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I. INTRODUCTION 
The study of fixed point theorems and common fixed point theorems satisfying contractive type conditions has been a very active 
field of research activity during the last three decades. In 1922, the polish mathematician, Banach [14] proved a theorem which 
ensures under approximation conditions the existence and uniqueness of the fixe point. His result is called Banach fixed point 
theorem or the Banach contraction principle. This theorem provides a technique for solving a variety of applied problems in 
mathematical sciences and engineering. Many researchers have extended, generalized and improved Banach’s fixed point theorem 
in different ways.  Banach published first contractive definition for the fixed point theorem by using the concept of Lipschitz 
mapping which is known as Banach’s contraction Principle. Final conclusion of the theorem is that T has a unique fixed point, 
which can be reached from any starting value x଴ ∈  X .  Jungck [30] generalized the notion of weak commutativity by introducing 
the concept of compatible maps and then weakly compatible maps [31]. 
 In  1997  Alber  and  Guerre-  Delabriere  [8]  introduced  the  concept  of  weakly  contractive  map  in Hilbert  space  and  proved   
the  existence  of  fixed  point   results.  Rhoades [63]  extended  this  concept  in Banach  space   and  established  the  existence  of  
fixed  points. Throughout  this  chapter   (X, d)  is  a  metric  space  which  we  denote  simply  by  X. 

II. PRELIMINARIES 
A. Definition 1.1 
For  any  x଴ ∈ X ;   O(x଴) = { T୬x୭ ; n = 0,1,2,3 … … }  is said  to  the  orbit  of  x଴  where,   
 T଴ = I, is  the  identity  map  of  X.   O(x଴)തതതതതതതത represent the closer of O(x଴). 
A  metric  space  X  is  said  to  be  T − orbitally  complete;  if  every  Cauchy  sequence  Which  is  contained  in  O(x) for  all  x ∈
X  converges  to  the  point  of  X. 
Here  we  note  that  every  complete  metric  space  is  T −  orbitally  complete  for  any  T,  but  converges  is  not  true. 

B. Definition 1.2     
Let    A  and   S  be  the  mapping  from  a  metric  space  X  into  itself,  then  the  mapping  is  said  to  weakly  compatible  if  they  
are  commute  at  their  coincidence  points,    that  is,  

Ax = Sx implies that ASx = SAx. 

C. Definition 1.3   
A  self  map  T: X → X  is  said  to  be  generalized  weakly  contractive  map  if  there  exists  a   ψ ∈ Φ  such that, 
                   d(Tx, Ty)  ≤  d(x, y) −  ψ൫d(x, y)൯    
with lim

୲→ஶ
ψ(t)  =  0  for  all  x, y ∈ X. 

We denote,   Rା =  [0,∞)  is  positive  real  number, N  the  set  of  natural  number   and  R  the  set  of  real  number.  We 
write   Φ = { ψ ∶ Rା → Rା } where ψ setisfies following conditions ;  
1) ψ is continuous  
2) ψ is non decreasing 
3) ψ(t) > 0 for t > 0 
4) ψ(0) = 0 
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III.  MAIN RESULT 
A. Theorem 2.1     
Let   (X, d)  be  a T −  orbitally  complete   metric  space,  if   A , B, S , T  be  the  self  mapping  of  X  into  itself  such  that; 
1) A(X) ⊆ T(X) and B(X) ⊆ S(X), T(X) or S(X) are closed subset of X. 
2) The pair (A, S) and (B, T) are weakly compatible and  generalized weakly contractive map 
3) for all x, y ∈  O(x଴)തതതതതതതത and k ∈ [0,1), we define, 

  d(Ax, By) ≤ k max ቄୢ(୅୶,ୗ୶) .ୢ(୆୷,୘୷) 
ଵାୢ(ୗ୶,୘୷) , ୢ(ୗ୶,୆୷).ୢ(୅୶,୘୷)

ଵାୢ(ୗ୶,୘୷) , d(Sx, Ty)ቅ.        

Then  A , B, S, T  have unique fixed point in  O(x଴)തതതതതതതത. 
Proof  We  suppose  that,  x଴ ∈ X  arbitrary  and   we  choose  a  poin t x ∈ X  such  that,  

 y଴ = Ax଴ = Txଵ  and   yଵ = Bxଵ = Sxଶ  
In  general  there  exists  a  sequence, 
   yଶ୬ =  Axଶ୬ =  Txଶ୬ାଵ and  yଶ୬ାଵ = Bxଶ୬ାଵ = Sxଶ୬ାଶ   
for   n = 1,2,3 … … … .. 
first  we  claim  that  the  sequence  {y୬}   is  a  Cauchy  sequence  for  this  from  2.1(iii)  we  have, 
  d(yଶ୬, yଶ୬ାଵ)    ≤   k. M(Axଶ୬, Bxଶ୬ାଵ)− ψ(M(Axଶ୬, Bxଶ୬ାଵ))  

  d(yଶ୬, yଶ୬ାଵ)  ≤    k max

⎩
⎪
⎨

⎪
⎧ୢ

(୅୶మ౤,ୗ୶మ౤ ).ୢ(୆୶మ౤శభ,୘୶మ౤శభ)
ଵାୢ(ୗ୶మ౤,୘୶మ౤శభ) ,

ୢ(ୗ୶మ౤,୆୶మ౤శభ).ୢ(୅୶మ౤,୘୶మ౤శభ)
ଵାୢ(ୗ୶మ౤,୘୶మ౤శభ) ,

d(Sxଶ୬, Txଶ୬ାଵ) ⎭
⎪
⎬

⎪
⎫

     

  d(yଶ୬, yଶ୬ାଵ)  ≤   k  max

⎩
⎪
⎨

⎪
⎧ୢ(୷మ౤,୷మ౤షభ).ୢ(୷మ౤శభ,୷మ౤)

ଵାୢ(୷మ౤షభ,୷మ౤) ,
ୢ(୷మ౤షభ,୷మ౤శభ).ୢ(୷మ౤,୷మ౤)

ଵାୢ(୷మ౤షభ,୷మ౤) ,

d(yଶ୬ିଵ, yଶ୬) ⎭
⎪
⎬

⎪
⎫

    

  d(yଶ୬, yଶ୬ାଵ)  ≤  k  max{d(yଶ୬ାଵ, yଶ୬), 0, d(yଶ୬ିଵ, yଶ୬)}    
There arise three cases: 
a) Case- 1:   If we take   

  max{d(yଶ୬ାଵ, yଶ୬), 0, d(yଶ୬ିଵ, yଶ୬)}  =  d(yଶ୬ିଵ, yଶ୬)   
then we have 
  d(yଶ୬, yଶ୬ାଵ)  ≤    k. d(yଶ୬ିଵ, yଶ୬)  

b) Case- 2:   If we take   

  max{d(yଶ୬ାଵ, yଶ୬), 0, d(yଶ୬ିଵ, yଶ୬)}  =  d(yଶ୬ାଵ, yଶ୬)   
then we have 
  d(yଶ୬, yଶ୬ାଵ)  ≤    k. d(yଶ୬ାଵ, yଶ୬)    
which contradiction. 
c) Case- 3:   If we take   
  max{d(yଶ୬ାଵ, yଶ୬), 0, d(yଶ୬ିଵ, yଶ୬)}  =  0   
then we have 
  d(yଶ୬, yଶ୬ାଵ)  ≤    0  
which contradiction. 
From the above all three cases we have 
  d(yଶ୬, yଶ୬ାଵ)  ≤    k. d(yଶ୬ିଵ, yଶ୬)  
Processing the same way we have  

 d(yଶ୬, yଶ୬ାଵ)  ≤    kଶ୬. d(y଴, yଵ)  
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Or    d(y୬, y୬ାଵ)  ≤    k୬. d(y଴, yଵ)   
For any m > n  we have 
  d(y୬, y୫) ≤   d(y୬, y୬ାଵ) +  d(y୬ାଵ, y୬ାଶ) +⋯… . + d(y୫ିଵ, y୫)  
  d(y୬, y୫) ≤   (k୬ +  k୬ାଵ +  … … . . +k୫ିଵ)d(y଴, yଵ)  
  d(y୬, y୫) ≤  ୩

ଵି୩
 d(y଴, yଵ)  . 

As n → ∞ , it  follows  that  {y୬}  is  a  Cauchy  sequence  and  by  the  completeness  of  X,  {y୬}  converges  to  y ∈ X. That  is  we  
can   write; 

  lim୬→ஶ y୬   =   lim୬→ஶ Axଶ୬   =   lim୬→ஶ Txଶ୬ାଵ    
 =    lim୬→ஶ Bxଶ୬ାଵ   =   lim୬→ஶ Sxଶ୬ାଶ = y . 

Now  let  T(X) is  closed  subset  of  X  such  that,  Tv  =  y. 
We  prove  that  Bv =  y   for  this  again  from  2.1(iii), 

 d(Axଶ୬, Bv)  ≤    k  max

⎩
⎪
⎨

⎪
⎧ୢ(୅୶మ౤,ୗ୶మ౤ ) ୢ(୆୴,୘୴)

ଵାୢ(ୗ୶మ౤,୘୴) ,
ୢ(ୗ୶మ౤ ,୆୴)ୢ(୅୶మ౤,୘୴)

ଵାୢ(ୗ୶మ౤,୘୴) ,

d(Sxଶ୬, Tv) ⎭
⎪
⎬

⎪
⎫

   

 d(y, Bv)  ≤    k max{ d(Bv, y), d(y, Bv), 0}  
  d(y, Bv)     <     k  . d(y, Bv)     
which contradiction,  
Hence Bv = y =  Tv   and that   BTv =   TBv  implies that  By =  Ty . 
Now  we  proof  that  By = y  for  this  again  from 2.1(iii) 

     d(Axଶ୬, By)     ≤      k max   

⎩
⎪
⎨

⎪
⎧ୢ(ୗ୶మ౤,୆୷).ୢ(୅୶మ౤,୘୷)

ଵାୢ(ୗ୶మ౤,୘୷) ,
ୢ(୅୶మ౤,ୗ୶మ౤).ୢ(୆୷,୘୷)

ଵାୢ(ୗ୶మ౤,୘୷) ,

d(Sxଶ୬, Ty) ⎭
⎪
⎬

⎪
⎫

   

 lim
୬→ஶ

d(Axଶ୬, By)    ≤   k d(y, By)   

   By  =   y  =   Ty . 
Since  B(X)  ⊆   S(X)  
for,  w ∈  X   such  that  Sw  =  y 
now  we  show  that   Aw  =   y 
   d(Aw, By)     ≤    k max ቄୢ(୅୵,ୗ୵)ୢ(୆୷,୘୷)

ଵାୢ(ୗ୵,୘୷) , ୢ(ୗ୵,୆୷)ୢ(୅୵,୘୷)
ଵାୢ(ୗ୵,୘୷) , d(Sw, Ty)ቅ     

It follows that,     d(Aw, y)    ≤   kd(Aw, y)  
Which contradiction,   d(Aw, y)  >  0   thus  Aw =  y =  Sw 
Since   A   and   S   are weakly compatible,   so   that   ASw  =   SAw   this   implies,   Ay  =   Sy. 
Now   we  show  that,  Ay =  y  for   this  again  from  2.1(iii), 

 d(Aw, By)     ≤    k max  ቄୢ(୅୷,ୗ୷) ୢ(୆୷,୘୷)
ଵାୢ(ୗ୷,୘୷) , ୢ(ୗ୷,୆୷)ୢ(୅୷,୘୷)

ଵାୢ(ୗ୷,୘୷) , d(Sy, Ty)ቅ    

It  follows  that,    d(Ay, y)    ≤   k d(Ay, y)   
Which contradiction thus  Ay =  y  and  then,  we  write 
       Ay  =   Sy =  By  =   Ty  =   y  
that is  y  is common  fixed  point  of  A , B, S , T. 
If  S(X) is  closed  subset  of  X  then  we  follows  similarly  proof. 
Uniqueness  We suppose that x, is another fixed point for  A , B , S , T  then, by using 2.1(iii) then we have  

  d(x, y)   ≤   k. d(x, y)    
Which  contradiction.   so  that  x = y and  y  is  unique  fixed  point  of  A , B , S, T.  
This complete the prove of the theorem. 
If we omit the completeness of the space then we get following corollary. 

B. Corollary 2.2     
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Let   (X, d)  be  a T −  orbitally   metric  space,  if   A , B, S , T  be  the  self  mapping  of  X  into  itself  such  that; 
1) A(X) ⊆ T(X) and B(X) ⊆ S(X), T(X) or S(X) are closed subset of X. 
2) The pair (A, S) and (B, T) are weakly compatible and  generalized weakly contractive ma 
3) for all x, y ∈  O(x଴)തതതതതതതത and k ∈ [0,1), we define, 

   d(Ax, By) ≤ k. M(x, y) −  ψ(M(x, y))   

Where ,  M(Ax, By) =  maxቐ
 ୢ
మ(୅୶,ୗ୶) ାୢమ(୆୷,୘୷) 

ଵାୢ(ୗ୶,୘୷)  , ୢ
మ(ୗ୶,୆୷)ା ୢమ(୅୶,୘୷)

ଵାୢ(ୗ୶,୘୷)  ,

 ୢ(୅୶,ୗ୶) .ୢ(୆୷,୘୷) 
ଵାௗ(ௌ௫ ,்௬) , ௗ(ௌ௫,஻௬).ௗ(஺௫ ,்௬)

ଵାௗ(ௌ௫,்௬) (ݕܶ,ݔܵ)݀,
ቑ.     

Then  ܤ, ܣ, ܵ,ܶ  have unique fixed point in  ܱ(ݔ଴)തതതതതതതത. 

C. Corollary 2.3     
Let   (ܺ,݀)  be  a ܶ −  ;be  the  self  mapping  of  ܺ  into  itself  such  thatܤ, ܣ   complete   metric  space,  if  ݕ݈݈ܽݐܾ݅ݎ݋ 
(ܺ)ܣ (1 ⊆ ܺ and ܤ(ܺ) ⊆ ܺ,  
2) The pair (ܤ,ܣ)  weakly compatible and  generalized weakly contractive map 
,ݔ ݈݈ܽ ݎ݋݂ (3 ݕ ∈ ݇ ݀݊ܽ തതതതതതതത(଴ݔ)ܱ  ∈ [0,1),  ,݂݁݊݅݁݀ ݁ݓ

(ݕܤ,ݔܣ)݀    ≤ ,ݔ)ܯ.݇ −(ݕ ,ݔ)ܯ)߰     ((ݕ

Where ,  (ݕܤ,ݔܣ)ܯ = ݔܽ݉  ቐ
 ௗ
మ(஺௫,௫) ାௗమ(஻௬,௬) 

ଵାௗ(௫,௬)  , ௗ
మ(௫,஻௬)ା ௗమ(஺௫,௬)

ଵାௗ(௫,௬)  ,

 ௗ(஺௫,௫) .ௗ(஻௬,௬) 
ଵାௗ(௫ ,௬) , ௗ(௫,஻௬).ௗ(஺௫,௬)

ଵାௗ(௫,௬) ,ݔ)݀, (ݕ
ቑ.     

Then  ܤ, ܣ  have unique fixed point in  ܱ(ݔ଴)തതതതതതതത. 
Proof:- It is enough if we take ܵ =  ܶ =  .in Theorem 2.1 then we get the result (identity mapping) ܫ 

D. Corollary 2.4     
Let   (ܺ,݀)  be  a ܶ −   be  the  self  mapping  of  ܺ  into  itself  such  thatܤ, ܣ   complete   metric  space,  if  ݕ݈݈ܽݐܾ݅ݎ݋ 
,ݔ ݈݈ܽ ݎ݋݂ ݕ ∈ ݇ ݀݊ܽ തതതതതതതത(଴ݔ)ܱ  ∈ [0,1),   ,݂݁݊݅݁݀ ݁ݓ
(ݕܣ,ݔܣ)݀    ≤ ,ݔ)ܯ.݇ −(ݕ ,ݔ)ܯ)߰     ((ݕ

Where ,  (ݕܣ,ݔܣ)ܯ =  mܽݔ ቐ
 ௗ
మ(஺௫,௫) ାௗమ(஺௬,௬) 

ଵାௗ(௫,௬)  , ௗ
మ(௫,஺௬)ା ௗమ(஺௫,௬)

ଵାௗ(௫,௬)  ,

 ௗ(஺௫,௫) .ௗ(஺௬,௬) 
ଵାௗ(௫,௬) , ௗ(௫,஺௬).ௗ(஺௫,௬)

ଵାௗ(௫,௬) , ,ݔ)݀ (ݕ
ቑ.     

Then  ܤ, ܣ  have unique fixed point in  ܱ(ݔ଴)തതതതതതതത. 
Proof:- It is enough if we take ܣ =  .in Corollary 2.3 then we get the result  ܤ 

E. Corollary 2.5    
Let   (ܺ,݀)  be  a ܶ −  ;be  the  self  mapping  of  ܺ  into  itself  such  that  ܶ, ܵ,ܤ, ܣ   complete   metric  space,  if  ݕ݈݈ܽݐܾ݅ݎ݋ 
(ܺ)ܣ (1 ⊆ ܶ(ܺ) and ܤ(ܺ) ⊆ ܵ(ܺ), ܶ(ܺ) or ܵ(ܺ) are closed subset of ܺ 
2) The pair (ܣ, ܵ) and (ܤ,ܶ) are weakly compatible and  generalized weakly contractive ma 
,ݔ ݈݈ܽ ݎ݋݂ (3 ݕ ∈ ݇ ݀݊ܽ തതതതതതതത(଴ݔ)ܱ  ∈ [0,1),  ,݂݁݊݅݁݀ ݁ݓ

(ݕܤ,ݔܣ)݀   ≤ ݔܽ݉.݇ ቐ
 ௗ
మ(஺௫,ௌ௫) ାௗమ(஻௬,்௬) 

ଵାௗ(ௌ௫,்௬)  , ௗ
మ(ௌ௫,஻௬)ା ௗమ(஺௫,்௬)

ଵାௗ(ௌ௫ ,்௬)  ,

 ௗ(஺௫,ௌ௫) .ௗ(஻௬,்௬) 
ଵାௗ(ௌ௫ ,்௬) , ௗ(ௌ௫,஻௬).ௗ(஺௫,்௬)

ଵାௗ(ௌ௫,்௬) (ݕܶ,ݔܵ)݀,
ቑ     

Then  ܤ, ܣ, ܵ,ܶ  have unique fixed point in  ܱ(ݔ଴)തതതതതതതത. 
Proof:- It is immediate to see that if we take ߰(ݐ) = 0 in Theorem 2.1, then we get the result. 
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