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Abstract:  In this paper, we have made use of certain known summations to establish transformations of q-double series in terms 
of single series. We have deduced Clausen type identities from these results. 
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I. INTRODUCTION 
For ߙ, real or complex and  |ݍ| < 1, we define the q-shifted factorials by  

;ߙ]                   [ݍ =  ൜
1 ݂݅ ݊ = 0
(1 − 1)(ߙ − (ݍߙ … (1− ,(ିଵݍߙ ݂݅ ݊ = 1,2,3, …                                                     (1.1) 

A basic hypergeometric function is defined as: 

                 sr   
ܽଵ, ܽଶ, … , ܽ; ;ݍ ݖ
ܾଵ,ܾଶ, … ,ܾ௦;ݍఒ ൨ 

                = 
[ܽଵ,ܽଶ, … ,ܽ ; ఒ(ିଵ)/ଶݍݖ[ݍ

,ଵ,ܾଶܾ,ݍ]ൣ … ,ܾ௦;ݍ]൧


ஶ

ୀ

,                                                                                                     (1.2) 

Where [ܽଵ,ܽଶ, … ,ܽ ; [ݍ = [ܽଵ: [ݍ;ଶܽ] [ݍ … [ܽ;ݍ] . 
The series sr converges absolutely for all z if ߣ > 0 and for |ݖ| < 1 if ߣ = 0. we shall use the following series identity to establish 

our results. 

    ܤ(݊, ݇) =


ୀ

ஶ

ୀ

 ݊)ܤ + ݇, ݇),
ஶ

,ୀ

                                                                                                 (1.3) 

Provided the series on both sides of (1.3) exist. 

II. NOTATIONS AND DEFINITIONS 
Notations and definitions appearing in this paper have their usual meaning. We shall use the following known summations of q-
series in our analysis:  

12 �ቂ
ିݍ ,ܽ; ;ݍ ݍݖ ܽ⁄
     ܿ

ቃ =
[ܿ ܽ; ⁄ݍ ]

[ܿ; [ݍ
.                                                                                                  ( 2.1) 

      

                    23    ܽ, ܾ, ିݍ ;ݍ;     ݍ
ଵିݍܾܽ,ܿ ܿ⁄ ൨ =

[ܿ ܽ, ܿ ܾ; ⁄⁄ݍ ]
[ܿ, ܿ ܾܽ; ⁄ݍ ]

                                                                                         (2.2) 

 

                                                         12 ିݍ,ݔ   ; ݍ−;ݍ ⁄ݔ
ିݍ ⁄ݔ ൨ =  

[;]ൣ௫మమ;మ൧
[௫;][మ;మ]

,                                                                                 (2.3) 

Where m is the greatest integer ≤ ݊ 2⁄ . 

                   34 ݍ
ି ିݍ−,   ,ݕݔ ,ݔ ⁄ݕ   ; ;ݍ ݍ
,ݍݕݔ− ିݍ ,ݔ ିݍ ⁄⁄ݕ ൨ 

                     =  
,ݍ] ;ݍݕݔ [ଶݍ;ଶݍଶݕ,ଶݍଶݔ][ݍ
;ݍݕ,ݍݔ] [ଶݍ;ଶݍଶݕଶݔ,ଶݍ][ݍ

,                                                                                                         (2.4) 

Where m is the greatest integer ≤ ݊ 2⁄  
 

                       12 ݔ, 1−;ݍ;ିݍ ⁄ݔ
ିݍ ⁄ݔ ൨ =

;ݍ] ;ଶݍଶݔ][ݍ ିଶݔଶ]ݍ 

[ଶݍ;ଶݍ][ݍ;ݍݔ]
,                                                                    (2.5) 
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Where m is the greatest integer≤ ݊ 2 ⁄ . 

                       34 ݍ
ି ିݍ−,   ,ݍݔ,ݕݔ ⁄ݍݕ   ; ;ݍ ݍ
ଵିݍ,ݍݕݔ− ଵିݍ,ݔ ⁄⁄ݕ ൨ 

                         =    
(−)[ݍ; ;ݍݕݔ][ݍ [ଶݍ;ଶݍଶݕ,ଶݍଶݔ][ݍ

,ݔ]ݍ ;ݕ [ଶݍ;ଶݍଶݕଶݔ,ଶݍ][ݍ
,                                                                                  (2.6) 

Where m is the greatest integer ≤ ݊ 2⁄ . 

                       34 ݍ
ି ିݍ−,   ,ଶݔ ⁄ݕ−,ݕ   ; ;ݍ ݍ
ିݍ ିݍ−,ݔ ⁄⁄ଶݕ,ݔ ݍ

൨ 

                         =    
;ݍ] [ଶݍ;ଶݍଶݕ,ଶݍଶݔ][ଶݍ;ଶݍଶݕଶݔ][ݍ
;ݍଶݕ][ଶݍ;ଶݍଶݔ] [ଶݍ;ଶݍଶݕଶݔ,ଶݍ][ݍ

,                                                                                   (2.7) 

Where m is the greatest integer ≤ ݊ 2⁄ . 
 

                        23 ݍ
ି ିݍ, ⁄ଶݔ , 0; ;ݍ ݍ
ିݍ ିݍ−,ݔ ⁄⁄ݔ ൨ =

;ݍ] [ଶݍ;ଶݍଶݔ][ݍ
[ଶݍ;ଶݍ][ଶݍ;ଶݕଶݔ]

,                                                                   (2.8) 

Where m is the greatest integer ≤ ݊ 2⁄ . 
 

                        23 ݍ
ି ିݍ, ⁄ଶݔ , 0; ;ݍ 1
ିݍ ିݍ−,ݔ ;ݔ ⁄⁄ݍ ൨ 

                        =
;ݍ] (ାଵ)ݍ[ଶݍ;ଶݍଶݔ][ݍ ଶ⁄ ଶିଶݔ

[ଶݍ;ଶݍ][ଶݍ;ଶݕଶݔ]
,                                                                                              (2.9) 

Where m is the greatest integer ≤ ݊ 2⁄ . 

                      34 ݍ
ି ିݍ, ;ݍݕ−,ݍݕ,ଶݔ ;ݍ ⁄ݍ
ଵିݍ ,ݔ ଵିݍ ,ݔ ⁄⁄ݍଶݕ ൨ 

                     
(−)[ݍ; [ଶݍ;ଶݍଶݕ,ଶݍଶݔ][ଶݍ;ଶݍଶݕଶݔ][ݍ
;ݍଶݕ][ଶݍ;ଶݔ]ଶݍ [ଶݍ;ଶݍଶݕଶݔ,ଶݍ][ݍ

,                                                                                     (2.10) 

where m is the greatest integer ≤ ݊ 2⁄ . 

                       23 ݍ
ି ିݍ, ,ଶݔ 0; ;ݍ ⁄ݍ
ଵିݍ ଵିݍ,ݔ ⁄⁄,ݔ ൨ =  

(−)[ݍ; [ଶݍ;ଶݍଶݔ][ݍ
[ଶݍ;ଶݍ][ଶݍ;ଶݔ]ݍ

,                                                               (2.11) 

Where m is the greatest integer ≤ ݊ 2⁄ . 

                      23 ݍ
ି ିݍ, ,ଶݔ 0; ;ݍ ⁄ଶݍ
ଵିݍ ଵିݍ,ݔ ⁄⁄;ݔ ݍ

൨ 

                      =
(−)[ݍ; (ିଵ)ݍ[ଶݍ;ଶݍଶݔ][ݍ ଶ⁄ ଶିଶݔ

;ଶݔ] [ଶݍ;ଶݍ]ଶ]ݍ
,                                                                                      (2.12) 

Where m is the greatest integer ≤ ݊ 2⁄ . 
Putting ିݍݕ for y in [Verma and Jain 1; (2.20) P.1027] we get the following summation formula: 

34 �
ିݍ ିݍ, ,ଶݔ 1/ 1−,ݕݔ ;ݕݔ ;ݍ ⁄⁄ݍ
ଵିݍ ିݍ−,ݔ ,ݔ 1 ⁄⁄⁄ଶݕଶݔ ൨ 

                      =
(−)(ݍݔ)ି[ݍ; [1[ݍ ⁄ଶݍ;ଶݕ ][ݔଶݍଶ;ݍଶ][ݕଶݍଶ;ݍଶ]ି

;ݍݔ,ݔ] [1[ݍ ⁄ݍ;ଶݕଶݔ ][ݍଶ;ݍଶ][ݔଶݕଶݍଶ;ݍଶ]ି
                                                        (2.13) 

Where m is the greatest integer ≤ ݊ 2⁄ . 

23 � 
ିݍ ିݍ, ,ଶݔ 0; ;ݍ ⁄ݍ
ଵିݍ ିݍ−,ݔ ⁄⁄;ݔ ൨ 

                      =
(−)[ݍ; ିଶݔ[ଶݍ;ଶݍଶݔ][ݍ

;ݍݔ−,ݔ] [ଶݍ;ଶݍ][ݍ
,                                                                                                         (2.14) 

Where m is the greatest integer ≤ ݊ 2⁄ . 
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23 � ݍ
ି ିݍ, ,ଶݔ 0; ;ݍ ⁄ݍ
ଵିݍ ିݍ−,ݔ ;ݔ ⁄⁄ݍ ൨ 

                       =
(−)ݔݍ(ିଵ) ଶ⁄ ;ݍ] [ଶݍ;ଶݍଶݔ][ݍ

[ଶݍ;ଶݍ][ݍ;ݍݔ−,ݔ]
,                                                                                                (2.15) 

Where m is the greatest integer ≤ ݊ 2⁄ . 
Putting ݍݓ for w in [Alsalam and Verma 1; (4.3) P.420] we get the summation formula: 

34 � ܽ,ܽݍ, ܽଶ ଶିଶݍ ;ଶିݍ,ଶݓ ⁄ଶݍ,ଶݍ
ܽଶݍଶ,ܽݍଵିଶ ⁄ଶିଶݍܽ,ݓ ݓ/

൨ 

                      =
;ݓ] ݓ]ଶ[ݍ ⁄ݍ;ݍ−.ܽ ]

ݓ] ܽ; ⁄ݍ ]ଶ[ݍܽ−,ݓ; [ݍ
,                                                                                                                     (2.16) 

                      34  ൦
ିݍ , ܿ,݀,

1
ܿ݀ ݍ

ଵ
ଶି;ݍ; ଶݍ

1
ܿ ݍ

ଵି ,
1
݀ ݍ

ଵି ଵݍ݀ܿ, ଶ⁄
൪ 

                     =  
[ܿ݀; ଵݍ−,݀,ൣܿ[ݍ ଶ⁄ ; ଵݍ ଶ⁄ ൧


[ܿ, ݀; ;݀ܿ][ݍ ଵݍ ଶ⁄ ]

 ,                                                                                                                (2.17) 

                     34  ൦
ିݍ , ܿ, ݀,

1
ܿ݀ ݍ

ଷ
ଶି;ݍ; ݍ

1
ܿ ݍ

ଵି ,
1
݀ ݍ

ଵି , ଵݍ݀ܿ ଶ⁄
൪ 

                    =
ଵିݍ݀ܿൣ ଶ⁄ ଵݍ; ଶ⁄ ൧

ଶ
ൣܿ,݀; ଵݍ ଶ⁄ ൧


;ݍ] [ݍ

ଵିݍ݀ܿ] ଶ⁄ ; ଵݍ ଶ⁄ ][ܿ݀ݍଵ ଶ⁄ ,ܿ][ݍ; ݀; ଵݍ][ݍ ଶ⁄ ଵݍ; ଶ⁄ ]
.                                                                       (2.18) 

                    34  ൦
ିݍ , ܿ, ݀,

1
ܿ݀ ݍ

ଵ
ଶି;ݍ; ݍ

1
ܿ ݍ

ଵି ,
1
݀ ݍ

ଵି , ଵିݍ݀ܿ ଶ⁄
൪ 

                    =
,ݍ] ܿ݀; ;݀,ൣܿ[ݍ ଵݍ ଶ⁄ ൧

ݍ
ି/ଶ

[ܿ, ݀; ଵିݍ݀ܿ][ݍ ଶ⁄ ଵݍ; ଶ⁄ ][ݍଵ ଶ⁄ ଵݍ; ଶ⁄ ]
,                                                                                              (2.19) 

III. MAIN RESULTS  
In this section we shall establish certain transformations of double series in the term of single series. 

 
(݅)   Multiplying both sides of (2.1) by an arbitrary sequenceܤ, summing over n from 0 to  ∞ , applying the identity (1.3) and  

        then replacing  ܤ by ௭

[;]
ܣ ,, where ܣ is another arbitrary sequence, we get: 

 ାܣ

ஶ

,ୀ

 
[ܽ; ݖܿ−)[ݍ ܽ⁄ )ݖݍ(ିଵ) ଶ⁄

[ܿ; ;ݍ][ݍ ;ݍ][ݍ [ݍ
= ܣ

ஶ

ୀ

[ܿ ܽ; ⁄ݍ ]ݖ

,ݍ] ܿ; [ݍ
.                                                        (3.1) 

This is a transformation which reduces a double series in terms of a single series. 
Similarly, one can easily establish the following results: 

(݅݅)             ାܣ

ஶ

,ୀ

 
[ܽ, ܾ; ܿ][ݍ ܾܽ; ⁄ݍ ](ܿݖ ܾܽ⁄ )ݖ

,ݍ] ;ݍ][ݍ;ܿ [ݍ
= ܣ

ஶ

ୀ

[ܿ ܽ, ܿ/ܾ; ⁄ݍ ]ݖ

,ݍ] ܿ; [ݍ
.                                             (3.2) 

(Using (2.2) with ܤ = [ ;⁄ ]௭

[;]
 ( ܣ

(݅݅݅)            ାܣ

ஶ

,ୀ

 
;ݔ] ;ݍݔ][ݍ ݖ(ݍݖ−)[ݍ

;ݍ] ;ݍ][ݍ [ݍ
=  ܣ

ஶ

ୀ

  
ݖ[ଶݍ;ଶݍଶݔ]

[ଶݍ;ଶݍ]
.                                                           (3.3)  

Where m is the greatest integer ≤ ݊ 2⁄ . 
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(Using (2.3) with ܤ = [௫;]௭

[;]
ܣ   ) 

          (ݒ݅) ାܣ

ஶ

,ୀ

 
;ݕ,ݔ] ,ݍݔ][ݍ ;ݍݕ ݖ(ݍݖ−)[ݍ

;ݍݕݔ−,ݍ][ݍ;ݍݕݔ−,ݍ] [ݍ
    

                   =  ܣ

ஶ

ୀ

  
;ݍݕݔ] ݖ[ଶݍ;ଶݍଶݕ,ଶݍଶݔ][ݍ

;ݍݕݔ−] [ଶݍ;ଶݍଶݕଶݔ,ଶݍ][ݍ
                                                                                                    (3.4) 

Where m is the greatest integer ≤ ݊ 2⁄ . 

(Using (2.4) with ܤ = [௫,௬;]௭

[,ି௫௬;]
ܣ    ) 

            (ݒ) ାܣ

ஶ

,ୀ

 
;ݔ] ;ݍݔ][ݍ ݖ(ݖ−)[ݍ

;ݍ] ;ݍ][ݍ [ݍ
 

                    =  ܣݖ
ஶ

ୀ

  
ିଶݔ[ଶݍ;ଶݍଶݔ]

[ଶݍ;ଶݍ]
                                                                                                                   (3.5) 

Where m is the greatest integer ≤ ݊ 2⁄ . 

(Using (2.5) with ܤ = [௫;]௭

[;]
ܣ    ) 

 

            (݅ݒ) ାܣ

ஶ

,ୀ

 
;ݍݔ−,ݔ] ݖ(ݖ−)[ݍ

,ݍ] ;ݍଶݔ ;ݍ][ݍ [ݍ
    

                    =  ܣ(−ݖ)
ஶ

ୀ

  
ିଶݔ[ଶݍ;ଶݍଶݔ]

;ݍଶݔ] [ଶݍ;ଶݍ][ݍ
                                                                                                            (3.6) 

Where m is the greatest integer ≤ ݊ 2⁄ . 

(Using (2.6) with ܤ = [௫ି௫;]௭

[,௫మ;]
 (  ܣ 

            (݅݅ݒ) ାܣ

ஶ

,ୀ

 
;ݍݔ−,ݔ] (ିଵ)ݍݖ(ݖ−)[ݍ ଶ⁄

,ݍ] ;ݍ][ݍ;ݍଶݔ [ݍ
 

                   =  ܣ

ஶ

ୀ

  
(ିଵ)ݍ(ݔݖ−) ଶ⁄ [ଶݍ;ଶݍଶݔ]

;ݍଶݔ] [ଶݍ;ଶݍ][ݍ
                                                                                                     (3.7) 

Where m is the greatest integer ≤ ݊ 2⁄ . 

(Using (2.7) with ܤ = [௫ ,ି௫;]௭

[,௫మ;]
 (  ܣ 

(݅݅݅ݒ)              ାܣ

ஶ

,ୀ

 
[ܽ, ;ݍܽ ݍݓ]ଶ]ݍ ݓ,ܽ ܽ; ⁄⁄ଶݍ ](ݍݖ)ݖ

ଶݓ,ଶݍ][ଶݍ;ଶݍଶ,ܽଶݍ] ܽଶ;ݍଶ⁄ ]
 

                   =  ܣ

ஶ

ୀ

  
;ݓ] ݖଶ[ݍ

;ݓ] ;ݍ][ݍ ݓ−,ݍܽ−][ݍ ܽ; ⁄ݍ ]
,                                                                                               (3.8) 

 (Using (2.8) with ܤ =
ൣ௪ ,௪ ;మ⁄⁄ ൧௭



[మ ,௪మ మ;మ⁄ ]
 (  ܣ 

IV. CLAUSEN TYPE IDENTITIES 
In this section, we deduce the Clausen type identities from the result established in section (3) 
(݅) Taking ܣ = 1 in (3.2) we get  

12 �ቂ
ܽ, ܾ; ݖܿݍ ܾܽ⁄
  ܿ

ቃ 01 ቂܿ ;ݍ;ܾܽ ⁄ݖ
−

ቃ 

                         =   12 ቂܿ ܽ, ܿ ܾ; ;ݍ ⁄⁄ݖ
  ܿ

ቃ ,                                                                                                                         (4.1) 
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Which is the basic analogue of  Euler’s transformation. 
(݅݅) For ܣ = 1,  (3.4) yields the product formula:  

                       12 ቂ
,ݔ ;ݕ ݍݖ−;ݍ
ݍݕݔ−  ቃ 12 ቂ

.ݍݔ ;ݍݕ ;ݍ ݖ
ݍݕݔ− ቃ 

                    =  34 ݍݕݔ, ଶݖ;ଶݍ;ଶݍଶݕ,ଶݍଶݔ,ଶݍݕݔ
ଶݍଶݕଶݔ,ଶݍݕݔ−,ݍݕݔ−

൨ 

 

                      + 
−1)ݖ (ݍݕݔ
(1 + (ݍݕݔ  34 ݍݕݔ

ଶ,ݍݕݔଷ,ݔଶݍଶ,ݕଶݍଶ;ݍଶ; ଶݖ
ଶݍଶݕଶݔ,ଷݍݕݔ−,ଶݍݕݔ−

൨                                                                          (4.2)  

Which is known result [Verma and Jain 1; (2.37)P.1031] 
Similarly, taking ܣ = 1  in (3.3) - (3.8) we have the following results respectively.  

(݅݅݅)              12 ݍݔ. ;ݍݕ ݖ−;ݍ ⁄ݍ
ݍݕݔ− ൨ 12 ቂ

.ݔ ;ݕ ;ݍ ݖ
ݍݕݔ− ቃ 

                      = 34 ݍݕݔ, ଶݖ;ଶݍ;ଶݍଶݕ,ଶݍଶݔ,ଶݍݕݔ ⁄ଶݍ
ଶݍଶݕଶݔ,ଶݍݕݔ−,ݍݕݔ−

൨ 

 

                     −
−1)ݖ (ݍݕݔ
1)ݍ + (ݍݕݔ 34 ݍݕݔ

ଶݍݕݔଷ,ݔଶݍଶ,ݕଶݍଶ;ݍଶ;ݖଶ ⁄ଶݍ
ଶݍଶݕଶݔ,ଷݍݕݔ−,ଶݍݕݔ−

൨                                                                       (4.3) 

12                  (ݒ݅) 
;ݕ−,ݕ ݍݖ−;ݍ
ݍଶݕ ൨ 12 

;ݍݔ−,ݍݔ ݖ;ݍ
ݍଶݔ ൨  

                          34 ݍݕݔ,ݍݕݔ−,ݍݕݔଶ,−ݍݕݔଶ;ݍଶ;ݖଶ
ଶݍଶݕଶݔ,ݍଶݕ,ݍଶݔ

൨ 

                          +
−1)ݖ (ଶݍଶݕଶݔ

(1 − 1)(ݍଶݔ − (ݍଶݕ 34 ݍݕݔ
ଶ,−ݍݕݔଶ,ݍݕݔଷ,−ݍݕݔଷ;ݍଶ; ଶݖ

ଶݍଶݕଶݔ,ଷݍଶݕ,ଷݍଶݔ,
൨                                                (4.4) 

(v)                    12 
;ݍݕ−,ݍݔ ;ݍ ݖ
ݍଶݔ ൨ 

                           = ;ݍݖ−] ஶ 10[ݍ −; ଶݖ;ଶݍ
ݍଶݔ

൨ +
;ݍݖ−]ݖ ஶ[ݍ
(1 − (ݍଶݔ 10 −; ଶݖ;ଶݍ

ଷݍଶݔ
൨                                                        (4.5) 

12                  (݅ݒ) ቈܿ, ݀      ; ;ݍ ଵݍݖ ଶ⁄

ଵݍ݀ܿ ଶ⁄  12 
ܿ,݀     ; ;ݍ ݖ
ଵݍ݀ܿ ଶ⁄ ൨ 

                          = 34 ቈ         ܿ,݀,√ܿ݀,−√ܿ݀        ; ଵݍ ଶ⁄ ; ݖ
ܿ݀, ଵݍ ସ⁄ ଵݍ−,݀ܿ√ ସ⁄ √ܿ݀

                                                                                          (4.6) 

12                  (݅݅ݒ) ቈܿ, ݀     ; ;ݍ ଵݍݖ ଶ⁄

ଵݍ݀ܿ ଶ⁄  12 
ܿ,݀        ; ;ݍ ݖ
ଵିݍ݀ܿ ଶ⁄ ൨   

                          = 34 ቈ          ܿ, ݀,√ܿ݀,−√ܿ݀         ; ଵݍ ଶ⁄ ݖ;
ଵିݍ݀ܿ ଶ⁄ , ଵݍ ସ⁄ ଵݍ−,݀ܿ√ ସ⁄ √ܿ݀

                                                                                        (4.7) 

12                 (݅݅݅ݒ) ቈܿ, ݀       ; ;ݍ ଵିݍݖ ଶ⁄

ଵିݍ݀ܿ ଶ⁄  12 
ܿ,݀     ; ;ݍ ݖ
ଵݍ݀ܿ ଶ⁄ ൨ 

                          = 34 ቈ          ܿ, ݀,√ܿ݀,−√ܿ݀       ; ଵݍ ଶ⁄ ; ଵିݍݖ ଶ⁄

ଵିݍ݀ܿ ଶ⁄ ଵݍ, ସ⁄ ଵݍ−,݀ܿ√ ସ⁄ √ܿ݀
                                                                                (4.8) 

V. CONCLUSION 
In this paper a new method has been developed to establish certain transformation of double q-series in terms of a single series. 
These results lead to certain Clausen type identities. With the help of these results it is also possible to establish certain continued 
fraction representation involving q- series.  
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