary ACTH outputs by way of both delayed (time-integrated) and rapid (rate-sensitive) inhibitory
mechanisms. We incorporate these dynamic relationships in a core biostatistical construct of coupled integral differential
equations along with biological variability.
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L. INTRODUCTION
The stress-responsive hypothalamo-adrenocorticotropic (ACTH)-adrenal (cortisol) axis is critical in initiating life-sustaining
adaptive reactions to internal (disease) and external (environmental) stressors. This neuroendocrine ensemble exhibits prominent
time-dependent dynamics reflected in vividly pulsatile (ultradian) and 24-h rhythmic (circadian) output [11, 4].
Episodic secretion is driven by hypothalamic neuronal pacemakers, which secrete the pituitary signaling peptides CRH (ACTH-
releasing hormone) and AVP (arginine vasopressin) [9,13]. These agonists singly and synergistically stimulate ACTH synthesis and
secretion (feedforward), which in turn promotes the time-lagged and dose-responsive biosynthesis of cortisol. Cortisol feeds back to
inhibit CRH/AVP and ACTH production via time-delayed concentration-dependent (integral) and rapid, rate-sensitive (differential)
mechanisms.
These core physiological linkages mediate a homeostatic (servocontrol) system governed by nonlinear and time-delayed
feedforward and feed-back signal interchanges. We postulate that such interactive properties generate the observed complex
dynamics of this dynamics.

1. CRH/AVP of HYPOTHALAMUS FEEDBACK and PULSE GENERATOR

The interval-averaged blood cortisol concentration (ug/dl) exerts time-delayed (60-80 min) integral feedback, and the rate of change
of blood cortisol concentration imposes rapid (5-30 min) rate-sensitive feedback, on CRH/AVP synthesis/secretion (pg/ml per h;
Fig.2). The foregoing primary connections do not exclude the existence of other within-axis interactions: e.g., the blood cortisol
concentration (ug/dl) might also exert slow (integral) negative feedback on basal ACTH release or the CRH/AVP pulse-firing
rate(s). To represent the diversity among individuals, we allow for variations in in vivo hormone elimination rates, the degree of
CRH/AVP synergism and ACTH priming of cortisol synthesis/secretion, the amplitude and phase of the circadian rhythm, and dose-
response parameters.

Conversely, we consider structural mechanisms, such as the pulse shapes for CRH/AVP and ACTH secretion as populationally
defined and relatively consistent among subjects. We envision that hypothalamic pulse generators for CRH and AVP drive episodic
ACTH release after a slight time delay and poststimulus refractory interval.

For simplification, we consider CRH and AVP as a combined feedforward signal, wherein corticotropic synergy is achieved by
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modifying the joint CRH/AVP dose-response curve (below).
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Figure 2. Schematized core model of the interconnected CRH/AVP (hypothalamo)-ACTH (pituitary)-cortisol (adrenal) stress-
adaptive axis. Feedforward and feedback interfaces are incorporated via nonlinear dose-response (H) functions, which mediate time-
lagged rate-sensitive (differential) and concentration-dependent (integral) internodal signaling. In principle, circadian inputs could
modulate any of the foregoing interface functions, time-delays, and/or signaling kinetics.

1. APPLICATION
The present formalism explores the thesis that neuroendocrine ensembles operate homeostatically via organ-specific and time-
delayed dose-responsive facilitative or inhibitory interactions. To this end, we embody dynamics of the corticotropic axis via a
biomathematical model, wherein relevant dose-response interfaces serve to couple changing hypothalamic-pituitary portal venous
CRH/AVP concentrations to time-delayed stimulation of corticotrope ACTH biosynthesis and secretion. In turn, varying systemic
blood ACTH concentrations drive nonlinear dose-responsive oscillations in cortisol secretion by steroidogenically responsive
adrenal zona-fasciculata cells.
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Fig.3. (Left column) Fitted (observed) plasma ACTH (Top) and cortisol (Middle) concentrations and predicted
(unaobserved) CRH/AVP (Bottom) concentrations in one healthy young male, sampled every 7 min for 24 h. The
dotted line in the left bottom subpanel shows the effective CRH/AVP feed-forward signal on ACTH synthesis.
(Right column) Corresponding secretion rates are estimated for ACTH (Top), cortisol (Middle) and the conjoint
CRH/AVP signal (Bottom).

Biologically available cortisol feedsback on hypothalamic CRH/AVP and pituitary ACTH outputs by way of both delayed (time-
integrated) and rapid (rate-sensitive) inhibitory mechanisms. We incorporate these dynamic relationships in a core biostatistical
construct of coupled integral differential equations along with biological variability.

We assume that CRH/AVP signaling dictates the pulse times for ACTH after a finite time delay Ta, reflecting hypothalamo-
Pituitary portal blood transit, and a poststimulus refractory interval, ra, when further CRH/AVP inputs are ignored. Thus, there will

be two corresponding sets of pulse times: TS, T&. Ty - and T., T T7.... where
K _IM; j j k-1 LT O 0_T0

Let N (t) denote the counting process associated with the ACTH pulse times. Here, we view the pulse times as a Weibull renewal
process, where A a rate parameter (number of pulses/day) parameter is and y controls the regularity of interpulse interval lengths
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[10]. Then, the conditional probability densities for TCk,V given TCk,’\} are given by:

- _ R )4 ,Tk*]- 4
P(STE ) = 7 x A (s =Ty ) Hexp * e

We denote a time-averaged feedback signal at time t with time delay (I, I,) by:

[y (rydr = =2 [ "2y (r)yar
t—1Iq l. — 1 t—1Iq

1 2
where Y(r) is either a hormone concentration or its rate of change at timer.
In what follows, the subscripted numerics 1-7 for the interface (H) functions denote corresponding feedback/feed forward
interactions (see Fig.1): viz., ACTH synthesis (Subscript 1,2) and release (subscript 3,4) are each joint functions of time-delayed
CRH/AVP feed forward and slow and rapid cortisol feedback signals, respectively.
CRH/AVP synthesis is analogously controlled jointly by respectively rapid and slow cortisol feedback (subscript 6,7). Inrefs. 7 and
15, we show that the mathematical effect of cascading target-tissue reactions to a signal input is the multiplication of the initial

feedback/feed forward signal by a linear combination of exponential functions, denoted by I'.,,(.) and I',(.) which allows

ongoing glandular responses after the signal is with drawn. Let l//A(.) and v,y (.) represent the normalized rates of secretion

per unit mass per unit distribution volume per unit time; these rates are presently modeled as 3-parameter generalized gamma
densities

[5,12]. Accordingly, synthesis (S), release ®, accumulation (A), and fractional mass remaining for later secretion (/) are given as:

TL\I (t)fllll t*|2,l
Sa(t) =Hy, .[ X (8)dsx Ty (E=ToM), IXC(S)dS
TL\I (t)*ll,Z t7|2’2
(ACTH synthesis),
Tﬁyx\l(t)7|3,l t7'4,1 dX (S)
Ry =Has [ Xon(8)dsxTop (t=TR), [ =2 ds
Ta Oy, t-ly,

(ACTH release).

) T)
A= [ @=R,@®)S, M)t
(Storage of newly synthesized ACTH granules),

- ) "
AT =1-[ T wa(s-T) Hds

(Fractional mass M A"\’l remaining at timeTA")

M=y, TN THM) "+ A (ACTH pulse mass secreted),
t-lg 1 t=ly 4
Sen® =Hes| [ Xc(s)ds, [ %s (CRH/AVP synthesis),

t-lg,» t-l;,

. TJ
A= .[T “rsd,dt (CRH/AVP mass accumulated),
CIv

1 T ] e i
Ver (w Tdw) =1= [ wep (s =T ds

(Proportion of mass remaining for secretion),
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My =ven M0, T OMEL + AL, (CRHIAVP pulse mass secreted)
Based on the above constructions, the corresponding interactively controlled rates of secretion are given as:
Z,(t)=B,+ MW, (t+T))+R,(1)S,(t) for T) <t <T)™*
20 = P+ W [ XAOTL -1y -9

5,

Zey(t)=pBy +M cj/vV/c wt _ch/v) for ch/v St< ch/+\}

V. MATHEMATICAL MODEL

The applications of weighted distribution to biased samples in various areas usefulness and including medicine, ecology, reliability,
and branching processes can be seen in Patil and Rao (1978), Gupta and Kirmani (1990), Gupta and Keating (1985), Oluyede (1999)
and in reference therein [7,1,2,6]. When data is unknowingly sampled from a weighted distribution as opposed to the parent
distribution, the survival function, hazard function, and mean residual life function (MRLF) may be under or overestimated
depending on the weight function. It is well known that the length of size-biased distribution of an increasing failure rate (IFR)
distribution is always IFR. The converse is not true.

Also, if the weight function is monotone increasing and concave, then the weighted distribution of an IFR distribution is an IFR
distribution. Similarly the size-biased distribution of a decreasing mean residual (DMRL) distribution has decreasing mean residual
life. The residual life at age t, is a weighted distribution, with survival function given by

F(X)=F(x+t)/F(t) ... (4.2)
for X > 0. The weight function is W (x) = f (x+t)/ f (x), where f(u)=dF(u)/du, the hazard function and mean residual
life functions are k,:t (X) =Ag(x+t) and 85 (X) =g (X+t). Itisclear that if F is IFR (DMRL) distribution, then F is IFR

(DMRL) distribution, where the hazard function Ag (X) and mean residual life function S (X) of the distribution function F are

given by Lg(X)= f(X)/F(x), and 8¢ (X) =j:> F(u)du/F(x) respectively. The functions Ag(X), 8¢ (X), and F(X)

are equivalent [8].

Keilson (1979) suggested a measure of departure from exponentially within the class of completely monotone distributions [3],
(mixture of exponential distributions). These measures of departure are given in terms of p =|1—p, /2u2 |, where py, = E(X 2)
and p=E(X).

V. SHIFTED EXPONENTIAL DISTRIBUTION
Consider the survival or reliability function given by

e (029" jfysp  g=1-(1-2¢)"
otherwise

F(x;0,€) =

Clearly, the first and second moments of F are =1 and p, = 2(1—€) respectively. Since the failure rate function A (X) is

increasing, we obtain,
1/2

L() = j(;” ‘Ift(x) — e~ (X027 gy
H2
<2ufl-—%
H= o2
=2[1-2(1-¢)/2|.

Consequently,
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LE =" ‘Ift(x) _e (029" gy <o

A. Theorem
If F(X) isa DHR reliability function, then

[} 17 Gt e e*e*y“ﬂuf}

= max{0,K (e, ,0) } say
B. Proof

Let F(X) be a DHR survival function, then there exist €>u such that Ift(X)S(1+X/(u+t))e_X/u or
F(X) > (L+x/(u+t))e ™" as x <e or x2e. Now,

F(x) —[1+ Ltj e */H|dx = 2]? ( I_:t(x)_(1+X/(!J+t))e_X/“) x

o — 38

S Zof(lft(x +1) —(1+L)e_X/ “j ax

p-Ht

: a(ea)—zof (1+ﬁt &M

, (e )2 j £1+— e */Mx
0

w{e{)/u M

1{@% LHH\

The first inequality follows from the fact that Ft(X) > F(X+t) forallx>0.
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VI. MATHEMATICAL RESULT
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Fig.6
VII. CONCLUSION

In this Paper, exponential-length biased approximation, bounds and stability results on the distance between residual life reliability
functions with monotone weight functions and the exponential counterpart in the class of distribution function with increasing or
decreasing hazard rate. In the application part figure 3 gives the observed ACTH/Cortisol and predicted conjoint of CRH/AVP.
Particularly concentrated on the behavior of CRH/AVP pulse-times based on simultaneous measurements of two of the three
signals. It’s mean is calculated from the figure and corresponding DHR reliability function for the mean is discuss particularly the
function K (e,,0) is arrived in the figure 6 from the mathematical result.
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